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Problem: Density Propagation

Wl
Initial l Process noise
1 conditions
>| Process | Statedensity -
Parameters model > { \_/ \
> o(x(t)t)
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Problem: Density Propagation

Wl
Initial l Process noise
1 conditions
>| Process | Statedensity -
Parameters model > / \_’ \
> o(x(t)t)

State Dynamics:

dx = =Vi(x, t)dt+ /2B~ 1dw, xo ~ po, dw(t) ~ N(0,1dt), x € R"

Probability Density Function (PDF) Dynamics:

o _

= Lp=V-(Vp)+ B Bp, p(x,0) = po
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0
Main Idea: Solve a—/t) = Lp, p(x,0) = pp as gradient flow in P,(R")

A

Ok—1

Proximal Operator: p, = prox,‘:f(pk_l) = arg inf
PEP2(R™)

pI‘OXhW; ()

1 step delay

Optimal Transport Cost: W2(p, Pk—1) =

w€N(p,pk—1)

Ok

{% W2(p, px_1) + h ¢(P)}

[ clxyiney)

Free Energy Functional: ®(p) := / Ypdx + 571/ plog p dx
RP R"
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Gradient Flow

Gradient Flow in R”

= Ve, x(0)=x
Recursion:

Xk = Xk—1 — hV(p(Xk)

. 1
—argmin { 3 x ~ x4l + ot}

xeRn

. [[Il2
=: prox,,”(x«-1)
Convergence:

xk = x(t=kh) as hl]O

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium



Gradient Flow

Gradient Flow in R”

Gradient Flow in P,(R")

dx
T —Ve(x), x(0)=xo
Recursion:

Xk = Xk—1 — hV(p(Xk)

. 1
—argmin { 3 x ~ x4l + ot}

xeR?

. [[Il2
=: prox,,”(x«-1)
Convergence:

xk = x(t=kh) as hl]O
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dp
3¢ = V). p(x,0) = po
Recursion:

pk = p(-, t = kh)

1
= arg min { W3(p, pk—1) + hd’(p)}
pePr(Rr) (2

. w?
L proxpe (Pk—1)
Convergence:

pk — p(,t=kh) as hl]O
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

. 1
pk = p(x,t = kh) = arginf {2W2(,07 Pk—1)+ h ¢(p)}
pEPQ(R")
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

) 1
pk = p(x,t = kh) = arginf {W2(,07 Pk—1)+ h ¢(p)}
pEPQ(R")
|  Discrete Primal Formulation

. 1 _
or — argmin{ min (e M)+ h (s + 5 log . g>}
o MeN(gk—1,0) 2
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion
. 1
pk = p(x,t = kh) = arginf {W2(p, Pk—1)+ h ¢(p)}
pEPQ(R")
|  Discrete Primal Formulation
. 1 _
oc—agminf, _min (G M)+ h (s + 5 ogeo) |
o MenN(ek—1,0) 2
|  Entropic Regularization

1
Ok = arg min{ min  —
e

M)+ h _ -1
Men(gk,l,g)2<ck7M> +€H( )+ <’l,bk 1 +5 og o, Q>}
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

. 1
pk = p(x,t = kh) = arginf {W2(p, Pk—1)+ h ¢(p)}
pEPQ(R")

|  Discrete Primal Formulation

. 1
o :argmin{ min = (Cx, M) +h<¢k—1+571 log o, g)}
o MenN(ek—1,0) 2
|  Entropic Regularization
. 1
Ok :argmin{ min  =(Cx, M) + eH(M) + h (341 + B~ log o, g)}
o MenN(gk—1,0) 2

{  Dualization
Agpta)\cfpt = arg max{<>‘03 ok-1) — F*(=A1)
Ao,A1>0

_ % (exp(AOT h/€) exp(—Ci/2¢) exp(A1 h/E)) }
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Fixed Point Recursion

Coupled Transcendental Equations in y and z

yQ© I;z = Ok-1
— Ok =2z () FkTy
Tay — - 2h
e P, zOL'y=§0z Bel

Theorem: Consider the recursion on the cone R, x RY,
_Be
y©[Tz)=0k-1, z© (PkT.Y) =&-102F,
Then the solution (y*, z*) gives the proximal update gx = z* ® (T'x " y*)

Kenneth Caluya Joint work with Abhishek Halder

CITRIS/CPAR Control Theory and Automation Symposium



Algorithmic Setup

zr_1 | 1 step delay Tk
T ’| Euler-Maruyama,
; scheme
i )
. TOX} 4.
Ok—1 P he() Ok

1 step delay
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1D Linear Gaussian

Panalytical

Pproximal

1.25
ol
0.75

x,t

)
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2D Nonlinear Non-Gaussian

Poo < exp(—[1))
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Computational Time for 2D Nonlinear Non-Gaussian

—_
o
|
=
n

Computational time (seconds)

T T T T

1 2 3 4
Physical time t; = kh (seconds)
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Computational time for 6 State Satellite Motion

=
o
|
N
'

Computational time (seconds)
=
o
&

0.005 0.01
Physical time t;, = kh (seconds)
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o New algorithm for density propagation
o No spatial discretization or function approximations
o Extremely fast runtime

o Details: https://arxiv.org/pdf/1809.10844.pdf
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https://arxiv.org/pdf/1809.10844.pdf

Thank You!
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2D OU Process with Non-gradient Drift

—  Panalytical Pproximal
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Multiplicative Noise

— Panalytical

©  Pproximal
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Mixed Conservative-Dissipative Drift

Relative motion of a satellite in geocentric orbit:

Vx
Vy
dx Vz 0
dy 0
dz B (f)pert — YV 0
dVX — r3 X )pert X dt + /25—1,}/ dWl ,
dv, ny dws
dV}Z/ =) + (f;’)Pert —YVvy dws
z
*l:3 + (fz)pert 'VVZ
k 2
£y s0cp chcp —s¢p 27 (3(s6)* - 1)
f,| =[s0s¢ cOsp co ko .k :=3hRE, 1 = constant
f, c —s0 0 r°
pert 0
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