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Colloidal Self-assembly (SA)

Applications: Precision (sub nm scale) manufacturing of materials with 
advanced electrical, optical or magnetic properties  

This talk: Two controlled colloidal SA case studies: 
(1) model-based, (2) data-driven  
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Colloidal SA Case Study 1: Model Based 

Typical state:

Average number of hexagonally
close-packed neighboring particles
 in 2D assembly 

 measure of crystallinity order∼

Averaged order parameter

Typical control:

Electric field voltage

Technical challenge:

Nonlinear + noisy molecular dynamics             is a controlled stochastic process⇝
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Colloidal SA Case Study 2: Data Driven 

Typical state:

useful for distinguishing between
BCC and FCC structures

Steinhart bond order parameters

Typical control:

= (temperature, pressure)

Technical challenge:

Difficult to deduce first principle physics-based controlled dynamics over 
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Controlled SA as Generalized Schrödinger Bridge 

Intuition for Case Study 1:  Crystalline disorder⇔

 Crystalline order⇔

⇝ Steer the stochastic state from disordered at              to ordered at 

In typical applications, prescribed time horizon 200 s
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Controlled SA as Generalized Schrödinger Bridge 

Intuition for Case Study 1:  Crystalline disorder⇔

 Crystalline order⇔

⇝ Steer the stochastic state from disordered at              to ordered at 

In typical SA applications, prescribed time horizon 200 s

Endpoint PDF constraints:

Wanted control policy:
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Minimum Effort Colloidal SA

Proposed formulation:
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Minimum Effort Colloidal SA

Equivalent formulation:

6

inf
(ρu,u) ∫

T

0 ∫ℝ

1
2 u2(xu, t) ρu(xu, t) dxu dt

 subject to  ∂ρu

∂t
= − ∂

∂xu (D1ρu) + ∂2

∂xu2 (D2ρu)

ρu(xu, t = 0) = ρ0, ρu(xu, t = T) = ρT

Minimum Effort Self-assembly

Equivalent formulation: Guaranteed existence-uniqueness 
for compactly supported ρ0, ρT

Controlled Fokker-Planck-Kolmogorov PDE
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Generalized Schrödinger Bridge Problem (GSBP)
Classical SBP: D1 ≡ u, D2 ≡ Identity

7

Generalized Schrödinger Bridge

In our setting: both  and  are nonlinear in state + non-affine in controlD1 D2

Solution via Schrödinger System
Schrödinger’s (until recently) forgotten papers: Entropic couplings

Universität Potsdam/ University of Reading 3

269

Sur la théorie relativiste de l’électron
et l’interprétation de la mécanique quantique

PAR

E. SCHRÖDINGER

I. - Introduction 

J’ai l’intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et l’interprétation qu’on en donne géné-
ralement à l’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de l’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble à peu près
sûr que la mécanique quantique de l’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérêt tout à fait général, s’ajoute, ici à Paris,
un intérêt particulier : vous savez tous que les bases de la théorie
moderne de l’électron ont été posées à Paris par votre célèbre compa-
triote Louis de BROGLIE.

Les recherches que je vais exposer ne forment nullement une théorie
nette et complètement achevée (1). Le lien commun, un peu lâche
d’ailleurs, qui les rattache les unes aux autres, la source commune
dont elles dérivent, est le mécontentement que l’on éprouve quand
on considère l’état présent de la théorie et surtout celui de l’in-

terprétation physique actuelle de la mécanique quantique. Je voudrais

(i) Les mémoires originaux, qui forment la base de ces conférences, ont été publiés dans les
.SitzuYzgsberick1? der preussischen Akademie der Wissenschaften, i93o, p. q.i8; I93I, pp. 63, 144,
238. Dans les pages qui vont suivre, quelques-uns des asp;cts des problèmes envisagés sont peut-
être un peu mieux précisés ; on y trouvera également des résultats nouveaux (v. Notes I-III).

Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

Schrödinger bridge problem:  and D1 ≡ u D2 ≡ Identity

Minimum effort  Most likely evolution between observed distributions≡

Classical SBP  Stochastic version of dynamic OMT≡
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Generalized Schrödinger Bridge Problem (GSBP)

In our colloidal SA:
Both                 are nonlinear in state + non-affine in control

Classical SBP: D1 ≡ u, D2 ≡ Identity

7

Generalized Schrödinger Bridge
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Conditions for Optimality: Case 1

value
function

optimally
controlled PDF

8

Conditions for Optimality

∂ψ
∂t

= 1
2 (πopt)2 − ∂ψ

∂x
D1 − ∂2ψ

∂xu2 D2

∂ρu

∂t
= − ∂

∂xu (D1ρu) + ∂2

∂xu2 (D2ρu)

πopt(xu, t) = ∂ψ
∂xu

∂D1
∂u

+ ∂2ψ
∂xu2

∂D2
∂u

Controlled FPK PDE

HJB PDE

Optimal policy

ρu(xu, t = 0) = ρ0, ρu(xu, t = T) = ρT Boundary conditions

to be solved for the triple: ψ (xu, t), ρu (xu, t), πopt (xu, t)

optimal
policy

Three coupled PDEs with endpoint boundary conditions:
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Conditions for Optimality: Case 1
Three coupled PDEs with endpoint boundary conditions:

value
function

optimally
controlled PDF

8

Conditions for Optimality

∂ψ
∂t

= 1
2 (πopt)2 − ∂ψ

∂x
D1 − ∂2ψ

∂xu2 D2

∂ρu

∂t
= − ∂

∂xu (D1ρu) + ∂2

∂xu2 (D2ρu)

πopt(xu, t) = ∂ψ
∂xu

∂D1
∂u

+ ∂2ψ
∂xu2

∂D2
∂u

Controlled FPK PDE

HJB PDE

Optimal policy

ρu(xu, t = 0) = ρ0, ρu(xu, t = T) = ρT Boundary conditions

to be solved for the triple: ψ (xu, t), ρu (xu, t), πopt (xu, t)

optimal
policy

Cf. classical SBP: two coupled PDEs + optimal policy explicit in value fn ψ
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[Lu Lu, et al, 2021]

………..

ℒψ

ℒρu

ℒπopt

ℒρu
0

ℒρu
T

ψ

ρu

πopt

Loss

θ* = argmin
θ∈ℝD

ℒ$(X; θ)
x

t

Fully connected hidden layersInput layer

⟨C6⟩

Output layer

[Niaki, et al, 2021]

ℒ$ = ℒψ + ℒρu + ℒπopt + ℒρu
0

+ ℒρu
T

10

PINN Architecture

t

Adam optimizer

Idea: Train Physics Informed Neural Network 
(PINN) to Learn the Solution of the GSBP
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Case Study 1: Residuals for PINN Training

11

Training of the PINN
[Y Xue,  et al, IEEE Trans. Control Sys. Technology, 2014]Benchmark controlled self-assembly system:
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Case Study 1: Optimal Policy

12

Optimal Policy
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Case Study 1: Value Function

13

Value Function
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Case Study 1: Optimally Controlled State PDFs

14

Optimally Controlled State PDFs

… the MSE losses are not appropriate for enforcing the endpoint PDF constraints
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Case Study 1: Closed Loop Sample Paths

15

Optimal State and Optimal Control Sample Paths
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GSBP Conditions for Optimality with  Inputsm

 coupled PDEs with endpoint boundary conditions:m + 2

Cf. classical SBP: two coupled PDEs + optimal policy explicit in value fn ψ

Motivated by the Lipschitz continuity of the outputs of
NDrift,NDiffusion for an admissible Markovian policy u(t,x) 2
U , we assume that the coefficients f and g satisfy
(A1) non-explosion and Lipschitz conditions: there exist
constants c1, c2 such that

kf(t,x,u)k2 + kg(t,x,u)k2  c1 (1 + kxk2) ,

and that

kf(t,x,u(t,x))� f(t, ex,u(t, ex))k2  c2kx� exk2

for all x, ex 2 X , t 2 [0, T ];
(A2) uniformly lower bounded diffusion: there exists con-
stant c3 such that the diffusion tensor G = gg> satisfies
hx,G (t,x,u)xi � c3kxk22 for all t 2 [0, T ].
The assumption A1 guarantees [32, p. 66] existence-
uniqueness for the sample path of the SDE (1b). The as-
sumptions A1, A2 together guarantee [33, Ch. 1] that the
generator associated with (1b) yields absolutely continuous
probability measures µ

u for all t > 0 provided the prescribed
initial probability measure µ0 := µ

u(x, t = 0) is absolutely
continuous.

In this work, we assume that the given endpoint measures
µ0, µT are absolutely continuous, i.e., µ0 = ⇢0(x)dx, µT =
⇢T (x)dx where ⇢0, ⇢T are the corresponding endpoint joint
state probability density functions (PDFs). If the solution for
(1) exists, then under the stated regularity assumptions on f
and g, the corresponding controlled measure µ

u(t,x) will
remain absolutely continuous with dµu(t,x) = ⇢

u(t,x)dx
for admissible u 2 U . We next discuss reformulating (1) in
terms of the controlled joint state PDF ⇢

u.

B. PDF Steering Problem

Following the aforesaid assumptions, the GSBP (1) can be
rewritten as a state PDF steering problem:

inf
(⇢u,u)

Z T

0

Z

X

1

2
ku(t,x)k22 ⇢u(t,x) dx dt (3a)

subject to
@⇢

u

@t
= �r.(⇢uf) + hG,Hess(⇢u)i, (3b)

⇢
u(0,x) = ⇢0, ⇢

u(T,x) = ⇢T . (3c)

The constraint (3b) is the controlled Fokker-Planck-
Kolmogorov (FPK) PDE which governs the flow of the joint
state PDF ⇢

u associated with the SDE (1b). Notice that
the second order term hG,Hess(⇢u)i involves the Frobenius
a.k.a. Hibert-Schmidt inner product, and Hess denotes the
Euclidean Hessian operator.

The boundary conditions (3c) at t = 0 and t = T involve
the prescribed initial and terminal joint state PDFs ⇢0 and ⇢T ,
respectively.

We note that when f ⌘ 0, g (and hence G) ⌘ In, then
(3b) reduces to the heat PDE, and problem (3) reduces to the
classical SBP, as mentioned in Sec. I-A. Furthermore, when
f ⌘ u, g ⌘ 0, then (3b) reduces to the Liouville PDE for
integrator dynamics ẋ = u, and problem (3) reduces to the
dynamic OMT, as mentioned in Sec. I-A.

C. Existence and Uniqueness of Solution

Under the assumptions stated already in Sec. II-A, the
controlled PDF ⇢

u exists for u 2 U . For the existence-
uniqueness of solution for the variational problem (3), we
further assume that
(A3) the PDF ⇢

u remains positive and continuous for all
t 2 [0, T ].
Then, following [34, Thm. 3.2], [35], problem (3) is guaran-
teed to admit a unique solution; see also [36, Sec. 10].

We next deduce the first order optimality conditions for the
GSBP (3) in the form of a coupled system of three PDEs with
boundary conditions.

D. Conditions for Optimality

We start with the Lagrangian associated with the GSBP (3):

L(⇢u,u, ) :=
Z T

0

Z

X

⇢
1

2
ku(t,x)k22⇢u(t,x) +  (t,x)⇥

✓
@⇢

u

@t
+r.(⇢uf)� hG,Hess (⇢u)i

◆�
dx dt

(4)
where  (t,x) is a C

1([0, T ];X ) Lagrange multiplier. Let

P0T (X ) :=
�
⇢(t,x) � 0 |

Z

X
⇢dx = 1,

⇢(t = 0,x) = ⇢0, ⇢(t = T,x) = ⇢T

 
. (5)

Performing the unconstrained minimization of the Lagrangian
L over P0T (X ) ⇥ U , where U is given in (2), we get the
following result.

Theorem 1. (Optimal control and optimal state PDF)

The pair (⇢uopt(t,x),uopt(t,x)) that solves (3), must satisfy
the following system of three coupled PDEs:

@ 

@t
=

1

2
kuoptk22 � hrx ,fi � hG,Hess( )i, (6a)

@⇢
u
opt

@t
= �r.(⇢uoptf) + hG,Hess(⇢uopt)i, (6b)

uopt = ruopt (hrx ,fi+ hG,Hess( )i) , (6c)

with boundary conditions

⇢
u
opt(0,x) = ⇢0, ⇢

u
opt(T,x) = ⇢T , (7)

where  (t,x) is a C
1([0, T ];X ) value function.

Proof. We write the Lagrangian (4) as the sum of three state-
time integrals:
Z T

0

Z

X

1

2
kuk22⇢udx dt+

Z T

0

Z

X
 
@⇢

u

@t
dx dt

+

Z T

0

Z

X

✓
@⇢

u

@t
+r.(⇢uf)� hG,Hess (⇢u)i

◆
 dx dt.

In above, for the second summand, we invoke the Fu-
bini–Tonelli theorem to switch the order of integration and
perform integration by parts w.r.t. t. For the third summand,
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4

Drift coefficient Diffusion tensor
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Data-driven GSBP for Colloidal SA

16

Data-driven learning
(Sec. III) 

Neural Schrödinger bridge
(Sec. IV)

MD simulation data 

Colloidal SA system

Molecular dynamics Simulation data

Colloidal Self-assembly System

Ongoing Efforts: Learning from Data
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Architecture for Data-driven GSBP

…

…

…

Loss
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Sinkhorn Losses for Boundary Conditions

For boundary conditions, use Sinkhorn losses:

Implementation friendly for PINN training:
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Case Study 2: Synthesize BCC Crystalline 
Structure by PDF Steering in  Space(⟨C10⟩, ⟨C12⟩)

19

Body-centered cube (BCC) crystal

Ongoing Efforts: Learning from Data

Steinhart bond order parametersData-driven:
Uses PINN with Sinkhorn losses + the drift-diffusion are themselves NNs
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Case Study 2: Closed Loop State Sample Paths

(a) Optimally controlled hC10i state trajectories. (b) Optimally controlled hC12i state trajectories.

Fig. 6: The 150 random sample paths resulting from the closed loop simulation using the learnt optimal policy uopt (t, hC10i, hC12i).

the number of control inputs. To numerically solve this non-
standard system, we propose a custom variant of PINN, and
demonstrate its effectiveness on a data-driven colloidal SA
case study. Our results should be of broad interest to control
and machine learning researchers using diffusion models for
learning and control.
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(a) Optimally controlled hC10i state trajectories. (b) Optimally controlled hC12i state trajectories.

Fig. 6: The 150 random sample paths resulting from the closed loop simulation using the learnt optimal policy uopt (t, hC10i, hC12i).

the number of control inputs. To numerically solve this non-
standard system, we propose a custom variant of PINN, and
demonstrate its effectiveness on a data-driven colloidal SA
case study. Our results should be of broad interest to control
and machine learning researchers using diffusion models for
learning and control.
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[22] J. J. Juárez and M. A. Bevan, “Feedback controlled colloidal self-
assembly,” Advanced Functional Materials, vol. 22, no. 18, pp. 3833–
3839, 2012.

[23] Y. Gao and R. Lakerveld, “Feedback control for defect-free alignment
of colloidal particles,” Lab on a Chip, vol. 18, no. 14, pp. 2099–2110,
2018.

[24] J. O'Leary, J. A. Paulson, and A. Mesbah, “Stochastic physics-informed
neural ordinary differential equations,” Journal of Computational
Physics, vol. 468, p. 111466, nov 2022. [Online]. Available:
https://doi.org/10.1016%2Fj.jcp.2022.111466

[25] Y. Chen, T. Georgiou, and M. Pavon, “Entropic and displacement
interpolation: a computational approach using the Hilbert metric,” SIAM
Journal on Applied Mathematics, vol. 76, no. 6, pp. 2375–2396, 2016.

[26] M. Raissi, P. Perdikaris, and G. E. Karniadakis, “Physics-informed
neural networks: A deep learning framework for solving forward and
inverse problems involving nonlinear partial differential equations,”
Journal of Computational physics, vol. 378, pp. 686–707, 2019.

[27] L. Lu, X. Meng, Z. Mao, and G. E. Karniadakis, “Deepxde: A deep
learning library for solving differential equations,” SIAM Review, vol. 63,
no. 1, pp. 208–228, 2021.

[28] T. Koshizuka and I. Sato, “Neural Lagrangian Schrödinger bridge: Dif-
fusion modeling for population dynamics,” in The Eleventh International
Conference on Learning Representations, 2022.

11

Desired transport from mean (0.2, 0.2) to (0.40,0.37) for BCC structure
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Take Home Message

GSBPs arise quite naturally in engineering applications such as colloidal SA

Computational methods for GSBPs need more development
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