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Problem: Finite Horizon Feedback Density Control
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subject to  dx = f(x,t) dt + G(x, t)u(x, t) dt + V2¢C(x, t) dw
x(t=0) ~po(x), x(t=1)~ pi(x)
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Density Control: Schrodinger Bridge Problem

o Lx,u, t) = u(x, 3. F =0,G = 1,C =1,
e Compute p°P*(x, t), u°?*(x, t) = Vii(x,t) from
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popt(x,o) ZPO(X)v popt(xvl) :pl(x)
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Density Control: Schrodinger Bridge Problem

o Lx,u, t) = u(x, 3. F =0,G = 1,C =1,
e Compute p°P*(x, t), u°?*(x, t) = Vii(x,t) from

opt
8gt +V . (poptvw) — EApopt
o 1 2 _
Er §||V1/J||2 = —eAy

popt(x,o) ZPO(X)v popt(xvl) :pl(x)

e Schradinger System: (p°Pt,¢)) — (¢, P)
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o(x)@o(x) = g™ (x), pr(x)P1(x) = p1™ (%)
@ Recover p°Pt(x,t) = o(x, t)P(x, t), u°P*(x, t) = 2eV log (x, t)
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Density Control: Schrodinger Bridge Problem
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Density Control

o Challenge: How do we solve this problem for
nonlinear 7

o Applications: dynamic shaping of swarms,
stochastic motion planning

o Idea: in many applications, (f, G) is feedback
linearizable
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Density Control for Feedback Linearizable Systems

o B{ [ Sleeoiza)

subject to x=f(x)+ G(x)u
X(t=0) ~ po(x) x(t=1) ~ p1(x)

oexcR" uecR"m<n
e f(x), G(x) feedback linearizable < there exist (d(x),I'(x), 7(x))

s.t.
(VT (f(x)+ G(x)d
(Vr(G(x)T
and (A, B) controllable.

@ change of coordinates from (x, u) — (z,v) where z = Az + Bv and
recover u = §(x) + T'(x)v.

X)))X:,.—l(z) =Az

(
(X)))x:‘r*(Z) =B
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Density Control for Feedback Linearizable Systems

Main Idea: Use the diffeomorphism 7: X — Z

pi@)
Qi (Ver) < 0L

oi(z) = T4pi =

Define 8, ;=6 o7 1, T :=T o 77! to reformulate the problem as:

s )

. '1
Vlgf} E{/O Ej(z, v,t) dt}

subject to z=Az+ Bv
z(t=0)~oo(z) z(t=1)~01(2)

where J(z,v,t) = [|6-(2) + T (2)v|3.
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Optimal Solution in Feedback Linearized Coordinates

Solve for optimal PDF ¢°P* and optimal control given by
VoP(2,t) = (1T (2) BT V,¢ — I;1(2)6,(2)

S (V20 A2) — (V0. BT (2)6,(2)
+ (V2 B(TL(T-(2)) BT V) =0

Oo°pt

51 T Ve ((Az+Bv) o) =0

oYz, t =0) = 0o(2), 0°P(z,t=1)=0(2)

Challenge: How to solve coupled nonlinear system of PDE’s?
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Schrodinger System for Feedback Linearizable Systems

Idea: Stochastic regularization v/2¢BT';!(z)dw

Theorem: Let D(z) := BI';}(z)(BT7Y(2))"

ozt = (L2) g0 1= 0z e (- U2,

then we have the boundary coupled linear system

% +(Vap, Az — BI'78.(2)) + (D, Hess(y)) = 0,
& 1 Ve (A2 BT5.(2)) 9)

— €l (D(z) ®Hess(p))1 =0,
vo(2)Po(z) = 00(2), ¢1(2)$1(2) = 01(2)
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Algorithm: Fixed Point Recursion on (1, ¢o)

p1(2)

This recursion is contractive in the Hilbert Metric.

- Y. Chen, T. T. Georgiou, and M. Pavon, “Entropic and Displacement Interpolation: A Computational Approach Using the Hilbert
metric, “SIAM Journal on Applied Mathematics”
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Optimal Solution in Original Coordinates

o Fixed point recursion gives ¢1(2), $o(2) — ¢(z,t), P(z,t)

@ Obtain
e optimal controlled PDF:

o (z,t) = ¢(z,t)(z, 1)
e optimal control:

voPY(z,t) = (T1T+(2)) 'B"2eV, log p — T'; ' (2)8-(2)

@ Recover p°PY(x, t) and u°Pt(x,t) as

P (x, 1) = 0P (7(x), t)|det (V)]
P (x, t) = 8(x) + T(x)v°P' (7} (x), t)
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o Density Control subject to Multi input state feedback
linearizable dynamics

o Reduced the system of coupled nonlinear PDEs to a
system of boundary-coupled linear PDE's

e Algorithm via Fixed Point Recursion on initial-terminal
condition pair
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