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Colloidal Self-assembly (SA)

Dispersed particles Ordered structure
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Self-assembly and Particle Aggregation in Stratified Fluids
Experimental Discovery and First-principle Mechanisms
of Diffusion-induced Flows in Exterior Domains

By Roberto Camassa and that particulate aggregation occurs through  during which particles form molecule-like
Richard M. McLaughlin o

t
eventually merges with a larger aggregate,

schematic of the tu
ini- ultimately led to

flux boundary condi-
leads t0 self-assembly,

Applications: Precision (sub nm scale) manufacturing of materials with
advanced electrical, optical or magnetic properties

This talk: Two controlled colloidal SA case studies:
(1) model-based, (2) data-driven



Colloidal SA Case Study 1: Model Based

e Typical state: (Cg) € |0, 6]
4.\.3 AR Averaged order parameter
N ‘ :.:_z,f;”l s Average number of hexagonally
LR T close-packed neighboring particles
SRR in 2D assembly
. T e "4{ . .
RSO R I Ia ~ measure of crystallinity order
Dispersed particles Ordered structure

Typical control: u

Electric field voltage

" Technical challenge:

Nonlinear + noisy molecular dynamics ~ (C§) is a controlled stochastic process
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Colloidal SA Case Study 2: Data Driven

Typical state:({Cy), (C12)) € [0,1]?

-av.s RN : Steinhart bond order parameters
4: why |t useful for distinguishing between
e, BCC and FCC structures
W
Typical control:
Dispersed particles Ordered structure

(u1, uz) = (temperature, pressure)

"Technical challenge: A

Difficult to deduce first principle physics-based controlled dynamics over ({(Cho), (Ci2))
\_ )




Controlled SA as Generalized Schrodinger Bridge

Intuition for Case Study 1: <Cﬁ> ~ () < Crystalline disorder

<C@> ~ 0 < Crystalline order

> Steer the stochastic state <C’6> from disordered att = () to ordered at t = T’

In typical applications, prescribed time horizon 200 s )



Controlled SA as Generalized Schrodinger Bridge

Intuition for Case Study 1: <06> ~ () < Crystalline disorder

<C@> ~ 0 < Crystalline order

> Steer the stochastic state <C’6> from disordered att = () to ordered at t = T’

)

In typical SA applications, prescribed time horizon 200 s

107 \ —p == : Endpoint PDF constraints:

0. (Ce)(t =0) ~ pg given

2.5 :.':: <Cﬁ>(t p— T) ~ pT given

Lo Wanted control policy: u = 7T(t, <C6>)




Minimum Effort Colloidal SA

Proposed formulation:

nf [E .
UEY

\.

drift diffusion free energy
landscape landscape landscape

. 0 , 0 . Dy(x*,u)
D(x",u) := aDz(x JU) — EF(x ,U) 0
B

\ J

either from model or learnt from MD simulation data

subject to  dx* = Dy(x", u) dt +/2D,(x"*, u) dw,

(Ce)

x“(t = 0) ~ duy = po dx",

standard Wiener process




Minimum Effort Colloidal SA

Equivalent formulation:

Guaranteed existence-uniqueness
for compactly supported pg, pr

T
1
inf J [ —u’(x", 1) p"(x*, £) dx* dt N
(p",u) 0 Rz
| apu a 62 3.5: \ —po "= pr :I:
subject to — D p") + D, p* | i
J o =~ (D) + o (Do) f
Pt t=0)=py pUt=T)=pr "0
[Controlled Fokker-Planck-Kolmogorov PDEJ o - . : - T l . :
(Cs)




Generalized Schrodinger Bridge Problem (GSBP)

Classical SBP: D, =u, D, = Identity
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I. — Introduction

. J’ai 'intention d’exposer dans ces conférences diverses idées concer-
E S CHRGDIN GER ) nant la mc:eca.,nique quantique ?t 1’interp1:éta13ior} qu’on en donne g’énf'»
] ENEIPEE v : ' ralement & I’heure actuelle ; je parlerai principalement de la théorie
R R quantique relativiste du mouvement de I'électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble & peu prés

sir que la mécanique quantique de 1’électron, sous sa forme idéale,
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moderne de 1’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.

Classical SBP = Stochastic version of dynamic OMT

Minimum effort = Most likely evolution between observed distributions



Generalized Schrodinger Bridge Problem (GSBP)

Classical SBP: D, =u, D, = Identity
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I. — Introduction

. J’ai I'intention d’exposer dans ces conférences diverses idées concer-
E S CHRGDIN GER ) nant la mt'eca,nique quantique <?t 1’interp1:éta1.:ior.1 qu’on en donne g’én‘é~
) ENEIPEE v : ' ralement & I’heure actuelle ; je parlerai principalement de la théorie
R R quantique relativiste du mouvement de I’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble & peu prés
sir que la mécanique quantique de 1’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérét tout a fait général, s’ajoute, ici a Paris,
un intérét particulier : vous savez tous que les bases de la théorie
moderne de 1’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.

Ny S(’;NDEI{AUSGABE AUS DEN SI;TZUNGSBEBICHTI&N
DER PREUSSISCHEN AKADEMIE DER WISSENSCHARTEN
.. PHYS-MATH KLASSE. 1931. IX

Classical SBP = Stochastic version of dynamic OMT

Minimum effort = Most likely evolution between observed distributions

p
In our colloidal SA:

Both D, D5 are nonlinear in state + non-affine in control

\
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Conditions for Optimality: Case 1

Three coupled PDEs with endpoint boundary conditions:

0 1 0 0°
op 1 (n.opt>2 B _l/fD1 B l/fD2 HJB PDE
ot 2 ox Ox?
op" 0 y 0° u Controlled FPK PDE
or = " g (D) + 55 (Do)
ow 0D, 0%y oD
7Pi(x" f) = v + Ll Optimal policy
ox" ou ox“? ou
plx“,t=0)=p, p“x“t=T)=p; Boundary conditions

value optimally optimal

function controlled PDF  policy

to be solved for the triple: y (x”, t) , pt (x”, t) , TPt (x”, t)
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Conditions for Optimality: Case 1

Three coupled PDEs with endpoint boundary conditions:

( )

oy _ 1 2 0w, Py HJB PDE
ETRRE) (7[ ) Wt T
r 2 0x ox!
dp” 0 u 0’ u Controlled FPK PDE
or =~ om (D) + 5 (D)
oy 0D,  o*y oD,
opt/.-u — . .
P (x" 1) = P + 2 o Optimal policy
plxt=0)=p, p'&x"t=T)=p; Boundary conditions
value optimally optimal

function controlled PDF  policy

to be solved for the triple: y (x”, t) , pt (x”, t) , TPt (x”, t)

[ Cf. classical SBP: two coupled PDEs + optimal policy explicit in value fn y j
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Idea: Train Physics Informed Neural Network
(PINN) to Learn the Solution of the GSBP

Input layer Fully connected hidden layers Output layer Loss

S| ¥ L0 = argmin & (X 0)
rOPt g 0cRP

&z Adam optimizer

g/’/:gw'l'gpu_l_gﬂopt'l'gpé{'l_gp%

[Lu Lu.etal, 2021] [Niaki.et al, 2021]
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Case Study 1: Residuals for PINN Training

PINN residuals

Benchmark controlled self-assembly system: [Y Xue, etal, IEEE Trans. Control Sys. Technology, 2014]

—— Controlled Fokker-Planck PDE
—— HJB PDE

—— Policy equation

— po boundary condition

—— pr boundary condition

.

==ssa==<

103

104
Epoch
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Case Study 1: Optimal Policy

" ((Ce), 1)
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Case Study 1: Value Function

w<<06>7 t)
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Case Study 1: Optimally Controlled State PDFs

4.01 —p ~=Upr

3.5 1

3.0 1

2.5

PDF 5|

1.5 1

1.0 1

0.0{ ====

[ the MSE losses are not appropriate for enforcing the endpoint PDF constraints ]
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Case Study 1: Closed Loop Sample Paths

5_
4_
3_
(Cs)
2_
1_
O_
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
t[s] ts]

18



GSBP Conditions for Optimality with m Inputs

m + 2 coupled PDEs with endpoint boundary conditions:

Drift coefficient Diffusion tensor
oy 1 ) j -
It — §Hu0ptH2 — (Va1 f) — (G,Hess(v)),
0pe, “ .
8tpt — _v'(poptf) + <G7 Hess(popt)>7

Uopt = Vg, ((Vat), f) + (G, Hess(v)))

poi(0,2) = po,  po (T, ) = pr,

[ Cf. classical SBP: two coupled PDEs + optimal policy explicit in value fn y ]
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Data-driven GSBP for Colloidal SA

Molecular dynamics Simulation data

| |

Data-driven learning

L,

N Drift N Diffusion

A
»

Neural Schrodinger bridge

S

uopt

\ 4

A

PT

A

A

Colloidal Self-assembly System

20



Architecture for Data-driven GSBP

N Schrondinger Bridge

\ 4

> * . ) N |
~ Euopt _0)_ argmln ENSchréndinger Bridge <{£Z }’L:1 ) 0
OcRP
L Po
L PT

N Diffusion
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Sinkhorn Losses for Boundary Conditions

WZ(po, 1) := _inf / {lz -yl + elog 7(x,y) }dn(x, y)
melly(pno,ur) JR™ < R™

epoch index

For boundary conditions, use Sinkhorn losses: L p; w2 (,07;, P; (9))

€

Implementation friendly for PINN training:

AutodiffgWW 2 (pz-, piPee” i’“de"(é')) Vi € {0, T}
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Case Study 2: Synthesize BCC Crystalline
Structure by PDF Steering in (<C1()>a ( C12>) Space

Body-centered cube (BCC) crystal

t =0 t =40 t =81 t =118 t =159 t =193

t =200 3

o

0.00 0.25 0.50 0.75 1.00 1.25 1.50

1.75

¥

a . )
Data-driven:
Uses PINN with Sinkhorn losses + the drift-diffusion are themselves NNs
Y,
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Case Study 2: Closed Loop State Sample Paths

0.45 1

0.40 A

0.351
(Cho)
0.301
0.251
0.201
0 25 50 75 100 125 150 175 200
t [s]

0.40 A

0.35 1

(C12)

0.30 1

0.25 1

0.20 A

0 25 50 75 100 125 150 175 200

Desired transport from mean (0.2, 0.2) to (0.40,0.37) for BCC structure
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Take Home Message

GSBPs arise quite naturally in engineering applications such as colloidal SA

Computational methods for GSBPs need more development

Refs for this work:

[. Nodozi, J. O'Leary, A. Mesbah, A.H., A physics-informed deep learning approach
for minimum effort stochastic control of colloidal self-assembly, ACC 2023

[. Nodozi, C. Yan, M. Khare, A.H., A. Mesbah, Neural Schrodinger Bridge with

Sinkhorn Losses: Application to Data-driven Minimum Effort Control of Colloidal
Self-assembly, arXiv????
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