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Uncertainty management in power systems
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Proposed computation: grid-less non-parametricWhat’s New?

Main idea: Solve
What’s new?

Main Idea: Solve
@⇢

@t
= L⇢, ⇢(x , 0) = ⇢0 as gradient flow in P2(Rn

)

Proximal Operator: ⇢k = proxW 2

h� (⇢k�1) := arg inf
⇢2P2(Rn)

⇢
1
2
W 2(⇢, ⇢k�1) + h �(⇢)

�

Optimal Transport Cost: W 2(⇢, ⇢k�1) := inf
⇡2⇧(⇢,⇢k�1)

Z

Rn⇥Rn
c(x , y)d⇡(x , y)

Free Energy Functional: �(⇢) :=

Z

Rn
 ⇢ dx + ��1

Z

Rn
⇢ log ⇢ dx
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Infinite dimensional variational recursion:

Proximal operator:

Optimal transport cost:

Free energy functional:



Generalized gradient flow with base manifold

FI

Mda)

%,

÷ÉÉ¥µ.
"

Design pair



Algorithm: Gradient Ascent on the Dual Space
Our Contribution: Algorithm

Uncertainty propagation via point clouds

No spatial discretization or function approximation

Algorithm: gradient ascent on the dual space
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@⇢

@t
= r · (r ⇢) + ��1

�⇢

m Proximal Recursion

⇢k = ⇢(x , t = kh) = arg inf
⇢2P2(Rn)

⇢
1

2
W

2
(⇢, ⇢k�1) + h �(⇢)

�

+ Discrete Primal Formulation

%k = arg min
%

⇢
min

M2⇧(%k�1,%)

1

2
hCk ,Mi + h h k�1 + ��1

log%,%i
�

+ Entropic Regularization

%k = arg min
%

⇢
min

M2⇧(%k�1,%)

1

2
hCk ,Mi + ✏H(M) + h h k�1 + ��1

log%,%i
�

m Dualization

�opt
0

,�opt
1

= arg max
�0,�1�0

⇢
h�0,%k�1i � F

?
(��1)

� ✏

h

✓
exp(�>

0
h/✏) exp(�Ck/2✏) exp(�1h/✏)

◆�
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Algorithm: gradient ascent on the dual space



Recursion on the coneFixed Point Recursion

Theorem: Consider the recursion on the cone Rn
�0

⇥ Rn
�0

y � (�kz) = %k�1, z �
⇣
�k

>y
⌘
= ⇠k�1 � z� �✏

h ,

Then the solution (y⇤, z⇤
) gives the proximal update %k = z⇤ � (�k

>y⇤
)
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Algorithmic Setup

D2. Then, the idea is to design the metric d(·, ·) and the
functional �(·) in (3) such that %k(x) ! ⇢(x, t = kh) as
h # 0, i.e., in the small time-step limit, the solution of the
variational recursion (3) converges (in strong L

1 sense) to
that of (1). The main result in [17] was to show that for FPK
operators of the form (2) with f being a gradient vector field
and g being a scalar multiple of identity matrix, the distance
d(·, ·) can be taken as the Wasserstein-2 metric with �(·) as
the free energy functional. We will make these ideas precise
in Section II and III. The resulting variational recursion (3)
has since been known as the Jordan-Kinderlehrer-Otto (JKO)
scheme [18], and we will refer the FPK operator with such
assumptions on f and g to be in “JKO canonical form”.
Similar gradient descent schemes have been derived for many
other PDEs; see e.g., [19] for a recent survey.

To motivate gradient descent in infinite dimensional
spaces, we appeal to a more familiar setting, i.e., gradient
descent in Rn associated with the flow

dx

dt
= �r' (x) x(0) = x0, (4)

where x,x0 2 Rn and ' : Rn ! R�0, and is continuously
differentiable. The Euler discretization for (4) is given by

xk � xk�1 = �hr'(xk�1), (5)

which can be rewritten as a variational recursion

xk = arg min
x

1

2
k x � xk�1 k2 +h '(x) + o(h). (6)

In the optimization literature, the mapping xk�1 7! xk,
given by

proxk·k
h'(xk�1) := arg min

x

1

2
k x � xk�1 k2 +h '(x), (7)

is called the “proximal operator” [20, p. 142]. The sequence
{xk} generated by the proximal recursion

xk = proxk·k
h'(xk�1), k = 0, 1, 2, . . . (8)

converges to the flow of the ODE (4), i.e., the sequence
satisfies xk ! x(t = kh) as the step-size h # 0. Using the
finite dimensional viewpoint (7), we define

proxd2

h�(%k�1) := arg inf
%2D2

1

2
d
2 (%, %k�1) + h �(%), (9)

as an infinite dimensional proximal operator. As mentioned
above, the sequence {%k} generated by the proximal re-
cursion (3) converges to the flow of the PDE (4), i.e., the
sequence satisfies %k(x) ! ⇢(x, t = kh) as the step-size
h # 0. We also note that in the finite dimensional case,

d

dt
' = hr',�r'i = � k r' k2< 0 (10)

which implies ' decays along the flow of (4). As we will see
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Network reduced power system model

Mixed Conservative-Dissipative SDE over state variables 

Potential function 

Noisy nonuniform Kuramoto model (after Kron reduction)



Network reduced power system model

Parameters in the dynamics

Kron reduced admittance matrix

Internal voltage and current for generator 



Not straightforward to apply the prox recursion

Kinetic Fokker-Planck PDE

Einstein relation does not hold …

Consider change of variable

where invertible linear map



From anisotropic to isotropic diffusion

Transformed SDE

Set up

where



From anisotropic to isotropic diffusion

Consistency guarantee

Evolve weighted point cloud

where

and then push forward via inverse map to come back to

coordinate



IEEE 14 bus case study

Parameters from MATPOWER and ANDES

Nominal case (Case I): from steady state power flow 

Post-contingency case (Case II): Line 13 fails at  

State space:

Can account time-varying 

Initial marginal as product von Mises with mean angles from
the steady state AC power flow  



IEEE 14 bus case study: bivariate  marginals(θ, ω)
Nominal case:



IEEE 14 bus case study: bivariate  marginals(θ, ω)
Post-contingency case:



IEEE 14 bus case study: univariate  marginalsω



Total computational time for 1 min sim. horizon



Statistical consistency w.r.t. Monte Carlo: 50 gen.

A. H., K.F. Caluya, P. Ojaghi, and X. Geng, Stochastic uncertainty propagation in 
power system dynamics using measure-valued proximal recursions, arXiv:2108.13405



Finite horizon optimal steering of joint PDFs
Control Problem

Steer joint state PDF
via feedback control

State feedback

subject to

or



Atypical stochastic control problem

Endpoint PDF constraints

Conditions of optimality:

Coupled nonlinear PDEs in 

Optimal joint state PDF 
(controlled forward Kolmogorov PDE)

Value function (HJB PDE)



Solution of the stochastic control problem

Existence and uniqueness guaranteed for compactly supported

Hopf-Cole transform:

∂φ̂
∂t

= ℒforwardφ̂

∂φ
∂t

= ℒbackwardφ

Schrödinger factors

φ̂0φ0 = ρ0

φ̂TφT = ρT

2 coupled nonlinear PDEs              boundary-coupled linear PDEs!! 

Solution via Schrödinger System

Wasserstein proximal algorithm             fixed point recursion over  

(Contractive in Hilbert metric)

Let

Recover  the optimal solution:

ρu(x, t) = (
n

∏
i=1

m2
i

σ2
i ) φ̂φ

uopt(x, t) = (I2 ⊗ SM−1)∇xlog φ



Feedback Synthesis via the Schrödinger SystemSolution via Schrödinger System
Schrödinger’s (until recently) forgotten papers: Entropic couplings
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Sur la théorie relativiste de l’électron
et l’interprétation de la mécanique quantique

PAR

E. SCHRÖDINGER

I. - Introduction 

J’ai l’intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et l’interprétation qu’on en donne géné-
ralement à l’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de l’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble à peu près
sûr que la mécanique quantique de l’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérêt tout à fait général, s’ajoute, ici à Paris,
un intérêt particulier : vous savez tous que les bases de la théorie
moderne de l’électron ont été posées à Paris par votre célèbre compa-
triote Louis de BROGLIE.

Les recherches que je vais exposer ne forment nullement une théorie
nette et complètement achevée (1). Le lien commun, un peu lâche
d’ailleurs, qui les rattache les unes aux autres, la source commune
dont elles dérivent, est le mécontentement que l’on éprouve quand
on considère l’état présent de la théorie et surtout celui de l’in-

terprétation physique actuelle de la mécanique quantique. Je voudrais

(i) Les mémoires originaux, qui forment la base de ces conférences, ont été publiés dans les
.SitzuYzgsberick1? der preussischen Akademie der Wissenschaften, i93o, p. q.i8; I93I, pp. 63, 144,
238. Dans les pages qui vont suivre, quelques-uns des asp;cts des problèmes envisagés sont peut-
être un peu mieux précisés ; on y trouvera également des résultats nouveaux (v. Notes I-III).

Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

Hopf-Cole transform:

∂ρopt

∂t
+∇ ·

%
ρopt

%
f + B(t)⊤∇ψ

&&
= %1⊤

'
D(t)⊙ Hess

'
ρopt(( 1,

∂ψ

∂t
+

1

2
)B(t)⊤∇ψ)2

2 + 〈∇ψ, f 〉 = −%〈D(t), Hess (ψ)〉

uopt(x, t) = B(t)⊤∇ψ

ρopt (x, 0) = ρ0(x), ρopt (x, 1) = ρ1(x)
(ρopt, ψ) %→ (ϕ, ϕ̂)

ρopt (x, t) = φ̂(x, t)φ(x, t)
uopt(x, t) = 2"B(t)⊤∇ log φ (x, t)
ϕ (x, t) = exp

%
ψ (x, t)

2"

&
,

ϕ̂ (x, t) = ρopt (x, t) exp
%
−ψ (x, t)

2"

&
,

Feedback Density Control: Zero Prior Dynamics



Fixed point recursion over 

∂ρopt

∂t
+∇ ·

%
ρopt

%
f + B(t)⊤∇ψ

&&
= %1⊤

'
D(t)⊙ Hess

'
ρopt(( 1,

∂ψ

∂t
+

1

2
)B(t)⊤∇ψ)2

2 + 〈∇ψ, f 〉 = −%〈D(t), Hess (ψ)〉

uopt(x, t) = B(t)⊤∇ψ

ρopt (x, 0) = ρ0(x), ρopt (x, 1) = ρ1(x)
(ρopt, ψ) %→ (ϕ, ϕ̂)

ρopt (x, t) = ϕ̂(x, t)ϕ(x, t)
uopt(x, t) = 2"B(t)⊤∇ log ϕ (x, t)
(ϕ̂0, ϕ1)

Fixed Point Recursion on ('0, '̂1)

'̂0(x)
<latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit>

'̂1(x)
<latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit>

'1(x)
<latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit>

'0(x)
<latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="/6H8aUlBDbuTtVS6FyvJmLwhI3M=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzHBhuzZaEm0scREPhK4kL1lDzbs7R27e0Ry4XfYWGiMrT/Gzn/jHlyh4EsmeXlvJjPz/FhwbTD+dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUxyeaCS5Z03AjWCdWjIS+YG1/fJf57SlTmkfy0cxi5oVkKHnAKTFW8npTouIR7+Pq02WpX67gGl4ArRM3JxXI0eiXv3qDiCYhk4YKonXXxbHxUqIMp4LNS71Es5jQMRmyrqWShEx76eLoObqwygAFkbIlDVqovydSEmo9C33bGRIz0qteJv7ndRMT3Hgpl3FimKTLRUEikIlQlgAacMWoETNLCFXc3oroiChCjc0pC8FdfXmdtK5qLq65D7hSv83jKMIZnEMVXLiGOtxDA5pAYQLP8ApvztR5cd6dj2VrwclnTuEPnM8fhg2RQA==</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

⇢1(x)/'̂1(x)
<latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit>

⇢0(x)/'0(x)
<latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

This recursion is a contraction with respect to the Hilbert Metric

endowed on a suitable function space.
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Contractive in Hilbert metric



Fixed Point Recursion on ('0, '̂1)

'̂0(x)
<latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit>

'̂1(x)
<latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit>

'1(x)
<latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit>

'0(x)
<latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="/6H8aUlBDbuTtVS6FyvJmLwhI3M=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzHBhuzZaEm0scREPhK4kL1lDzbs7R27e0Ry4XfYWGiMrT/Gzn/jHlyh4EsmeXlvJjPz/FhwbTD+dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUxyeaCS5Z03AjWCdWjIS+YG1/fJf57SlTmkfy0cxi5oVkKHnAKTFW8npTouIR7+Pq02WpX67gGl4ArRM3JxXI0eiXv3qDiCYhk4YKonXXxbHxUqIMp4LNS71Es5jQMRmyrqWShEx76eLoObqwygAFkbIlDVqovydSEmo9C33bGRIz0qteJv7ndRMT3Hgpl3FimKTLRUEikIlQlgAacMWoETNLCFXc3oroiChCjc0pC8FdfXmdtK5qLq65D7hSv83jKMIZnEMVXLiGOtxDA5pAYQLP8ApvztR5cd6dj2VrwclnTuEPnM8fhg2RQA==</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

⇢1(x)/'̂1(x)
<latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit>

⇢0(x)/'0(x)
<latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

This recursion is a contraction with respect to the Hilbert Metric

endowed on a suitable function space.
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Fixed point recursion over 

∂ρopt

∂t
+∇ ·

%
ρopt

%
f + B(t)⊤∇ψ

&&
= %1⊤

'
D(t)⊙ Hess

'
ρopt(( 1,

∂ψ

∂t
+

1

2
)B(t)⊤∇ψ)2

2 + 〈∇ψ, f 〉 = −%〈D(t), Hess (ψ)〉

uopt(x, t) = B(t)⊤∇ψ

ρopt (x, 0) = ρ0(x), ρopt (x, 1) = ρ1(x)
(ρopt, ψ) %→ (ϕ, ϕ̂)

ρopt (x, t) = ϕ̂(x, t)ϕ(x, t)
uopt(x, t) = 2"B(t)⊤∇ log ϕ (x, t)
(ϕ̂0, ϕ1)

Contractive in Hilbert metric
Forward solver: our proximal 

recursion proposed earlier

Backward solver: 
Feynman-Kac



Example on 𝕋2 × ℝ2 ⇝
ρ0(θ) ρ1(θ)

 marginals of the optimally controlled joint PDFs:θ

 marginals of the uncontrolled joint PDFs:θ

Prescribed endpoint joints:

Magnitude of the optimal control policy:

ρ0(θ, ω) = ρ0(θ) × Unif ([0,0.2]2)
ρ1(θ, ω) = ρ1(θ) × Unif ([0,0.2]2)



Details on the optimal control of joint PDFs

K.F. Caluya, and A. H., Wasserstein proximal algorithms for the Schrödinger bridge 
problem: density control with nonlinear drift, IEEE Trans. Automatic Control, 67(3), 
pp. 1163–1178, 2022.

I. Nodozi, and A. H., Schrödinger meets Kuramoto via Feynman-Kac: minimum 
effort distribution steering for noisy nonuniform Kuramoto oscillators, 
arXiv:2202.09734.

K.F. Caluya, and A. H., Reflected Schrödinger bridge: density control with path 
constraints, Proc. of the American Control Conference, 2021.

K.F. Caluya, and A. H., Finite horizon density steering for multi-input state feedback 
linearizable systems, Proc. of the American Control Conference, 2020.



Summary

Fast proximal recursions for joint PDF propagation subject to 
power system dynamics

Minimum effort finite horizon steering of joint PDFs via 
state feedback subject to power system dynamics

Ongoing effort for distributed computation:

I. Nodozi, and A. H., A distributed algorithm for measure-valued optimization 
with additive objective, arXiv:2202.08930.
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