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Gradient Descent in Finite Dimensions

Problem: minimize
x∈Rn

φ(x)

Algorithm: xk = xk−1 − h∇φ(xk−1)



Gradient Descent! Proximal Operator

xk = xk−1− h∇φ(xk−1)
m

xk = proximal‖·‖hφ (xk−1)

:= argmin
x
{1

2‖x− xk−1‖2 + hφ(x)}

This is nice because

- argmin of φ ≡ fixed point of prox. operator

- prox. is smooth even when φ is not

-
reveals metric structure of gradient descent
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Gradient Descent in Infinite Dimensions

D

Proximal recursion: ρk = arginf
ρ∈D

{ 1
2 d2(ρ, ρk−1)+ hΦ(ρ)}



Gradient Descent Summary

Finite dimensions

dx
dt

= −∇φ(x), x ∈ Rn

xk(h) = xk−1 − h∇φ(xk−1)

= argmin
x
{ 1

2‖x− xk−1‖2 +hφ(x)}

= proximal‖·‖hφ (xk−1)

xk(h)→ x(t=kh), as h ↓ 0

Infinite dimensions

∂ρ

∂t
=L(x, ρ), x∈Rn, ρ∈D

ρk(x, h)

= argmin
ρ
{ 1

2 d(ρ, ρk−1)
2 + hΦ(ρ)}

= proximald(·,·)
hΦ (ρk−1)

ρk(x, h)⇀ρ(x, t=kh), as h↓0
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4ρ 1
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∫
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Heat equation (1822) Squared L2 norm of difference Dirichlet energy, CFL (1928)

∇ · (∇U(x)ρ) + β−14ρ 1
2 W2(ρ, ρk−1) Eρ

[
U(x) + β−1 log ρ

]
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Our Contribution
Transport description Gradient descent scheme

SDE/ODE 1
2 d2(ρ, ρk−1) Φ(ρ)

* Mean ODE, Lyapunov ODE 1
2 W2(ρ, ρk−1) Eρ

[
U(x, t)+ tr(P∞)

n log ρ
]

Linear Gaussian uncertainty propagation Optimal transport cost Generalized free energy

* Conditional mean SDE, Riccati ODE DKL(ρ||ρk−1)
1
2 Eρ

[
(yk−h)>R−1(yk−h)

]

Kalman-Bucy filter Kullback-Leibler divergence Quadratic surprise

** ditto 1
2 d2

FR(ρ, ρk−1) ditto

Fisher-Rao metric

* CDC 2017: “Gradient Flows in Uncertainty Propagation
and Filtering of Linear Gaussian Systems”

** ACC 2018: This paper



The Distance Functional dFR

dFR (·, ·) is minimal geodesic distance induced
by the Fisher-Rao (Riemannian) metric on D

dFR (ρ1, ρ2) = arccos〈√ρ1,
√

ρ2〉

The Distance Functional dFR

dFR (·, ·) is minimal geodesic distance induced
by the Fisher-Rao (Riemannian) metric on D

dFR (r1, r2) = arccoshpr1,
p

r2i



Filtering as Variational Recursion
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Trajectory flow (Itô SDE):

Joint PDF flow (Fokker-Planck-Kolmogorov PDE):

q(
q2

= −∇ ⋅ (∇) + +,-Δ(, ( 0, 2 = 0 = (M 0

0 0 ~(M 0 ,   dX~t S, ud2

Main Idea: Variational Recursion

Algorithm: Gradient Ascent on the Dual Space

Numerical Simulation

Nonlinear SDE with Gradient Drift Field in Two Dimensions:

Ornstein-Uhlenbeck SDE in Two Dimensions:

Ornstein-Uhlenbeck SDE in One Dimension:

Proximal recursion:

Monge-Kantorovich optimal transport cost:

Free energy functional:

Coupled Transcendental Equations in g and l

g = T
LP
∗

U l = T
LE
∗

U

>/ = l⊙ kVg

Gradient Descent Summary

Finite dimensions

dx
dt

= �rf(x), x 2 Rn

xk(h) = xk�1 � hrf(xk�1)

= argmin
x

{ 1
2kx � xk�1k2 +hf(x)}

= proximalk·khf (xk�1)

xk(h)! x(t=kh), as h # 0

Infinite dimensions

∂r

∂t
=L(x, r), x2Rn, r2D

rk(x, h)

= argmin
r

{ 1
2 d(r, rk�1)

2 + hF(r)}

= proximald(·,·)
hF (rk�1)

rk(x, h)*r(x, t=kh), as h#0

– Developed theory to carry out the recursion

– Explicit recovery of the Kalman-Bucy filter



The Case for Linear Gaussian Systems

Model:
dx(t) = Ax(t)dt + Bdw(t), dw(t) ∼ N (0, Qdt)

dz(t) = Cx(t)dt + dv(t), dv(t) ∼ N (0, Rdt)

Given x(0)∼N (µ0, P0), want to recover:

For uncertainty propagation:

µ̇ = Aµ, µ(0) = µ0; Ṗ = AP + PA> + BQB>, P(0) = P0.

For filtering:

dµ+(t) = Aµ+(t)dt+

P+CR−1

K(t) (dz(t)−Cµ+(t)dt),

Ṗ+(t)=AP+(t) + P+(t)A> + BQB> −K(t)RK(t)>.



The Case for Linear Gaussian Systems

Challenge 1:

How to actually perform the infinite di-
mensional optimization over D2?

Challenge 2:

If and how one can apply the variational
schemes for generic linear system with
Hurwitz A and controllable (A, B)?



Addressing Challenge 1: How to Compute

Two Step Optimization Strategy

– Notice that the objective is a sum:

arginf
ρ∈D2

{

first
functional

1
2

d(ρ, ρk−1)
2 +

second
functional

hΦ(ρ) }

– Choose a parametrized subspace of D2 such that
the individual minimizers over that subspace match

– Then optimize over parameters

– Dµ,P ⊂ D2 works!



Addressing Challenge 2: Generic (A,
√

2B)

Two Successive Coordinate Transformations

#1. Equipartition of energy:

– Define thermodynamic temperature θ := 1
n tr(P∞),

and inverse temperature β := θ−1

– State vector: x 7→ xep :=
√

θP−
1
2

∞ x
– System matrices:

A,
√

2B 7→

Aep

P−
1
2

∞ AP
1
2
∞ ,
√

2θ

Bep

P−
1
2

∞ B
– Stationary covariance:

P∞ 7→ θI



Addressing Challenge 2: Generic (A,
√

2B)

Two Successive Coordinate Transformations

#2. Symmetrization:

– State vector: xep 7→ xsym := e−Askew
ep txep

– System matrices:

Aep,
√

2θBep 7→

F(t)

e−Askew
ep tAsym

ep eAskew
ep t ,
√

2θ

G(t)

e−Askew
ep tBep

– Stationary covariance:
θI 7→ θI

– Potential: U(xsym, t) := −1
2x>symF(t)xsym ≥ 0



Summary

– Emerging theory on proximal filtering

– Future work: computation for nonlinear
filtering
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