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Minkowski Sum of Sets

Defn: Z=X+Y ={z|z=x+yxe X,y Y}

Preserves convexity

Minkowski sum of two ellipsoids
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Motivation: Outer Approximate Reach Sets

Linear control system: x™ (t) = F(t)x(t) + G(t)u(t)

Set-valued (e.g., ellipsoidal) uncertainties: x(tp) €
Xo, x(tl) € X, u(t) € U(t), to<t<H

Forward (—) and backward (<) reach set in dis-

crete time: -

R (Xt to) = @ (Ltg) Xo+ Y @ (t,T+1) G(T)U(T)
T=ty
t1—1

R (X, th) =@ (th) X+ Y —® (1) G(1) U(T)

T=t




Why Ellipsoids

Modeling:  naturally describes norm
bounded uncertainties

Fixed parameterization complexity:
requires storing n(n + 3) /2 reals in R”

Lowner-John Theorem: Minimum volume
outer ellipsoid (MVOE) of any compact set
is unique




Computing Lowner-John MVOE is
Semi-infinite Program

Let £(A,b) = {x € R" | ||[Ax + b|j, < 1}

S compact C R”

E(Aopt, bopt) = argmin log det Al
A>0,beR"

s.t. sup ||Ax+Db|]2 <1

x€S

In our context, S is a Minkowski sum of
ellipsoids




Computing MVOE of Minkowski Sum of
Ellipsoids

In this case, no algorithm known to com-
pute the Lowner-John MVOE

Standard approach: optimize over a param-
eterized family of outer ellipsoids




Parametric Description of Ellipsoid in R?

(g, Q) parameterization with Q > 0:

£(gQ) ={xeR|(x—q)'Q ' (x—q)<1}

(A, b, c) parameterization with A > 0:

E(A,b,c) i ={xcRY:x"Ax+2x"b+c <0}

(9,Q) < (A, b,c):
A=Q7, b=-Q'q c=4'Q g1




Parameterized Family of Outer Ellipsoids

Consider {&}K | in RY, & := £(q,, Qi) Then

center of the Lowner-John ellipsoid
quy =91t 9, + ...+

No formula for the shape matrix Qp; known.

Durieu, Walter, Polyak (2001):
5(%}1 QL]) C 5(%}/ Q(a))
K

Qe) =Y a,'Q, acRf, 1'a=1
k=1




For K = 2 Ellipsoids
0 =1—wy, 0(1/(1—0(1)HIB

5(%}1 QL]) C 5(%}/ Q(B))
QB)=0+1/)Q; + (1+B)Q,y, >0

minimum volume parametric optimization:

minimize log det (Q (B))
B>0

Let A; = eig(Q;'Q,). First order optimality:

—BAi _
+ BA;

Bopt is unique positive root of Z




New Algorithm

First order condition can be rewritten as:

BYiaN/ (L+BA) =X0 1/ (1+BA)

Proposed fixed point iteration:

24 1
=1 1+BnA;

ﬁnﬂ:g(ﬁn)::( ) 8 Ry — Ry

24 A
1=1 14+BnA;

Theorem:

¢(+) is contractive in Hilbert metric on R




Numerical Results: comparison with SDP
Relaxation via S-procedure

input: £(A;,b;,¢;)inR%,i=1,...,K

minimize logdet A;"
Ag,bo, 1+, Tk

s.t. Ay -0, >0k=1,...,K

EjAoEy E, by 0 X Ak b 0
boEr —1 ~Y" % |B, o 0[=0
0 bo —Ao =1 10 0 0

output: £(—(A§)1bg, (A)) ™)



Numerical Results: 2D Example, K = 4

8

gproposed

VOl (Eproposea) = 40.1885, vol (Espp) = 40.1884




Numerical Results: 2D Example, K = 4
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gproposed
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T

tproposed = 0.009184 sec, tspp = 1.513608 sec




Numerical Results: 3D Example, K = 2
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Vol (Eproposed) = 49.0122, vol (Espp) = 49.0121




Numerical Results: 3D Example, K = 2

~Eproposed

tproposed = 0.007521 sec, tspp = 1.687587 sec




Numerical Results: 2D Forward Reach Set
in Discrete Time

xT(t) = Fx(t) + Gu(t)

1 h h h?/2
F= (1) 0= (1 #/2) nmo:

X = €(0,Q), U(t) = £(0,U(t))

Qo=DL, U(t) = (14 cos?(t)) diag([10,0.1])

R (Xo 1, to) = F'E (0,Qp) + YL F*1GE (0, U(t))



Numerical Results: 2D Forward Reach Set

in Discrete Time

o
g X
£ \ =
8 X
g . . Nn =
.mmm B
T 8 & /o
ER /
g 2 3 \ @
E c &S \
S‘nwoh w
X
\ =2
X
)
{
/e
/
\4
\
[o ™
/
(
A
f
=1




Numerical Results: 2D Forward Reach Set
in Discrete Time
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Recap

— New fixed point algorithm for computing the
parameterized MVOE of Minkowski sum of
ellipsoids

— Guaranteed convergence, rate is fast due to
contractive properties on the cone

— Orders of magnitude speed-up in
computational time compared to the standard
SDP relaxation
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