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Schrodinger Bridge

Path space/large deviation viewpoint: max prob stochastic interpolant
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Stochastic control viewpoint: min effort fixed horizon distribution steering

p1(z)

0.3




Control-affine Schrodinger Bridge Problem
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Conditions for Optimality

Primal PDE in controlled PDE P
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Standard Approach: Schrodinger Factors

Hopf-Cole transtorm
(Popts S) = (B, 0) == (popt exp(—S/A), exp(S/A))

Transformed PDE BVP
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Channel Matching Case is Linearly Solvable

The case ggT x 3 : dynamic Sinkhorn recursion
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Channel Mismatched Case: Sinkhorn w. Memory

Idea: use memory from the backward pass
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We prove: this algorithm is locally stable (w.r.t. Hilbert ball of estimated radius)



Channel Mismatched Case: Numerical Example

Cubic spring-mass-damper with process noise
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Channel Mismatched Case: Numerical Example

Convergence
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Channel Mismatched Case: Numerical Example

Solution for the first pair of endpoints

Optimally controlled joint state PDF
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Channel Mismatched Case: Numerical Example

Solution for the second pair of endpoints

Optimally controlled joint state PDF
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1st Order Mean-Field Schrodinger Bridge

Prior kinematics for first order interacting agents
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Controlled mean-field SDE
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2nd Order Mean-Field Schrodinger Bridge

Prior kinetics for second order interacting agents
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2nd Order Mean-Field Schrodinger Bridge

Prior kinetics for second order interacting agents
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Mean-Field Schrodinger Bridge: Results

Derived dynamic Sinkhorn-like recursions to solve all these problem variants
Idea: delayed evaluations and nested updates for nonlinear, nonlocal PDEs

Proved local convergence

Details for 1st order MFSB:

A. Eldesoukey, Y. Chen, A.H.
A Generalized Sinkhorn Algorithm for Mean-Field Schrodinger Bridge.
LCS5(10), 2026

Details for 2nd order MFESB:

A. Eldesoukey, M.Z. Haider, I. Napolitano, Y. Chen, A.H.
Schrodinger Bridges over Kinetic Swarming Models. arXiv:2608.25281



1st order MFSB: Numerical Examples
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2nd order MFSB: Steering Cucker-Smale Kinetics
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2nd order MFSB: Steering Cucker-Smale Kinetics

Inner product of interaction drift and control
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Optimal control initially fights and then leverages nonlocal interaction



Summary

Nonlinearity

- Sinkhorn w. memory solves control-affine SB with input vs noise channel mismatch

- local stability proof for the algorithm

Interaction
- generalized Sinkhorn-like algorithms for 1st and 2nd order MFSB
- can handle full or partial information for endpoint marginals

- local convergence proof for the algorithms
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