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The Multimarginal Schrodinger Bridge Problem

Given s € NZ2 distributions Mic[s] € R" , and ground cost C & (Rn)ig,

find the “optimal measure-valued - ——— o
path between the distributions”




The Multimarginal Schrodinger Bridge Problem

Given s € NZ2 distributions Mic[s] € R" , and ground cost C & (R”)ig

(" min (C +nlog M, M) )
Me(R™)Z5

ksubject to proj, (M) = p, Vo € [[s]])

[(proj1 2 (M))i, is) [(broja,5(M))iz,is]
(€ (1), £2(t2)) (£ (t2), £ (t3))

Minimizer Mt is the MSB,
with MSB cost (C' + 1log My, Moyt )

Note that (C + nlog M, M)
= 1 DkL (M || K)

ial/ (12)i
where K := exp(—C/n)



Correspondence Graphs — Path

. Ci . Cs Co1 ()



Correspondence Graphs — Barycenter




Correspondence Graphs — G = (V, 5)




Correspondence Graphs —



Correspondence Graphs —
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Optimal Multimarginal Schrodinger Bridge Problem

MSB MP°P' := argmin (C + nlog M, M)
MeTi(V)

Definition. Optimal MSB
(GP'= argmin  (C(G) + nlog M°P (G), M (G))

G undirected connected
over vertices V

= argmin min (C(G) + nlog M, M)
G undirected connected MeII(V)
K over vertices V j




Optimal MSBP: Motivation

Spatial reconstruction Temporal reconstruction

E.g., sensors in a field E.g., camera snapshots jumbled in time




Solving for optimal MSB: Reduction to Trees
Proposition 1

r
t . : .
G°P"'=  argmin min (C(G) +nlog M, M) is atree.
G undirected connected MeII(V)
over vertices V

\.

Proof. We know G°P is connected. WTS G°P! contains no cycles.
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Solving for optimal MSB: Reduction to Trees
Proposition 1

p
G°*'= argmin min (C(G) +nlog M, M) is atree. ]

G undirected connected MeII(V)
over vertices V

\.

Proof. We know G°P' is connected. WTS G°P* contains no cycles.

GoPt — (V 5) contains a cycle ———> —| removable edge (0‘ ol ) c)Vx)

Let g — (V’E \ (0‘ 7()'//)).Then,
CG)]= ) (Cor02)in, siay] < [C(GPY)i]  —4—

(01302)65\(0170,,) .



MZ" .= argmin n Dk, (M || K)
MeTi(V)

Tree Splitting

Exhaustive search over s° 2 trees is unfeasible => tree splitting?

T=WE)



MZ" .= argmin n Dk, (M || K)
MeTi(V)

Tree Splitting

Exhaustive search over s° 2 trees is unfeasible => tree splitting?

T=WE)

Split 7 at Uo



MZ" .= argmin n Dk, (M || K)
MeTi(V)

Tree Splitting

Exhaustive search over s° 2 trees is unfeasible => tree splitting?

7-1 = (Vlagl) 7-2 — (V2782)

(2
@@

M%pt:: arg min 7) DKL(prOjvl(M) || Kl) M%Dt = argmin 7) DKL(projv2(M) H KQ)
projy, (M)ETI(V1) projy, (M)€eIl(Vz2)



Tree Splitting (cont.)

Proposition 2 (Prop. 3.4, Haasler et al.)
@)ra tree T = (V,E)with T = V1,&1), Ta = (V2,&2) as before,\
[(M%pt)ivl][(M%t)ivg]

MZE"). |=
[( T )W] (Ko )i,
Further, letting [(Kx )iy, | := H & — [(Coyomlisgics 110
(01,02)€EEK

Dyr (M7 || K) =} Dxw (M7 || Kx) + H (o)

\ k=1,2 /




Tree Splitting (cont.)

Proposition 2 (Prop. 3.4, Haasler et al.)
@)ra tree T = (V,E)with T = V1,&1), Ta = (V2,&2) as before,\
[(M%pt)ivl][(M%t)ivg]

MZE"). |=
[( T )W] (Ko )i,
Further, letting [(Kx )iy, | := H & — [(Coyomlisgics 110
(01,02)€EEK

Dyr (M7 || K) =} Dxw (M7 || Kx) + H (o)

\ k=1,2 /

Dku(projy, (M) || K1)
+ Dk (projy,(M) || K2) + H(po)

- MP':=argmin nDg;, (M | K) = argmin 7
¢ MEeIL(V) projy, (M)eIl(Vy)
projy, (M)€eI(Vz)



Tree Decomposition

Corollary 1

@)r atree 7 = (V, &) as before,
o H 01,02 Eg[(A[glgg)zal ,7:0'2]
[(MZF)ss,...5.] = ehgida)

de s)—1
Hae[[s]](u’ )_Gg(u )
Further, letting SBy, (o, , Mo, ) :=Dxr, (M5 | Koy, ),

0102

\ (01,02)€E o€[s]

\

Dk (M’?' - HK Z SBy, “017/1'02 +Z deg I»La) - 1)H(l'l'a)

/




Tree Decomposition

Corollary 1

@)r atree 7 = (V, &) as before, \
o} H 01,09 68[(M31;2)Zal,z02]
[(MTpt)z’l,...,iS] = (Z150)

de s)—1
Hae[[s]](”’ )_Gg(ﬂ =
Further, letting SBy, (o, , Mo, ) :=Dxr, (M5 | Koy, ),

0102

Dk (MO - HK Z SBy, /1'017/1'02 +Z deg Il'a) - 1)H(l'l'a)

\ (01,02)€EE / o€[s] \‘ /

Pairwise (bimarginal) cost, addifive Degree dependent, nonadditive




Tree Composition — Construction of MSTs

Define go,05 := SBy (Hoy s Moy) + H(lo,) + H(pho,)



Tree Composition — Construction of MSTs

Define 9o, 0, := SBy (Ko, , Boy) + H(po,) + H(po,)

Corollary 1

[ DKL( O ’ ”K Z SB ,UJUUIJJUQ +Z deg ,U,U) o 1)H(,u’0')° ]

(01,02)€E o€[s]

— Z Joioo — Z H(NU)

(01,02)EE o€[s]




Tree Composition — Construction of MSTs

Define 9010’2 i~ SB"] (“017“02) o H(ual) g3 H(H’UQ)

Corollary 1
DxL (MP'|K)= Y SBy(ftoy, Boy)+Y _(deg(po) — 1) H (po).
(01,02)€E o€[s]
=), 9mea— ) Hluo)
(01,02)€EE o€[s]

\

Structure independent, constant



Tree Composition — Construction of MSTs

Define 9o, 0, := SBy (Ko, , Boy) + H(po,) + H(po,)

Corollary 1

DKL ( O ‘ ||K Z SB /1'017/1’02 +Z deg /,LU) — I)H(/,LU)

(01,02)€E o€[s]

- Z Yoro2 — Z H(po)

(01,02)€E oc€[s]
Theorem 1

GP = ToPt = arg min .
(Proposition 1) (Corollary 1) SCgVXV Z gO’l g2




Optimal MSB as an MST

Algorithm 1 Optimal MSB as an MST Problem e (Guaranteed to converge

Require: Distribution set V < {ps},c[s]. edge set £ of e Parallelizable
the complete graph over s vertices, ground cost function
¢, entropic regularization parameter 77 > (0, bimarginal
Sinkhorn algorithm A1gSINK, MST algorithm A1gMST.

for (01,09) € £ do
ooy +— @By s Boy ) Vo siBos) € Xy ¥ Ko
SBy (“01 3 /’I’Oz) — AlgSINK(Cm ooy 1y Moy s /-erz)

Joi0, < SBy (o1 s Moy) + H(pto,) + H(po,)
end for

TPt «— A1gMST(V,E, {90102} (o1,02)€VxV)




Optimal MSB as an MST

Algorithm 1 Optimal MSB as an MST Problem e (Guaranteed to converge

Require: Distribution set V < {ps},c[s]. edge set £ of e Parallelizable
the complete graph over s vertices, ground cost function

¢, entropic regularization parameter 77 > (0, bimarginal C lexit
Sinkhorn algorithm A1gSINK, MST algorithm A1gMST. ~OMPleXity

2 2 2
for (01,0) € € do A1gSINK O (n?||C|% logn/e?)
Coroy ¢ Zoy, Toy) V(Toy s Toy) € Xpy X Ao, AlgMST  O(s?)

SBT} (IJ’O'l ) /’I’O'Q) — AlgSINK(CU1UQana IJ’(71 ) IJ’O'z)

Joi0, < SBy (Boys Poy) + H(pts,) + H(M(;Q)
end for

Tort ¢ B GMST(V, € 5 {001 05 Fioi som)evsir)

Algorithm 1 © (s2n2||'C Hio(logn)_l/?f)



Experiment 1 — GMM Vertices

en = 25samples, s =5
@ e s°~2 = 125 possible trees



Experiment 1 — GMM Vertices

e n = 25 samples, s = 5
e s°~2 = 125 possible trees

Global cost Pairwise cost
[ Priifer code for 7 | Cost (11) Cost (21)
335 0.279922072756287 | 0.279921946258293
334 0.295777099784325 | 0.295776598462776
333 0.316798945466359 | 0.316798407793688
535 0.317890033393032 | 0.317889978780085
355 0.319564634628009 | 0.319562860510066
435 0.320487973256691 | 0.320487070929787
3235 0.325540126207581 | 0.325538361972965
534 0.333745066643530 | 0.333744630984569
354 0.335419414386392 | 0.335417512714549
434 0.336342669176185 | 0.336341723134270

?

~3s per tree

f

Solved in ~0.226s




Experiment 2 — Porcupines

https://www.youtube.com/watch?v=cCjeqaOg2hQ
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Experiment 2 — Porcupines
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Summary

MSBP

M := argmin n Dy, (M || K)
MEeT(V)



Summary
() optimal G°*'=  argmin min 7 Dkp (M || K)

MSYV g undirected.conr{Scted MeTI(V)
@ @ over vertices
@,
()

Mf}pt := argmin 7 Dk, (M || K)
MEIL(V)



Summary
() optimal G°*'=  argmin min 7 Dkp (M || K)

MSYV G undirected conrgcted MeTI(V)
@ @ over vertices
@ (Proposition 1)

@ gopt Topt

Mf}pt := argmin 7 Dk, (M || K)
MEIL(V)



Summary
() optimal G°*'=  argmin min 7 Dkp (M || K)

MSBP G undirected connected MeII(V)
@ @ over vertices V

() 3
(Proposition 1)

@ gopt Topt

(Corollary 1)

Mf}pt := argmin 7 Dk, (M || K)
MEIL(V)



Summary

Ic\’/lp;'énsl G®'=  argmin min 7 Dk, (M || K)
/ G undirected connected M €I1(V)
over vertices V

(Proposition 1)

g opt _ Topt

Algorithm 1 (Corollary 1)

H(Ul 02)65[(M31§-2)7’0'1ai0'2] (01702)65
I1 [[]]( )deg(ua) i
oc|s Ho

(MR, 00] =



Questions?
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