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Single Input LTI Reach Set

Ztl (ZO) Zt2 (Z())

Assumption: (A,b) controllable

Reach set at time ¢

Zi(z0) = U {z(t) cR" | 2=Az+bv, z(t=0) =
v(-)eV

Set-valued input

Y = {’U c C([O,t]) ‘ ’U(S) S [’Uminafvmax]vs < [Oat]}
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Canonical Forms: Controllable and Brunovsky

Let M:=(q' q'A ... qTA"”‘_l)T

last row of the inverse of the controllability matrix

SS realization CCF BCF

. z—x:= Mz . v—u:i=(c,x)+u
2=Az+bv < > &= Ao @ + beonvV € > 1 = A;+x + beonu




Canonical Forms: Controllable and Brunovsky

Let M:=(q' q'A ... qTA"”‘_l)T

last row of the inverse of the controllability matrix

SS realization CCF BCF
. z—x:= Mz . v—u:i=(c,x)+u
2=Az+bv < > &= Ao @ + beonvV € > 1 = A;+x + beonu
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Idea for Reach Set Computation

SS realization CCF BCF

_ z—x:= Mz . v—u:={c,e)+u
2=Az+bv < > &= A @ + bonV € > T = At + beont

N/

topologically equivalent



Idea for Reach Set Computation

SS realization CCF BCF

, z—x:= Mz . v—u:i={(c,x)+u
2=Az+bv < > &= A @ + bonV € > = A;+x + beonu

Zy

N/

topologically equivalent

Algorithm

r D
Step 1: Analytically compute (the boundary of) compact set X;(Mz)
subject to TBD input range [tmin(8), umax(s)]Vs € [0, ]

Step 2: Compute 9Z:(z9) = M 0X,(Mz)
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Step 1.1: Determining [umin(s), umax(s)] Vs € [O, t]

Umin (8) = —<c, eSAC‘mMzO> Inin(S) ¢y
umax($) = —(c, eSAC‘mMzO> + Ihax(8)
S | A
Variational problems: -
Iin(s): = int I(v
#) = yebioa " 0
subject to Vpin < V() < Vmax
Inax(s) :== sup I(v)
v(-)€C([0,5])

subject to Umin S ’U() S Umax

and
I(0)i=v(s) ~ [ f(r)olr)dr, £(r) i= (e, b )
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Step 1.1: Determining [umin(s), umax(s)] Vs € [O, t]

Lemma: (Spectral representation) ta

For A with distinct eigenvalues {A;};—; € C",

f(r) = — : N 0<T<s
; Hj;éi()‘i _ Aj)

Example: 1 = 3, A1 =1, )\2,3 — +1

1
f(r) = 5 (" + cos(s —7) —sin(s ~ 7)),0 < 7 < s



Step 1.1: Determining [umin(s), umax(s)] Vs € [O, t]

Theorem:

Imin(s) — Umin — Umin/

TE€zero sublevel set of f

Imax(s) — VUmax — vmax/

TE€zero sublevel set of f

F(r)AT — / £(r)

TEstrict zero superlevel set of f

F(r)AT — Vi / £(r)

TEstrict zero superlevel set of f

Example: "6 7 9]
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Step 1.2: Parametric Boundary 0X;(z)

Theorem: [Generalizes Haddad and Halder, TAC 68(11), 2023, 6680-6695]

Define parameter vector

O'EWtIZ{O'ERn_l‘OSO’lédgg...SJn_lgt}
N
Weyl chamber

and for ) < 5 < ¢,
.U( ) (umaX(S) umm( ))/27 V(S) ‘= (umaX(S) T umin(s))/za

£(s) == ((n‘s_ 11)!, (nsn_ Z)! ,...,3,1)T.

Then "% ¢ §X,(x,) has o parameterization
2 (o) = x(t, @0) + / V(s)E(t — 5)ds = / " u()E(t — s)ds T / " ()€t — s)ds & ... % (~1)" / w(s)é(t — s)ds

X
n tf—k
Xk = Z ].kgg (K — k)' L0 Vk € [n]
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Consequences

Corollary: OX;(xg) = OX, PP (x0) U OX°V ()

Corollary: X;, Z; are zonoids but not semialgebraic in general
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Consequences

Corollary: OX;(xg) = OX, PP (x0) U OX°V ()

Corollary: X;, Z; are zonoids but not semialgebraic in general

/ / | det(D7)|dod\
Wi

Theorem: (Volume)

VOln (Zt (Z()))

where

| det(Dmr)| = p(o1) - . - p(on-1)|(4X — 2)" |

and ((o) := 2" (o) — V(o)
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det

\

(t — 0'1)” 1

(n—1)!

(t — oy)
1

(t — Op— 1)n—1

(n—1)!

(t— 0 1)
1

C1(o) )

(o (o)
Cn(o) )




Example

21 0.1 0.2 21 1
. — _I_ ,U, vmln — _0.2, vmax — 0.2’ ZO — O
29 —0.3 0.1/ \ 2 2

S ——

0

= OQur Method
- Monte Carlo

0.5+

Our vol Thm: vol, (Zg) ~ (0.3043

Z2 (O

-0.5 ¢

5090 sample MC estimate ~ 0.2301
using MATLAB polyarea:
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