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Measure-valued Optimization Problems

arginf F'(u

,LLEPQ Rd
3 K 2-Wasserstein geodescially

convex functional
Space of Borel probability measures

on R with finite second moments

In many applications, we have additive structure:

F(p) = Fi(u) + Fo(p) + ... + Fo(p)

where each F; : &, (IRd) — (—o00, + 00] is proper, Isc,
and 2-Wasserstein geodescially convex



Connection with Wasserstein Gradient Flows
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Connection with Wasserstein Gradient Flows
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= V" F(p) =V - (“Vﬁ) (%)

ot '>

Wasserstein gradient

Minimizer of arginf F(u) <€A Stationary solution of ( %)
HEPo (Rd)

Transient solution of ( % ) -A> Discrete time-stepping realizing

grad. descent of arginf F'(u)
HEPo (Rd)

Wasserstein proximal recursion a la Jordan-Kinderlehrer-Otto (JKO) scheme
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Gradient Flows

Gradient Flow in X

Gradient Flow in Py (X)

dx o

— = -Vf(x), x(0)=x L= —VYF (), H(x,0)=Ho
dt Ot

Recursion: Recursion:

X = Xk—1 — th(Xk)

, 1
— arg min {§Hx — Xi_1]]5 + hf(x)}
xeX

= proxu'fl|2 (Xk_1)

My :,l/l(-, t = kh)
1

= arg min {— W2 (1) + hF(ﬂ)}
UeP(X) 2

= prox,% (Mk_1)

Convergence:

xx — x(t=kh) as h]O0

Convergence:

M —H(-,t=kh) as hlO0O

f as Lyapunov function:

d 2
— f = _ <
—f=—VfI} <0

F as Lyapunov functional:

d OF ||
— F=_— —— <
F Eﬂle 51l 2] < 0

dt



Motivating Applications

Langevin sampling from Optimal control of distributions
an unnormalized prior a.k.a. Schrédinger bridge problems
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n Applied Probability, 2002
i Apphied Frobablity Caluya and Halder, IEEE Transactions on

Vempala and Wibisino, NeurIPS, 2019 Automatic Control, 2021



Motivating Applications (contd.)

Mean field learning dynamics Prediction and estimation of time-varying
in neural networks joint state probability densities
Wiy

Q Imju.al lProcess noise
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*O-
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l Sensor noise

> o~ (x(£),t)
§O/ | Measurement Posterior denmU
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pT (x(t),1)
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National Academy of Sciences, 2018 Control, 2019
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Many Recently Proposed Algorithms to Solve
Measure-valued Optimization Problems
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But all require centralized computing
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Present Work: Distributed Algorithm

arginf Fy(u) + Fo(pu) + ...+ F,(u)
MEPz(Rd)
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Present Work: Distributed Algorithm

arginf Fy(u) + Fo(pu) + ...+ F,(u)
MEPz(Rd)

. . re-write
Main idea: $

arg inf Fi(uy) + Fo(pe) + ... + Fr(un)
(K1 - s G) EP3 T (RY)

subject to u; = ¢ foralli € |n]
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Present Work: Distributed Algorithm

arginf Fy(u) + Fo(p) + ...+ Fo(p)
MEPz(Rd)

. . re-write
Main idea: $

arg inf Fi(uy) + Fo(pe) + ... + Fr(un)
(K1 - s G) EP3 T (RY)

subject to u; = ¢ foralli € |n]

Define Wasserstein augmented Lagrangian:

n

La(,u’la <. hu’naCa Uiy °7Vn) - = Z{FZ(“’Z) T %WQ(/J’Z?C) T /Rd Vz(e)(d:u”& o dC)}
=1

/ (

regularization >0 Lagrange multipliers
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Proposed Consensus ADMM

pitt = arginf Lo (p1, - oy piny ¢y 01 )
i EP (RY)

<k+1 — arginfLa(,u,]fH,- .o ’uﬁ—l—l’c, Vfa' °'7V7]§)
CEPQ(Rd)

l/z.l“Cle — Vz'k -+ a(,u,iﬁ'l — Ck+1) wherei € [n], k € N,
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Proposed Consensus ADMM

k+1 k .k k
p; ™ = arginf L, (ul, oy Uy, C ,Vl,...,l/n)
,uzepz(Rd)
k+1 k+1 k+1 k k
(" = arginf L, ( T ,C,Vl,...,l/n)
CEPQ(Rd)
I/Z.I“CjL1 — I/Z.k —l—a(,u,erl — Ck+1) wherei € [n], k € N,

Define
sum Z V; , k € N()

and simplify the recursions to

F‘fﬂ PI'OXVLV( Fy(-)+ [vF d( .)(Ck)

2
(M = f;imf{ (Z W2 (u A ) = /Rd Vskum(e)dC}

k+1 k+1 _ +k+1
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Proposed Consensus ADMM (contd.)
[ = PIOX (et ) (Ck)J

k+1 2 k 1 2 k
¢l — f;imf{ (ZW + ) -~ /Rd ysum(e)dC}

Vz'kH _ Vi i oz(,uf +1 CkH)

Split free energy functionals: &;(u;) := F;(u;) + / I/Z-k du;
Rd

Ol —wa /-
8t ——V (I)z(lu’z)

.. Distributed Wasserstein prox = ti
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Proposed Consensus ADMM (contd.)
[ fH — Proxg/( Fi(-)+ [ vk d(")) (Ck)J

(Mt = argmf{(z W2 (uit, ) % /R d I/Skum(e)dC}

(eP2 (R
e a(,uf B Ck+1)

]

Split free energy functionals: &;(u;) := F;(u;) + / I/Z-k du;
Rd

. : . Ofi;
.. Distributed Wasserstein prox ~ (,;ZZ = -V"®,;(i1,)
Examples:
Qi() = Fi() + [ v7d() PDE Name
O -
fRd (V(H) + Vf(@)) dp; (0) 5; =V- (,ui (VV + Vl/f)) Liouville equation
fRd ( v (0) + 67" log ,uZ(H)) dp; (0) aal? =V - (ﬁfiVVf ) + B7LAL; Fokker-Planck equation
Jra v (0)dpi(0) + ngd U(0,0)dp;(0)du(o) 85? =V (1 (Vvf + V(U ® f;))) |Propagation of chaos equation
fRd (Vf( + B ) dpi(0),m > 1 85? =V (ﬁzvuf) + B~tAp™ Porous medium equation




Discrete Version of the Proposed ADMM

Nf +1 _ Proxv%v( Fy(pi)+ (v ) (C k) /_ Euclidean distance matrix
1

\

— arg inf{ min l(C, M) + (Fz(lh) - <Vz'k7 “z>) '

e AN-1 | METy (p;,¢*) 2 o |
( n 1 2 \
k+1 : . k
= arginf< min —C, M) | — 2k ¢
C CEiN_l L (; MiEHN(H§+1,C) 2 < >) o < S >}>

I/.k+1 p— Vz.k —|— a(l"”'

]

E+1 Ck—l—l)

; where N is the number of samples
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Discrete Version of the Proposed ADMM

kE+1 __ w k
B = PROXL (1 ) (€)

1 1 )
= arginf min —(C,M) + — (F,(u;) + Vz'kau'i >
uieANl{MEHN(m,C"’) 2 ( > Q ( (pi) < >)

krl S : 1 V)2 |
(""" = arginfy< (Z min (C, Mz>> a<Vsum7C> '

k+1
cear |\ Mietiy (w10 2

kt1 k k1l pktl
v = o — ¢

With Sinkhorn regularization:

— — Discrete Sinkhorn divergence
k+1 _ We k
i = PIOX () ) (6 4)

arginf{ min <%C—I—elogM,M>+%(ﬂ(l‘i)‘l‘<vf7“i>)}

pieAN-L MEHN(P'iaCk)
& 1 2
¢Fl = arginf Z min <—C + € log M;, MZ> - —<Vfum, C>
ceav-1 | \i=7 Mieliy (uf10) \ 2 o
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Discrete Version of the Proposed ADMM

kE+1 __ w k
B = PROXL (1 ) (€)

1 1 )
= arginf min —(C,M) + — (F,(u;) + Vz'kap'i >
uieANl{MEHN(m,C"’) 2 ( > Q ( (pi) < >)

)
k+1 : . k
= arginf< min e, M) | — 2wk

C CEiN_l \ (; MieﬂN(ufﬂ’ ) 9 < >) Oé< S C> )
uz,kﬂ =vF+ a(uf“ B Ck“)

With Sinkhorn regularization:

— — Discrete Sinkhorn divergence
k+1 _ We k
i = PIOX () ) (6 4)

1 1
Ouer | = arginfd  min SO+ elogM,M )+~ (Fiw) + (v}, o)
layer pi AN MeTy (pi¢") 2 Q

ADMM . 1 ,
¢"" = arginf Z Inin <_C + ¢ log M, Mz> — —(Vsum>
¢eAN1 5 Mielly (ut1¢) \ 2 o

kt1 k k1 kil
v =vf +a(pi T = ¢
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Overall Schematic
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< <« - -
s | ; : k+1 ; : k+1
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p: update ~ Outer Consensus (Sinkhorn) ADMM

Example. ®(p) := (a,p) .a € RMN\{0}, p,& € AV T :=exp (-C/2¢),& > 0

proxggp(é’) = exp (—éa) O, (I‘T (é‘@ <F exXp (_éa)> >>



p: update ~ Outer Consensus (Sinkhorn) ADMM

Example. ®(p) := (a,p) .a € RMN\{0}, p,& € AV T :=exp (-C/2¢),& > 0
proxggp(é’) = exp (—éa) O] (I‘T (é‘@ <F exp (—éa)) >>

Example. Gz(ﬂ'z) e Fz(l«l!z) -+ <I/,£€,[,l,i>, Ck - AN_l, k - N().

Convex

opt T Opt
k+1 _ We k) — Al? _C_ AOi
i = PO () (€)= eXp( = ) ; (exp( 22 >eXp< as >>

opt opt
where AL, AT € RY solve

(e oy (A
Pl e © | exp 2e AP Qe = Chs




§ update w Inner (Euclidean) ADMM

Theorem.

Consider the convex problem
n

(i, ..., ulP") =  argmin Z (i log (Texp (u;/e)) )
(u1 ..... un)ER”N i—1
n v
subject to Zu — guk -
— ¢ o sum*
Then =

¢l = exp (u(;pt/e) ® (I‘ (uf“ %) (I‘exp (u?pt/g)))) c AVN"L Vie]n].
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§ update w Inner (Euclidean) ADMM

Theorem.

Let fi(u;):= <,uz+1 log (T exp (u;/¢)) >, u; € RY, forallie [n],

Then the following Euclidean ADMM solves ( ¥ )

No analytical solution, use e.g.,

L 1|2 (z ~€)
i —  — Newton’s method (has structured Hess)

— prox; i

~0+1  ~/ /+1 (+1 : o
v, =vp 4 (u -z -

10!

100 -

CPU time |[s]

1071 -

100 [ 10—2 | | | | | | I
r 1 2 3 4 5 6 7
i 1

24 100 10! 102 10°
Iterations

-o-Gradient descent: 2000 iterations, CPU time 21.6566 s 7




Experiment 1 Centralized computation:

Caluya and Halder, IEEE Trans. Automatic Control, 2019

1 ——  Pocanalytical = %exp (—B¢($1, xQ)) © © o Pproximal

-
Linear Fokker-Planck-Kolmogorov PDE

9,
o =V (uVV) + 57 Ap

Vi(ry,xe) = % (1 +x‘11) + % (a:% —aﬁ)

Heo o eXp(—BV(x;, %,))dx dx,

\ y,

Distributed computation:

Fi(p) = (Vi,p)  Fa(p) = (87 log p, ) I

e ®
e

e ®
&' ®

k =2 k =10 k =50 k =100 k =500 k =1000 k =2000 k =5000

0.00025 0.00050 0.00075 0.00100 0.00125 0.00150 0.00175
k=2 k =10 k =50 k =100 k =500 k =1000 k =2000 k =5000

% )

.00

0.00025 0.00050 0.00075 0.00100 0.00125 0.00150 0.00175



Experiment z2 Centralized computation:

Carrillo, Craig, Wang and Wei, FOCM, 2021

4 )
Aggregation-drift-diffusion nonlinear PDE

G,
a_/: =V (uV(U*p) + V- (uVV) + g Ap

"V N

1

U(x) = 5

|2 —In 2]

1
V(z) = —lnjz|>

\ y,

lim = Unif (&
Distributed computation: ﬁ‘lwﬂoo (/ )

Fy (p,) = <Ukp,, p,> Fy (p,) = <‘/k + ,8_1 log pt, p,> Annulus with inner radius 1/2 and outer radius v/5/2

e ®
e

k =10 k =100 k =500 k =1000 k =2000 k =5000 k =10000

0.0012
k =10000

k =100

®®
e

0.0002 0.0004 0.0006 0.0008 0.0010 0.0012



Experiment # 2 (C()ntd,) Centralized computation:

Carrillo, Craig, Wang and Wei, FOCM, 2021

4 )
Aggregation-drift-diffusion nonlinear PDE

8
a_/: =V (uV(U*p) + V- (uVV) + g Ap

\ . J/

"V

1=1 1=2

1
U(z) = 5 [|; —In ],

1
V() = 21 2. _1
) ’ Jim py, = Unif (/)
1m = uUni
Distributed computation: 5! w,u = S
Fy (p,) = <Ukp,, [,l,> Fy (l*l') = <‘/k + ,8_1 log pt, p,> Annulus with inner radius 1/2 and outer radius v/5/2
4 x 1072 -

3

-i.i?:

= 10e-

0 -

10*
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Summary

------

B Inner ADMM minimizer #3
T e Central | gt T
poommEmmTImTT moEEEmmT Processor  f==="==-=-" /%
v Inner ADMM minimizer #1
. . . A kbbb i U ) Ehb bbb bbb bbb I
Distributed computation for S e
. o ) ' s v Inner ADMM minimizer #2
measure-valued optimization B ooy
Distributed Processor #1 | E : Distributed Processor #2 | E : Distributed Processor #3
Outer layer ¢ Outer layer E Outer layer
. ADMM ' ADMM : ADMM
Realizes measure-valued oo i
operator splitting i u 5 i ! 5 e
Inner layer I Inner layer | _... _E Inner layer
ADMM ADMM ADMM

Takes advantage of the existing
proximal and JKO type algorithms

Ongoing
Convergence guarantees for the overall scheme

High dimensional case studies
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