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Motivation

Steer stochastic spin subject to controlled dynamics + deadline constraints

Stochastic state:

A

>

Angular velocity




Controlled dynamics: Euler equation (EE)

Jw=—|w/ " Jw+T 0wz w
\ \ W= e 0w
Principal moment Control torque —Wy W1 0

of inertia matrix

Rewrite as:
' =a0 f(e")+ B o u,ic [3]:={1,2,3}
where

F(2) = (2023, 2321, 2122)  for z € R®

oy = (Jz'-l—l mod 3 — Jz’—|—2 mod 3)/Jia ﬂz .= 1/Jza 1€ [[3]]



Optimal steering of stochastic spin

Deterministic OMT-EE

strictly convex and superlinear

T /
inf/O e lg(2™) + r(uw)|dt

ucld
subjectto #“ =a® f(z")+BoOu, i€{l,2,3},
p(x”,t =0) = po (given), p*“(x“,t=T) = pur (given)

T
Set of feasible policies U := {u :R® x [0,T] — R? | / Eulr(u)]dt < oo}
0

1

5“”%7 .f:()a B=1

Classical dynamic OMT: ¢ =0, 7(-)



Optimal steering of stochastic spin (contd.)

Deterministic OMT-EE

imf/O e lg(x™) + r(u)]dt

ucld
subject to " =a ® f(z")+pBoOu, i€{l,2,3},
p(x,t =0) = po (given), up*“(x",t=T) = ur (given)

Stochastic OMT-EE w generalized Schrodinger bridge problem

infucy fy Eyelg(@*) + r(u))dt
subject to dz® = (a ® f(x*) + B o u)dt+ V20 dw, i€ {1,2,3}
u(x®,t =0) = o (given), p*(x*,t=T) = pur (given)



Static version of the OMT-EE

Deterministic: arg inf / c(:c,y)dﬂ'(a:,y)
) JR*xR?

mEllz (po,pr
Stochastic: arg lnf / {C(CIB, y) T 5 lOg 7'('(213, y)} dﬂ'(:]}, y)7 5 > 0
melly(po,pr) J R xR3 X
entropic regularization
T
where c(x,y) = inf / L(t,~(t),4(t))dt
Y()€ley J o

with Lagrangian

L(t,7,9) = q(v) + (¥ —a © f) © B)

and

Ipy:={7:10,T] — R" | () absolutely continuous,y(0) = x,v(7T) = y}



Use of identified Lagrangian

Theorem: (informal)

Assume p, 4 are absolutely continuous with finite second moments.

Guaranteed existence-uniqueness of minimizer (p°', u°") for dynamic OMT-EE

Proof strategy: Show that the Lagrangian L is of weak Tonelli type

Then use Figalli’s theorem [2007] on OMT costs derived
from action functionals



Necessary conditions of optimality for OMT-EE

Stochastic:

f 96 1 ~
amilton Jacobi - 5180 Vardlls + (Vard, @@ F(@*) = ~68010,
Bellman PDE ot 2

Fokker-Planck- Op°Pt

Kolmogorov PDE ot FVgu - (popt(a of (mu) - ,32 @Vm“¢)) — 5Aaz“,00pta

Endpoint constraints p°®*(2",t = 0) = py, PP (™, t=T) = pr,

Optimal control u’? = B Vyuo
X
value function
- y

Deterministic: Solve above system of coupled PDE boundary value problem

Then pass to the limit o | 0
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1
Case study: g =0, r(:)= EH ‘ H%

s

Numerically solve the coupled PDE boundary value problem

using modified physics informed neural network (PINN)

.

-
Network input: £ := (w1, w2, w3, t)

Network output: 17 := (¢, p°P")

Train network parameters 6 € RP such that M(&) = Nschrodinger Bridge (€; 0)

.

r

Compare the optimally controlled vs. uncontrolled PDF evolution
.
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Modified PINN architecture

N Schrondinger Bridge Losses

'3 5

(@)

% : ; L jort - ENschrdndinger Bridge a;gglgn L N s Brice ({52}?:1, 0) i*)
Ly,

@
‘CPT

HJB PDE loss: L

FPK PDE loss: L jort

sinkhorn loss: W2(uo, ) i= _int [ {@—yl} + clog(@,y) Ydn(, )

melly(po,pur) JR™ R™

Sinkhorn losses for boundary conditions: £, := W (pz-, p,?pOCh i1Qdex(e))

1

Implementation friendly: AutodiffoW? (,07;, piPoct inOlex(O)) Vi € {0,T}
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Uncontrolled PDF evolution for Euler equation

Uncontrolled (unc) Liouville PDE IVP:

?95 FVa - (pa © f()) = 0, p(®,t =0) = po (given)

Because f is divergence-free, IVP solution: p""“(@,t) = po(xo(x,1))

A
inverse flow map

For axisymmetric rigid body (J1 = J2 # J3)

1

1 1
s A U A
P (331,(132,$3,t) = Po Y y L3

1+ ~2

T — x1 tan(asxst)

T r1 + T2 tan(asst)

Non-axisymmetric case in terms of Jacobi elliptic functions
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Numerical simulation

oo =N((2,2,2),05I3),  pr=N((0,0,0),0.5I5)

3 hidden layers, 70 neurons in each, tanh activation, ADAM

80k epochs, 100k domain samples (mini-batched 35k of every 40k epoch)
+ 1250 boundary condition samples

Sinkhorn loss regularizer € = 0.1
Principal moments of inertia: J; = 0.45, J, = 0.50, J; = 0.55
Final time T =4

PINN space-time collocation domain: [—35 ,5]3 X [0,4]
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Univariate marginals of optimally controlled joint

e Four snapshots
e Uncontrolled (--) vs controlled ([_]) for Wy, Wo, W3
=== i (w) —mm P (W) == Py (ws)
plpt (w1) ngt (w2) ngt (ws)
0.35 _ 0.35 0.35
0.30 0.30 v \ 0.30
0.25 0.25 . 0.25
0.20 0.20 0.20
0.15 Y, 0.15 0.15
0.10 ‘ " 0.10
0.05

0.10
0.05 0.05

13



50 optimal closed-loop state sample paths
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[rai/ J

opt
3
-

W

Euler-Maruyama integration with noise strength 0.1



Summary of contributions

OMT-EE: formulation, existence-uniqueness of solution, conditions for optimality

Modified PINN for numerical solution of the coupled PDE system

Ongoing work

Stochastic steering of attitude-spin over tangent bundle 7SO(3) ~ SO(3) x R?
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