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Problem: Finite Horizon Feedback Density Control
Control Problem

Steer joint state PDF
via feedback control

inf
u∈U

E
{∫ 1

0

L(x ,u, t) dt

}

subject to dx = f (x , t) dt + G (x , t)u(x , t) dt +
√

2εC (x , t) dw
x(t = 0) ∼ ρ0(x), x(t = 1) ∼ ρ1(x)
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Density Control: Schrödinger Bridge Problem

L(x ,u, t) ≡ ‖u(x , t)‖22, f ≡ 0,G ≡ I ,C ≡ I ,
Compute ρopt(x , t),uopt(x , t) = ∇ψ(x , t) from

∂ρopt

∂t
+∇ ·

(
ρopt∇ψ

)
= ε∆ρopt

∂ψ

∂t
+

1

2
‖∇ψ‖22 = −ε∆ψ

ρopt(x , 0) = ρ0(x), ρopt(x , 1) = ρ1(x)

Schrödinger System: (ρopt, ψ) 7→ (ϕ, ϕ̂)

∂ϕ

∂t
= −ε∆ϕ

∂ϕ̂

∂t
= ε∆ϕ̂

ϕ0(x)ϕ̂0(x) = ρopt0 (x), ϕ1(x)ϕ̂1(x) = ρopt1 (x)

Recover ρopt(x , t) = ϕ(x , t)ϕ̂(x , t),uopt(x , t) = 2ε∇ logϕ(x , t)
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Density Control: Schrödinger Bridge Problem
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Density Control

Challenge: How do we solve this problem for
nonlinear f ?

Applications: dynamic shaping of swarms,
stochastic motion planning

Idea: in many applications, (f ,G ) is feedback
linearizable
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Density Control for Feedback Linearizable Systems

inf
u∈U

E
{∫ 1

0

1

2
‖u(x , t)‖22 dt

}

subject to ẋ = f (x) + G (x)u
x(t = 0) ∼ ρ0(x) x(t = 1) ∼ ρ1(x)

x ∈ Rn, u ∈ Rm m ≤ n

f (x),G (x) feedback linearizable ⇔ there exist (δ(x),Γ(x), τ (x))
s.t.

(∇τ (f (x) + G (x)δ(x)))x=τ−1(z) =Az

(∇τ (G (x)Γ(x)))x=τ−1(z) =B

and (A,B) controllable.

change of coordinates from (x ,u) 7→ (z , v) where ż = Az + Bv and
recover u = δ(x) + Γ(x)v .
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Density Control for Feedback Linearizable Systems

Main Idea: Use the diffeomorphism τ : X 7→ Z

σi (z) := τ]ρi =
ρi (τ

−1(z))

|det(∇xτx=τ−1(z)|
, i ∈ {0, 1}.

Define δτ := δ ◦ τ−1,Γτ := Γ ◦ τ−1 to reformulate the problem as:

inf
v∈V

E
{∫ 1

0

1

2
J (z , v , t) dt

}

subject to ż = Az + Bv
z(t = 0) ∼ σ0(z) z(t = 1) ∼ σ1(z)

where J (z , v , t) = ‖δτ (z) + Γτ (z)v‖22.
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Optimal Solution in Feedback Linearized Coordinates

Solve for optimal PDF σopt and optimal control given by

vopt(z , t) = (Γ>τ Γτ (z))−1B>∇zψ − Γ−1τ (z)δτ (z)

∂ψ

∂t
+ 〈∇zψ,Az〉 − 〈∇zψ,BΓ−1τ (z)δτ (z)〉

+
1

2
〈∇zψ,B

(
Γ>τ (z)Γτ (z)

)−1
B>∇zψ〉 = 0

∂σopt

∂t
+∇z ·

((
Az + Bvopt

)
σopt

)
= 0

σopt(z , t = 0) = σ0(z), σopt(z , t = 1) = σ1(z)

Challenge: How to solve coupled nonlinear system of PDE’s?
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Schrödinger System for Feedback Linearizable Systems

Idea: Stochastic regularization
√

2εBΓ−1τ (z)dw

Theorem: Let D(z) := BΓ−1τ (z)(BΓ−1τ (z))>

ϕ(z , t) := exp

(
ψ(z , t)

2ε

)
, ϕ̂(z , t) := σopt(z , t) exp

(
−ψ(z , t)

2ε

)
,

then we have the boundary coupled linear system

∂ϕ

∂t
+ 〈∇zϕ,Az − BΓ−1τ δτ (z)〉+ ε〈D,Hess(ϕ)〉 = 0,

∂ϕ̂

∂t
+∇z ·

((
Az − BΓ−1τ δτ (z)

)
ϕ̂
)

− ε1 (D(z)�Hess(ϕ̂)) 1 = 0,

ϕ0(z)ϕ̂0(z) = σ0(z), ϕ1(z)ϕ̂1(z) = σ1(z)
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Algorithm: Fixed Point Recursion on (ϕ1, ϕ̂0)

`
'̂0(x)
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<latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="/6H8aUlBDbuTtVS6FyvJmLwhI3M=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzHBhuzZaEm0scREPhK4kL1lDzbs7R27e0Ry4XfYWGiMrT/Gzn/jHlyh4EsmeXlvJjPz/FhwbTD+dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUxyeaCS5Z03AjWCdWjIS+YG1/fJf57SlTmkfy0cxi5oVkKHnAKTFW8npTouIR7+Pq02WpX67gGl4ArRM3JxXI0eiXv3qDiCYhk4YKonXXxbHxUqIMp4LNS71Es5jQMRmyrqWShEx76eLoObqwygAFkbIlDVqovydSEmo9C33bGRIz0qteJv7ndRMT3Hgpl3FimKTLRUEikIlQlgAacMWoETNLCFXc3oroiChCjc0pC8FdfXmdtK5qLq65D7hSv83jKMIZnEMVXLiGOtxDA5pAYQLP8ApvztR5cd6dj2VrwclnTuEPnM8fhg2RQA==</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

⇢1(x)/'̂1(x)
<latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit>

⇢0(x)/'0(x)
<latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

'̂0(z)
<latexit sha1_base64="D63uCpeyVvBCj9+1ST2/hfZe2uo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHaOmj0=</latexit><latexit sha1_base64="D63uCpeyVvBCj9+1ST2/hfZe2uo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHaOmj0=</latexit><latexit sha1_base64="D63uCpeyVvBCj9+1ST2/hfZe2uo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHaOmj0=</latexit><latexit sha1_base64="D63uCpeyVvBCj9+1ST2/hfZe2uo=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHaOmj0=</latexit>

'̂1(z)
<latexit sha1_base64="EAZEEmhvx94Eg6I/FG+RQP7padM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHgimj4=</latexit><latexit sha1_base64="EAZEEmhvx94Eg6I/FG+RQP7padM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHgimj4=</latexit><latexit sha1_base64="EAZEEmhvx94Eg6I/FG+RQP7padM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHgimj4=</latexit><latexit sha1_base64="EAZEEmhvx94Eg6I/FG+RQP7padM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqVqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHgimj4=</latexit>

⇢1(z)/'̂1(z)
<latexit sha1_base64="oKCCqGysIkCUvnu3GvSrdsQ/p4Q=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxMRdVl047KCfUATwmQybYZOMmFmUqghf+LGX3HjQhFx179x0mahrQeGOZxzL/fe4yeMSmVZU2NldW19Y7OyVd3e2d3bNw8OO5KnApM25oyLno8kYTQmbUUVI71EEBT5jHT90V3hd8dESMrjRzVJiBuhYUwHFCOlJc+8ckTIPbvu+JwFchLpL3vKz86dEKnMGSORhDRf9j2zZjWsGeAysUtSAyVanvntBBynEYkVZkjKvm0lys2QUBQzkledVJIE4REakr6mMYqIdLPZfTk81UoAB1zoFys4U393ZCiSxW66MkIqlIteIf7n9VM1uHEzGiepIjGeDxqkDCoOi7BgQAXBik00QVhQvSvEIRIIKx1pVYdgL568TDoXDdtq2A+XteZtGUcFHIMTUAc2uAZNcA9aoA0weAav4B18GC/Gm/FpfM1LV4yy5wj8gTH9AXwWo94=</latexit><latexit sha1_base64="oKCCqGysIkCUvnu3GvSrdsQ/p4Q=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxMRdVl047KCfUATwmQybYZOMmFmUqghf+LGX3HjQhFx179x0mahrQeGOZxzL/fe4yeMSmVZU2NldW19Y7OyVd3e2d3bNw8OO5KnApM25oyLno8kYTQmbUUVI71EEBT5jHT90V3hd8dESMrjRzVJiBuhYUwHFCOlJc+8ckTIPbvu+JwFchLpL3vKz86dEKnMGSORhDRf9j2zZjWsGeAysUtSAyVanvntBBynEYkVZkjKvm0lys2QUBQzkledVJIE4REakr6mMYqIdLPZfTk81UoAB1zoFys4U393ZCiSxW66MkIqlIteIf7n9VM1uHEzGiepIjGeDxqkDCoOi7BgQAXBik00QVhQvSvEIRIIKx1pVYdgL568TDoXDdtq2A+XteZtGUcFHIMTUAc2uAZNcA9aoA0weAav4B18GC/Gm/FpfM1LV4yy5wj8gTH9AXwWo94=</latexit><latexit sha1_base64="oKCCqGysIkCUvnu3GvSrdsQ/p4Q=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxMRdVl047KCfUATwmQybYZOMmFmUqghf+LGX3HjQhFx179x0mahrQeGOZxzL/fe4yeMSmVZU2NldW19Y7OyVd3e2d3bNw8OO5KnApM25oyLno8kYTQmbUUVI71EEBT5jHT90V3hd8dESMrjRzVJiBuhYUwHFCOlJc+8ckTIPbvu+JwFchLpL3vKz86dEKnMGSORhDRf9j2zZjWsGeAysUtSAyVanvntBBynEYkVZkjKvm0lys2QUBQzkledVJIE4REakr6mMYqIdLPZfTk81UoAB1zoFys4U393ZCiSxW66MkIqlIteIf7n9VM1uHEzGiepIjGeDxqkDCoOi7BgQAXBik00QVhQvSvEIRIIKx1pVYdgL568TDoXDdtq2A+XteZtGUcFHIMTUAc2uAZNcA9aoA0weAav4B18GC/Gm/FpfM1LV4yy5wj8gTH9AXwWo94=</latexit><latexit sha1_base64="oKCCqGysIkCUvnu3GvSrdsQ/p4Q=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxMRdVl047KCfUATwmQybYZOMmFmUqghf+LGX3HjQhFx179x0mahrQeGOZxzL/fe4yeMSmVZU2NldW19Y7OyVd3e2d3bNw8OO5KnApM25oyLno8kYTQmbUUVI71EEBT5jHT90V3hd8dESMrjRzVJiBuhYUwHFCOlJc+8ckTIPbvu+JwFchLpL3vKz86dEKnMGSORhDRf9j2zZjWsGeAysUtSAyVanvntBBynEYkVZkjKvm0lys2QUBQzkledVJIE4REakr6mMYqIdLPZfTk81UoAB1zoFys4U393ZCiSxW66MkIqlIteIf7n9VM1uHEzGiepIjGeDxqkDCoOi7BgQAXBik00QVhQvSvEIRIIKx1pVYdgL568TDoXDdtq2A+XteZtGUcFHIMTUAc2uAZNcA9aoA0weAav4B18GC/Gm/FpfM1LV4yy5wj8gTH9AXwWo94=</latexit>

'1(z)
<latexit sha1_base64="PaKdByO8qX15sybB4U23/C4m9kA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFvLZdx</latexit><latexit sha1_base64="PaKdByO8qX15sybB4U23/C4m9kA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFvLZdx</latexit><latexit sha1_base64="PaKdByO8qX15sybB4U23/C4m9kA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFvLZdx</latexit><latexit sha1_base64="PaKdByO8qX15sybB4U23/C4m9kA=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFvLZdx</latexit>

'0(z)
<latexit sha1_base64="LVxfL1xZnEaNPKalJhd6FwiiTPw=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFtmZdw</latexit><latexit sha1_base64="LVxfL1xZnEaNPKalJhd6FwiiTPw=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFtmZdw</latexit><latexit sha1_base64="LVxfL1xZnEaNPKalJhd6FwiiTPw=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFtmZdw</latexit><latexit sha1_base64="LVxfL1xZnEaNPKalJhd6FwiiTPw=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFOoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFtmZdw</latexit>

⇢0(z)/'0(z)
<latexit sha1_base64="eVXS/YV2vzEj3s2Zv9gJ/fjtoQI=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS0kQEowVLIxFog+piSLHcRqrThzZTqUS9TdY+BUWBhBihIm/wWkzQMuRLB+dc6/uvcdPGZXKsr6Nysrq2vpGdbO2tb2zu2fuH3QlzwQmHcwZF30fScJoQjqKKkb6qSAo9hnp+aObwu+NiZCUJ/dqkhI3RsOEhhQjpSXPtBwRcc9qOD5ngZzE+ssfpqdnzhiJNKLLjmfWraY1A1wmdknqoETbMz+dgOMsJonCDEk5sK1UuTkSimJGpjUnkyRFeISGZKBpgmIi3Xx22RSeaCWAIRf6JQrO1N8dOYplsZuujJGK5KJXiP95g0yFV25OkzRTJMHzQWHGoOKwiAkGVBCs2EQThAXVu0IcIYGw0mHWdAj24snLpHvetK2mfXdRb12XcVTBETgGDWCDS9ACt6ANOgCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjK8fOm+hDw==</latexit><latexit sha1_base64="eVXS/YV2vzEj3s2Zv9gJ/fjtoQI=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS0kQEowVLIxFog+piSLHcRqrThzZTqUS9TdY+BUWBhBihIm/wWkzQMuRLB+dc6/uvcdPGZXKsr6Nysrq2vpGdbO2tb2zu2fuH3QlzwQmHcwZF30fScJoQjqKKkb6qSAo9hnp+aObwu+NiZCUJ/dqkhI3RsOEhhQjpSXPtBwRcc9qOD5ngZzE+ssfpqdnzhiJNKLLjmfWraY1A1wmdknqoETbMz+dgOMsJonCDEk5sK1UuTkSimJGpjUnkyRFeISGZKBpgmIi3Xx22RSeaCWAIRf6JQrO1N8dOYplsZuujJGK5KJXiP95g0yFV25OkzRTJMHzQWHGoOKwiAkGVBCs2EQThAXVu0IcIYGw0mHWdAj24snLpHvetK2mfXdRb12XcVTBETgGDWCDS9ACt6ANOgCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjK8fOm+hDw==</latexit><latexit sha1_base64="eVXS/YV2vzEj3s2Zv9gJ/fjtoQI=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS0kQEowVLIxFog+piSLHcRqrThzZTqUS9TdY+BUWBhBihIm/wWkzQMuRLB+dc6/uvcdPGZXKsr6Nysrq2vpGdbO2tb2zu2fuH3QlzwQmHcwZF30fScJoQjqKKkb6qSAo9hnp+aObwu+NiZCUJ/dqkhI3RsOEhhQjpSXPtBwRcc9qOD5ngZzE+ssfpqdnzhiJNKLLjmfWraY1A1wmdknqoETbMz+dgOMsJonCDEk5sK1UuTkSimJGpjUnkyRFeISGZKBpgmIi3Xx22RSeaCWAIRf6JQrO1N8dOYplsZuujJGK5KJXiP95g0yFV25OkzRTJMHzQWHGoOKwiAkGVBCs2EQThAXVu0IcIYGw0mHWdAj24snLpHvetK2mfXdRb12XcVTBETgGDWCDS9ACt6ANOgCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjK8fOm+hDw==</latexit><latexit sha1_base64="eVXS/YV2vzEj3s2Zv9gJ/fjtoQI=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS0kQEowVLIxFog+piSLHcRqrThzZTqUS9TdY+BUWBhBihIm/wWkzQMuRLB+dc6/uvcdPGZXKsr6Nysrq2vpGdbO2tb2zu2fuH3QlzwQmHcwZF30fScJoQjqKKkb6qSAo9hnp+aObwu+NiZCUJ/dqkhI3RsOEhhQjpSXPtBwRcc9qOD5ngZzE+ssfpqdnzhiJNKLLjmfWraY1A1wmdknqoETbMz+dgOMsJonCDEk5sK1UuTkSimJGpjUnkyRFeISGZKBpgmIi3Xx22RSeaCWAIRf6JQrO1N8dOYplsZuujJGK5KJXiP95g0yFV25OkzRTJMHzQWHGoOKwiAkGVBCs2EQThAXVu0IcIYGw0mHWdAj24snLpHvetK2mfXdRb12XcVTBETgGDWCDS9ACt6ANOgCDR/AMXsGb8WS8GO/Gx7y0YpQ9h+APjK8fOm+hDw==</latexit>

�1(z)/'̂1(z)
<latexit sha1_base64="AXZV1045e/B4jIH7L3pyPwmBVkI=">AAACIXicbVDLSsNAFJ34rPUVdekmWIS6qYkIdll047KCfUATws1k0g6dPJiZFGrIr7jxV9y4UKQ78WectFlo64FhDufcy733eAmjQprml7a2vrG5tV3Zqe7u7R8c6kfHXRGnHJMOjlnM+x4IwmhEOpJKRvoJJxB6jPS88V3h9yaECxpHj3KaECeEYUQDikEqydWbtqDDEFyrbnsx88U0VF/2lF9c2iOQmT0Bnoxovuq7es1smHMYq8QqSQ2VaLv6zPZjnIYkkpiBEAPLTKSTAZcUM5JX7VSQBPAYhmSgaAQhEU42vzA3zpXiG0HM1YukMVd/d2QQimI3VRmCHIllrxD/8wapDJpORqMklSTCi0FBygwZG0Vchk85wZJNFQHMqdrVwCPggKUKtapCsJZPXiXdq4ZlNqyH61rrtoyjgk7RGaojC92gFrpHbdRBGD2jV/SOPrQX7U371GaL0jWt7DlBf6B9/wAg7qS6</latexit><latexit sha1_base64="AXZV1045e/B4jIH7L3pyPwmBVkI=">AAACIXicbVDLSsNAFJ34rPUVdekmWIS6qYkIdll047KCfUATws1k0g6dPJiZFGrIr7jxV9y4UKQ78WectFlo64FhDufcy733eAmjQprml7a2vrG5tV3Zqe7u7R8c6kfHXRGnHJMOjlnM+x4IwmhEOpJKRvoJJxB6jPS88V3h9yaECxpHj3KaECeEYUQDikEqydWbtqDDEFyrbnsx88U0VF/2lF9c2iOQmT0Bnoxovuq7es1smHMYq8QqSQ2VaLv6zPZjnIYkkpiBEAPLTKSTAZcUM5JX7VSQBPAYhmSgaAQhEU42vzA3zpXiG0HM1YukMVd/d2QQimI3VRmCHIllrxD/8wapDJpORqMklSTCi0FBygwZG0Vchk85wZJNFQHMqdrVwCPggKUKtapCsJZPXiXdq4ZlNqyH61rrtoyjgk7RGaojC92gFrpHbdRBGD2jV/SOPrQX7U371GaL0jWt7DlBf6B9/wAg7qS6</latexit><latexit sha1_base64="AXZV1045e/B4jIH7L3pyPwmBVkI=">AAACIXicbVDLSsNAFJ34rPUVdekmWIS6qYkIdll047KCfUATws1k0g6dPJiZFGrIr7jxV9y4UKQ78WectFlo64FhDufcy733eAmjQprml7a2vrG5tV3Zqe7u7R8c6kfHXRGnHJMOjlnM+x4IwmhEOpJKRvoJJxB6jPS88V3h9yaECxpHj3KaECeEYUQDikEqydWbtqDDEFyrbnsx88U0VF/2lF9c2iOQmT0Bnoxovuq7es1smHMYq8QqSQ2VaLv6zPZjnIYkkpiBEAPLTKSTAZcUM5JX7VSQBPAYhmSgaAQhEU42vzA3zpXiG0HM1YukMVd/d2QQimI3VRmCHIllrxD/8wapDJpORqMklSTCi0FBygwZG0Vchk85wZJNFQHMqdrVwCPggKUKtapCsJZPXiXdq4ZlNqyH61rrtoyjgk7RGaojC92gFrpHbdRBGD2jV/SOPrQX7U371GaL0jWt7DlBf6B9/wAg7qS6</latexit><latexit sha1_base64="AXZV1045e/B4jIH7L3pyPwmBVkI=">AAACIXicbVDLSsNAFJ34rPUVdekmWIS6qYkIdll047KCfUATws1k0g6dPJiZFGrIr7jxV9y4UKQ78WectFlo64FhDufcy733eAmjQprml7a2vrG5tV3Zqe7u7R8c6kfHXRGnHJMOjlnM+x4IwmhEOpJKRvoJJxB6jPS88V3h9yaECxpHj3KaECeEYUQDikEqydWbtqDDEFyrbnsx88U0VF/2lF9c2iOQmT0Bnoxovuq7es1smHMYq8QqSQ2VaLv6zPZjnIYkkpiBEAPLTKSTAZcUM5JX7VSQBPAYhmSgaAQhEU42vzA3zpXiG0HM1YukMVd/d2QQimI3VRmCHIllrxD/8wapDJpORqMklSTCi0FBygwZG0Vchk85wZJNFQHMqdrVwCPggKUKtapCsJZPXiXdq4ZlNqyH61rrtoyjgk7RGaojC92gFrpHbdRBGD2jV/SOPrQX7U371GaL0jWt7DlBf6B9/wAg7qS6</latexit>

�0(z)/'0(z)
<latexit sha1_base64="1xRw7V8bQcBZ6+MtU1LjB7UPPuY=">AAACG3icbVDLSgMxFM34rPU16tJNsAh1U2eKoMuiG5cV7AM6w5DJpG1oMhmSTKEO/Q83/oobF4q4Elz4N2baWWjrgZDDOfdy7z1hwqjSjvNtrayurW9slrbK2zu7e/v2wWFbiVRi0sKCCdkNkSKMxqSlqWakm0iCeMhIJxzd5H5nTKSiIr7Xk4T4HA1i2qcYaSMFdt1TdMBR4FS9ULBITbj5sofp2bk3RjIZ0mUnsCtOzZkBLhO3IBVQoBnYn14kcMpJrDFDSvVcJ9F+hqSmmJFp2UsVSRAeoQHpGRojTpSfzW6bwlOjRLAvpHmxhjP1d0eGuMp3M5Uc6aFa9HLxP6+X6v6Vn9E4STWJ8XxQP2VQC5gHBSMqCdZsYgjCkppdIR4iibA2cZZNCO7iycukXa+5Ts29u6g0ros4SuAYnIAqcMElaIBb0AQtgMEjeAav4M16sl6sd+tjXrpiFT1H4A+srx/acKHr</latexit><latexit sha1_base64="1xRw7V8bQcBZ6+MtU1LjB7UPPuY=">AAACG3icbVDLSgMxFM34rPU16tJNsAh1U2eKoMuiG5cV7AM6w5DJpG1oMhmSTKEO/Q83/oobF4q4Elz4N2baWWjrgZDDOfdy7z1hwqjSjvNtrayurW9slrbK2zu7e/v2wWFbiVRi0sKCCdkNkSKMxqSlqWakm0iCeMhIJxzd5H5nTKSiIr7Xk4T4HA1i2qcYaSMFdt1TdMBR4FS9ULBITbj5sofp2bk3RjIZ0mUnsCtOzZkBLhO3IBVQoBnYn14kcMpJrDFDSvVcJ9F+hqSmmJFp2UsVSRAeoQHpGRojTpSfzW6bwlOjRLAvpHmxhjP1d0eGuMp3M5Uc6aFa9HLxP6+X6v6Vn9E4STWJ8XxQP2VQC5gHBSMqCdZsYgjCkppdIR4iibA2cZZNCO7iycukXa+5Ts29u6g0ros4SuAYnIAqcMElaIBb0AQtgMEjeAav4M16sl6sd+tjXrpiFT1H4A+srx/acKHr</latexit><latexit sha1_base64="1xRw7V8bQcBZ6+MtU1LjB7UPPuY=">AAACG3icbVDLSgMxFM34rPU16tJNsAh1U2eKoMuiG5cV7AM6w5DJpG1oMhmSTKEO/Q83/oobF4q4Elz4N2baWWjrgZDDOfdy7z1hwqjSjvNtrayurW9slrbK2zu7e/v2wWFbiVRi0sKCCdkNkSKMxqSlqWakm0iCeMhIJxzd5H5nTKSiIr7Xk4T4HA1i2qcYaSMFdt1TdMBR4FS9ULBITbj5sofp2bk3RjIZ0mUnsCtOzZkBLhO3IBVQoBnYn14kcMpJrDFDSvVcJ9F+hqSmmJFp2UsVSRAeoQHpGRojTpSfzW6bwlOjRLAvpHmxhjP1d0eGuMp3M5Uc6aFa9HLxP6+X6v6Vn9E4STWJ8XxQP2VQC5gHBSMqCdZsYgjCkppdIR4iibA2cZZNCO7iycukXa+5Ts29u6g0ros4SuAYnIAqcMElaIBb0AQtgMEjeAav4M16sl6sd+tjXrpiFT1H4A+srx/acKHr</latexit><latexit sha1_base64="1xRw7V8bQcBZ6+MtU1LjB7UPPuY=">AAACG3icbVDLSgMxFM34rPU16tJNsAh1U2eKoMuiG5cV7AM6w5DJpG1oMhmSTKEO/Q83/oobF4q4Elz4N2baWWjrgZDDOfdy7z1hwqjSjvNtrayurW9slrbK2zu7e/v2wWFbiVRi0sKCCdkNkSKMxqSlqWakm0iCeMhIJxzd5H5nTKSiIr7Xk4T4HA1i2qcYaSMFdt1TdMBR4FS9ULBITbj5sofp2bk3RjIZ0mUnsCtOzZkBLhO3IBVQoBnYn14kcMpJrDFDSvVcJ9F+hqSmmJFp2UsVSRAeoQHpGRojTpSfzW6bwlOjRLAvpHmxhjP1d0eGuMp3M5Uc6aFa9HLxP6+X6v6Vn9E4STWJ8XxQP2VQC5gHBSMqCdZsYgjCkppdIR4iibA2cZZNCO7iycukXa+5Ts29u6g0ros4SuAYnIAqcMElaIBb0AQtgMEjeAav4M16sl6sd+tjXrpiFT1H4A+srx/acKHr</latexit>

This recursion is contractive in the Hilbert Metric.

- Y. Chen, T. T. Georgiou, and M. Pavon, “Entropic and Displacement Interpolation: A Computational Approach Using the Hilbert
metric,“SIAM Journal on Applied Mathematics”
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Optimal Solution in Original Coordinates

Fixed point recursion gives ϕ1(z), ϕ̂0(z)→ ϕ(z , t), ϕ̂(z , t)

Obtain

optimal controlled PDF:

σopt(z , t) = ϕ(z , t)ϕ̂(z , t)

optimal control:

vopt(z , t) = (Γ>τ Γτ (z))−1B>2ε∇z logϕ− Γ−1
τ (z)δτ (z)

Recover ρopt(x , t) and uopt(x , t) as

ρopt(x , t) = σopt(τ (x), t)|det(∇xτ )|
uopt(x , t) = δ(x) + Γ(x)vopt(τ−1(x), t)

Kenneth Caluya Joint work with Abhishek Halder ACC 2020



Summary

Density Control subject to Multi input state feedback
linearizable dynamics

Reduced the system of coupled nonlinear PDEs to a
system of boundary-coupled linear PDE’s

Algorithm via Fixed Point Recursion on initial-terminal
condition pair

Kenneth Caluya Joint work with Abhishek Halder ACC 2020
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