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Existing algorithms for reach set computation

Parametric Nonparametric
Ellipsoidal over-approximation Zero sub-level set of the
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Semiparametric

Sample-based statistical learning
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Existing algorithms for reach set computation

No specific algebraic or topological results about the ground truth

Difficult to quantitatively compare performance between two given algorithms

One-size-fits-all algorithms ignore the specific geometry induced by
different class of systems

Our approach

Generic — specific algorithm exploiting geometry of the true set



Contribution
Computing the exact reach set of integrator dynamics
R ({xo},t):={z(t) e R |&(t) = Az(t) + Bu(t), u(t) €U}
U =[aq, f1] X |ag, Ba] X [am, Bm] C R™ Boxed-valued input set
A:=blkdiag(A1, ..., A.,), B:=blkdiag(bi,...,by),
Aj = [ 0 e e ez ... e ] , by =ey, Brunovsky normal form

T
T = (7‘1, 9, ... ,Tm) S ZT Relative degree vector

These reach sets are in general, compact and convex
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Motivation

Benchmarking the performance of over-approximation algorithms

Estimating the reach set of differentially flat nonlinear systems

Dynamics of VIOL aircraft

21 = 29 Z4 = V1 cos(z5) + €Uy Sin(Z5) — g
Zo = —wy sin(z5) + €vg cos(zs) Ze = 24
2.3 — 24 2.'6 — V2

Normal form
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Compute the reach set and its 3 Map them back to original coordinate 7
functionals in normal coordinate x via known diffeomorphism



Support function

Theorem: The support function of R ({x¢},1) is

m t
hR({zo},t) (Y) = {(yj, exp(tA)xjo) + vj (yj,C;(¢)) + 1y /O [(yj,&;(s))] dS}
j=1
where MjiZBJQ%, ijzﬁjzaJ,JZ RN . ‘\
' hr |
Ci(to,t) == | &;(s)ds € R Y 4, Supporting
to hyperplane

n1&1(s) -
£(s) := Ei(s) = (877 (ry — 1)1 sm /im0 )
)

R ({xo},t) over-approximates the integrator reach set with any compact ¢/

o; ;= minu,;, [G;:=maxu,;, j=1,---,m
J weld g1 yi wcld ] ) ) )
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Parametric formula of boundary

Theorem. Parametric boundary of R ({xq}, t)

Components of

the boundary
Ty tﬁ—k 1 17 k+1
PV (k)=) 1 l !
’I"j—l
,u] r:—1 yr.—k+1 +1 ri—k+1
= —1)' it 2 —1)4 J
(rj—k+1)'{( ) ™ ;( )T 5y }7

Parameters: 0<s1<s3<...<s,,1<t, j=1,....m

Each single input integrator reach set has two bounding surfaces:

Rj({mo; }:t) = {z € R | pjPP (&) <0, () <0},

with boundary:

OR; ({wj()}v t) ={x e R" | p;pper(m) =0} U{x e R | plower

J

(x) = 0}.



Implicit formula of boundary

Generating function of the parametric form:

ZAkT 1—817’)(1—83’7')"', (1)

k>0 1—827‘)(1—847')"'

Taking the logarithmic derivative forg = 1,---,n.— 1

X

F’ (1)
7_ = —3S1 E 817' —|—82 E 827' —83 E 837' ey

k>0 k>0 k>0

Integrating with respect to z:

Equating (1) and (2), the following Hankel determinant gives implicit formula
det[An, —251i15]5 =0 = 0.
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Taxonomy
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Theorem. The set R ({x},t) is semialgebraic

1

X1

The single input triple integrator reach set

The single input double integrator reach set
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Taxonomy

20

Theorem. The set R ({xy},t) is a zonoid

10+

Z2

—107

Zonoid: Limiting set of the Minkowski sum of line
segments . ' ; 53 o

Zonotope of dimension d / Generators

Zn::{zf}/jvj|7j S [—1,1],?)j < Rd,j — 1,...,n}
7=1 '

hz,(y) = Z|<y7vj>|7 y € RY
=1
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Taxonomy

Integrator Reach Set Is Not Spectrahedron

Polynomial degree of d dimensional
integrator reach set surface:
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Summary of Taxonomy

Compact Semialgebraic

and convex

Spextrahedral shadow

(lifted NMI representable)

cctrahedra

representable)
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Ongoing work for differentially flat systems

Map them back to original coordinate Compute the reach set and its
z via known diffeomorphism functionals in normal coordinate x
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vol (Z;) = 206.7362 vol (X}) = 15.4292
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