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Overarching Theme

Systems-control theory and algorithms
for densities
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What is density?
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Trajectory Generation  
and Optimal Control
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#

$ ∈ X ≡ R2 × S1
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!

X
ρ dx = 1 for all t ∈ [0, ∞)
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Why care about densities?
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Prediction Problem

Process  
model

Initial 
conditions

Parameters

Process noise

State density

Motivation: Uncertainty Propagation

Dynamics

Initial 
conditions

Parameters

Process noise

State density

r(x(t), t)

Need to compute evolution of density r(x(t), t)
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Trajectory flow:

dx(t) = f(x, t) dt + g(x, t) dw(t), dw(t) ∼ N (0, Qdt)

Density flow:

∂ρ
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Density flow:
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%
LFPdt+

&
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'(
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Compute conditional
joint state PDF

Filtering Problem
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"
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X
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Control Problem
Control Problem

Steer joint state PDF
via feedback controlSteer joint state PDF via feedback

control over finite time horizon

minimize
u∈U

E

!! 1

0
!u!2

2 dt
"

subject to
dx = f (x, u, t) dt + g (x, t) dw,
x (t = 0) ∼ ρ0, x (t = 1) ∼ ρ1
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Neural Network Learning Problem
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Solving prediction problem as 
generalized gradient flow
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What’s New?What’s New?

Main idea: Solve
What’s new?

Main Idea: Solve
@⇢

@t
= L⇢, ⇢(x , 0) = ⇢0 as gradient flow in P2(Rn

)

Proximal Operator: ⇢k = proxW 2

h� (⇢k�1) := arg inf
⇢2P2(Rn)

⇢
1
2
W 2(⇢, ⇢k�1) + h �(⇢)

�

Optimal Transport Cost: W 2(⇢, ⇢k�1) := inf
⇡2⇧(⇢,⇢k�1)

Z

Rn⇥Rn
c(x , y)d⇡(x , y)

Free Energy Functional: �(⇢) :=

Z

Rn
 ⇢ dx + ��1

Z

Rn
⇢ log ⇢ dx

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium

Infinite dimensional variational recursion:

Proximal operator:

Optimal transport cost:

Free energy functional:
13



Geometric Meaning of Gradient Flow
Gradient Flow

Gradient Flow in Rn
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x2Rn

⇢
1

2
kx � xk�1k22 + h'(x)

�

=: proxk·k2

h' (xk�1)

Convergence:

xk ! x(t = kh) as h # 0

Gradient Flow in P2(Rn
)

@⇢
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= �rW
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1

2
W

2
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�
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h� (⇢k�1)

Convergence:

⇢k ! ⇢(·, t = kh) as h # 0

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium

Geometric Meaning of Gradient Flow

 as Lyapunov function:  as Lyapunov functional:
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D

Geometric Meaning of Gradient Flow

15



Algorithm: Gradient Ascent on the Dual SpaceAlgorithm: Gradient Ascent on the Dual Space
Our Contribution: Algorithm

Uncertainty propagation via point clouds

No spatial discretization or function approximation
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W
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(⇢, ⇢k�1) + h �(⇢)

�

+ Discrete Primal Formulation

%k = arg min
%

⇢
min

M2⇧(%k�1,%)

1

2
hCk ,Mi + h h k�1 + ��1

log%,%i
�

+ Entropic Regularization

%k = arg min
%

⇢
min

M2⇧(%k�1,%)

1

2
hCk ,Mi + ✏H(M) + h h k�1 + ��1

log%,%i
�

m Dualization

�opt
0

,�opt
1

= arg max
�0,�1�0

⇢
h�0,%k�1i � F

?
(��1)

� ✏

h

✓
exp(�>

0
h/✏) exp(�Ck/2✏) exp(�1h/✏)

◆�
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Recursion on the Cone
Fixed Point Recursion

Theorem: Consider the recursion on the cone Rn
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Then the solution (y⇤, z⇤
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)
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D2. Then, the idea is to design the metric d(·, ·) and the
functional �(·) in (3) such that %k(x) ! ⇢(x, t = kh) as
h # 0, i.e., in the small time-step limit, the solution of the
variational recursion (3) converges (in strong L

1 sense) to
that of (1). The main result in [17] was to show that for FPK
operators of the form (2) with f being a gradient vector field
and g being a scalar multiple of identity matrix, the distance
d(·, ·) can be taken as the Wasserstein-2 metric with �(·) as
the free energy functional. We will make these ideas precise
in Section II and III. The resulting variational recursion (3)
has since been known as the Jordan-Kinderlehrer-Otto (JKO)
scheme [18], and we will refer the FPK operator with such
assumptions on f and g to be in “JKO canonical form”.
Similar gradient descent schemes have been derived for many
other PDEs; see e.g., [19] for a recent survey.

To motivate gradient descent in infinite dimensional
spaces, we appeal to a more familiar setting, i.e., gradient
descent in Rn associated with the flow

dx

dt
= �r' (x) x(0) = x0, (4)

where x,x0 2 Rn and ' : Rn ! R�0, and is continuously
differentiable. The Euler discretization for (4) is given by

xk � xk�1 = �hr'(xk�1), (5)

which can be rewritten as a variational recursion

xk = arg min
x

1

2
k x � xk�1 k2 +h '(x) + o(h). (6)

In the optimization literature, the mapping xk�1 7! xk,
given by

proxk·k
h'(xk�1) := arg min

x

1

2
k x � xk�1 k2 +h '(x), (7)

is called the “proximal operator” [20, p. 142]. The sequence
{xk} generated by the proximal recursion

xk = proxk·k
h'(xk�1), k = 0, 1, 2, . . . (8)

converges to the flow of the ODE (4), i.e., the sequence
satisfies xk ! x(t = kh) as the step-size h # 0. Using the
finite dimensional viewpoint (7), we define

proxd2

h�(%k�1) := arg inf
%2D2

1

2
d
2 (%, %k�1) + h �(%), (9)

as an infinite dimensional proximal operator. As mentioned
above, the sequence {%k} generated by the proximal re-
cursion (3) converges to the flow of the PDE (4), i.e., the
sequence satisfies %k(x) ! ⇢(x, t = kh) as the step-size
h # 0. We also note that in the finite dimensional case,

d

dt
' = hr',�r'i = � k r' k2< 0 (10)

which implies ' decays along the flow of (4). As we will see
next, the appeal of using (3) to solve the FPK PDE comes
from the fact that the Euclidean gradient descent can be
generalized to the manifold D2 by appropriately choosing
the metric d(·, ·) and the functional �(·) in (3), in parallel
with the quantities k · k and '(·) in (8), respectively.

Fig. 1: The JKO scheme can be described by successive evaluation
of proximal operators to recursively update PDFs from time t =
(k � 1)h to t = kh for k = 1, 2, . . ., and time-step h > 0.

In this paper, we will develop an algorithm to solve the
FPK PDE via proximal recursion of the form (3) without
making any spatial discretization. A schematic is shown in
Fig. 1. The resulting recursion is proved to be contractive and
enjoy fast numerical implementation. Numerical simulation
results show the efficacy of the proposed formulation.

II. PRELIMINARIES

In the following, we provide the definitions of the
Kullback-Leibler divergence, and the 2-Waserstein metric,
which will be useful in the sequel. We also point out some
notations used throughout this paper.

Definition 1: The Kullback-Leibler divergence between
two probability measures d⇡i(x) = ⇢i(x)dx, i = {1, 2},
is given by

DKL (d⇡1 k d⇡2) :=

Z
⇢1(x) log

⇢1(x)

⇢2(x)
dx, (11)

which is non-negative, and vanishes if and only if ⇢1 = ⇢2.
However, (11) is not a metric since it is neither symmetric,
nor does it satisfy the triangle inequality.

Definition 2: The 2-Wasserstein metric between two prob-
ability measures d⇡1(x) = ⇢1(x)dx and d⇡2(y) = ⇢2(y)dy
supported respectively on X ,Y ✓ Rn, is denoted as
W (⇡1,⇡2) (equivalently, W (⇢1, ⇢2) whenever ⇡1,⇡2 are
absolutely continuous so that the PDFs ⇢1, ⇢2 exist, and
arises in the theory of optimal mass transport [16]; it is
defined as

W (⇡1,⇡2) :=
✓

inf
d⇡2⇧(⇡1,⇡2)

Z

X⇥Y
k x � y k22 d⇡ (x,y)

◆ 1
2

, (12)

where ⇧ (⇡1,⇡2) denotes the collection of all probability
measures on the product space X ⇥ Y having finite second
moments, with marginals ⇡1 and ⇡2, respectively. Its square,
W

2(⇡1,⇡2) equals [21] the minimum amount of work re-
quired to transport ⇡1 to ⇡2 (or equivalently, ⇢1 to ⇢2). It is
well-known [16, Ch. 7] that W (⇡1,⇡2) defines a metric on
the manifold D2.

Notations: Throughout the paper, we will use bold-faced
capital letters for matrices and bold-faced lower-case letters
for column vectors. We use the symbol h·, ·i to denote the Eu-
clidean inner product. In particular, hA,Bi := trace(A>B)
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the manifold D2.

Notations: Throughout the paper, we will use bold-faced
capital letters for matrices and bold-faced lower-case letters
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Theorem: Block co-ordinate iteration of (y, z) recur-
sion is contractive on Rn

>0 × Rn
>0.
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which implies ' decays along the flow of (4). As we will see
next, the appeal of using (3) to solve the FPK PDE comes
from the fact that the Euclidean gradient descent can be
generalized to the manifold D2 by appropriately choosing
the metric d(·, ·) and the functional �(·) in (3), in parallel
with the quantities k · k and '(·) in (8), respectively.
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In this paper, we will develop an algorithm to solve the
FPK PDE via proximal recursion of the form (3) without
making any spatial discretization. A schematic is shown in
Fig. 1. The resulting recursion is proved to be contractive and
enjoy fast numerical implementation. Numerical simulation
results show the efficacy of the proposed formulation.
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moments, with marginals ⇡1 and ⇡2, respectively. Its square,
W

2(⇡1,⇡2) equals [21] the minimum amount of work re-
quired to transport ⇡1 to ⇡2 (or equivalently, ⇢1 to ⇢2). It is
well-known [16, Ch. 7] that W (⇡1,⇡2) defines a metric on
the manifold D2.

Notations: Throughout the paper, we will use bold-faced
capital letters for matrices and bold-faced lower-case letters
for column vectors. We use the symbol h·, ·i to denote the Eu-
clidean inner product. In particular, hA,Bi := trace(A>B)

Theorem: Block co-ordinate iteration of (y, z) recur-
sion is contractive on Rn

>0 × Rn
>0.
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Proximal Prediction: 2D Linear GaussianProximal Prediction: 2D Linear GaussianProximal Propagation: 2D Linear Gaussian
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Proximal Prediction: Nonlinear Non-GaussianProximal Prediction: 2D Nonlinear Non-GaussianProximal Propagation: Nonlinear non-Gaussian
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Computational Time: Nonlinear Non-GaussianComputational Time: 2D Nonlinear Non-Gaussian
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Physical time tk = kh (seconds)
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Proximal Prediction: Satellite in Geocentric OrbitProximal Prediction: Satellite in Geocentric OrbitMixed Conservative-Dissipative Drift

Relative motion of a satellite in geocentric orbit:

0

BBBBBB@

dx
dy
dz
dvx
dvy
dvz

1

CCCCCCA
=

0

BBBBBBBBBBBBBBB@

vx

vy

vz

�µx

r3
+ (fx)pert � �vx

�µy

r3
+ (fy )pert � �vy

�µz

r3
+ (fz)pert � �vz

1

CCCCCCCCCCCCCCCA

dt +
p

2��1�

0

BBBBBB@

0

0

0

dw1

dw2

dw3

1

CCCCCCA
,

0

@
fx

fy

fz

1

A

pert

=

0

@
s✓ c� c✓ c� �s�
s✓ s� c✓ s� c�
c✓ �s✓ 0

1

A

0

BBB@

k

2r4

�
3(s✓)2 � 1

�

� k

r5
s✓ c✓

0

1

CCCA
, k := 3J2R

2

E, µ = constant

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium
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Computational Time: Satellite in Geocentric OrbitComputational Time: Satellite in Geocentric OrbitComputational time for 6 State Satellite Motion
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Physical time tk = kh (seconds)
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)

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium

24



Extensions: Nonlocal InteractionsExtensions: Nonlocal interactionsExtensions: interacting particles

PDF dependent sample path dynamics:
dx = − (∇U (x) +∇ρ ∗ V)dt +

%
2β−1 dw

Mckean-Vlasov-Fokker-Planck-
Kolmogorov integro PDE:
∂ρ

∂t
= ∇ · (ρ∇ (U + ρ ∗ V)) + β−1∆ρ

Free energy:
F(ρ) := Eρ

&
U + β−1ρ log ρ + ρ ∗ V

'
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Extensions: Nonlocal InteractionsExtensions: Nonlocal interactions (contd.)Extensions: interacting particles (contd.)
U(·) = V(·) =' · '2

2
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Extensions: Multiplicative NoiseExtensions: Multiplicative NoiseExtensions: multiplicative noise
Cox-Ingersoll-Ross: dx = a (θ − x) dt + b

√
x dw, 2a>b2, θ>0
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Solving filtering as 
generalized gradient flow

28



What’s New?What’s New?

Main idea: Solve the Kushner-Stratonovich SPDE

Recursion of {deterministic   stochastic} proximal operators:∘

Convergence: 

For prior, as before: 

For posterior:
29



Explicit Recovery of Kalman-Bucy FilterThe Case for Linear Gaussian Systems

Model:
dx(t) = Ax(t)dt + Bdw(t), dw(t) ∼ N (0, Qdt)

dz(t) = Cx(t)dt + dv(t), dv(t) ∼ N (0, Rdt)

Given x(0)∼N (µ0, P0), want to recover:

For uncertainty propagation:

µ̇ = Aµ, µ(0) = µ0; Ṗ = AP + PA⊤ + BQB⊤, P(0) = P0.

For filtering:

dµ+(t) = Aµ+(t)dt+

P+CR−1

K(t) (dz(t)− Cµ+(t)dt),

Ṗ+(t)=AP+(t) + P+(t)A⊤ + BQB⊤ − K(t)RK(t)⊤.

The Case for Linear Gaussian Systems

Model:
dx(t) = Ax(t)dt + Bdw(t), dw(t) ∼ N (0, Qdt)

dz(t) = Cx(t)dt + dv(t), dv(t) ∼ N (0, Rdt)

Given x(0)∼N (µ0, P0), want to recover:

For uncertainty propagation:

µ̇ = Aµ, µ(0) = µ0; Ṗ = AP + PA⊤ + BQB⊤, P(0) = P0.

For filtering:

dµ+(t) = Aµ+(t)dt+

P+CR−1

K(t) (dz(t)− Cµ+(t)dt),

Ṗ+(t)=AP+(t) + P+(t)A⊤ + BQB⊤ − K(t)RK(t)⊤.

— A.H.  and T.T. Georgiou, Gradient Flows in Uncertainty Propagation and Filtering of Linear 
Gaussian Systems, CDC 2017.

— A.H.  and T.T. Georgiou, Gradient Flows in Filtering and Fisher-Rao Geometry, ACC 2018.

Explicit Recovery of the Kalman-Bucy Filter

— A.H. and T.T. Georgiou, Gradient Flows in Uncertainty Propagation and Filtering of Linear Gaussian 
Systems, CDC 2017.

— A.H. and T.T. Georgiou, Gradient Flows in Filtering and Fisher-Rao Geometry, ACC 2018.
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Explicit Recovery of the Wonham Filter
Explicit Recovery of Wonham Filter

— A.H.  and T.T. Georgiou, Proximal Recursion for the Wonham Filter, CDC 2019.

Model:

Posterior                                            solves the nonlinear SDE:

Initial condition: 

where 

State space:

By defn.

— A.H. and T.T. Georgiou, Proximal Recursion for the Wonham Filter, CDC 2019.

Exact Solution: Wonham Filter (1964-65)
J.SIAM Cono.

Ser. A, Vol. 2, No.
Printed in U.S.A., 1965

SOME APPLICATIONS OF STOCHASTIC DIFFERENTIAL
EQUATIONS TO OPTIMAL NONLINEAR FILTERING*

W. M. WONHAM
1. Introduction. A current problem in control theory is that of estimat-

ing the dynamical sate of a physical system, on the basis of data perturbed
by noise. Solution of the estimation problem is usuully immediate if one
knows the probability distribution of the system state at each instant of
time, eondiLionM on the data available up o that instant. It is therefore
of interest o ask how this posterior probability distribution evolves with
time, and if possible to specify the dynamical structure of a filter (i.e.,
analog device) which generates the posterior distribution when is input
is the time function actually observed.

In the present paper, filters of this type ure defined by means of stochastic
differential equations for the posterior distribution in which the observed
time function appears as a forcing term. Differential equations for this
purpose were introduced in 1960 by Stratonovi5 [1], who also indicated
their application to stochastic control problems [2]. When the dynamical
system under observation is linear and the noise is white Gaussian it hs
been shown [3] that StratonoviS’s equation cn be solved formally to yield
the sLoehusLic differential equation of the optimal (linear) filter. When
the function o be estimated is a Markov step process and the noise is
while Gaussia the optimal (non,linear) filter equations were stated in
[4]. The latter equations are discussed in more detail in 3, below; they
differ from those of SLratonovi5 in a sense to be noted in the sequel. For
one example, discussed in 3, performance of the optimal nonlinear filter
is evaluated numerically and is found to be somewhat better than that of
the simpler Wiener filter, particularly when the noise intensity is low.

In 4, the equations of 3 are generalized heuristically to the ease where
the state space of the step process is continuous, and iu 5 some tentative
remarks are made on the form of the solutions.
Some parallel work on noisy observation of a diffusion process has been

reported by Kushner in recent pper [5].
* Received by the editors April 30, 1964, and in revised form November 3, 1964.
Center for Control Theory, RIAS, BMtimore, Maryland. Now at Divisiol of

Applied Mathemutics, Center for Dynamical Systems, Brown University, Prov.i-
dence, Rhode Island. This research was supported in prt by the United States Air
Force through the Air Force Office of Scientific lZeserch, under Contract No. AF
49(638)-1206, nd in prt by the National Aeronautics and Spce Administration
under Contract No. NASw-845.

A brief review of stochastic differential equations is given in Appendix 1.
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Posterior prob. p+(t) := {p+
1 (t), . . . , p+

m (t)} solves:

dp+(t) = p+(t)Q dt + 1
(sV(t))

2 p+(t)
⇣

H � bh(t)I
⌘
⇥

⇣
dZ(t)� bh(t)dt

⌘

with initial condition p+(0) = p0.

H := diag (h(a1), . . . , h(am)) , bh(t) :=
m

Â
i=1

h(ai)p
+
i (t).
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Numerical Results for the Wonham FilterNumerical Results for Wonham Filter

— A.H.  and T.T. Georgiou, Proximal Recursion for the Wonham Filter, CDC 2019.— A.H. and T.T. Georgiou, Proximal Recursion for the Wonham Filter, CDC 2019.
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Solving density control as 
generalized gradient flow
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Finite Horizon Feedback Density Control

34

State Feedback Density Steering
Control Problem

Steer joint state PDF
via feedback controlSteer joint state PDF via feedback

control over finite time horizon

minimize
u∈U

E

!! 1

0

#
1
2
!u(t, xu

t )!2
2 + q(t, xu

t )

$
dt
"

subject to

dxu
t = {f (t, xu

t ) + B(t, xu
t )u}dt +

√
2G(t, xu

t )dwt

xu
0 := xu

t (t = 0) ∼ ρ0, xu
1 := xu

t (t = 1) ∼ ρ1

Common scenario: G ≡ B



Finite Horizon Feedback Density Control

35

Optimal Control Problem over PDFs

Diffusion tensor: D := GG>

Hessian operator w.r.t. state: Hess

inf
(r,u)2P01⇥U

Z

Rn

Z 1

0

✓
1
2
ku(t, xu

t )k2
2 + q(t, xu

t )

◆
r(t, xu

t ) dt dxu
t

subject to
∂r

∂t
+ r · ((f + Bu) r) = hHess, Dri

r(t = 0, xu
0) = r0, r(t = 1, xu

1) = r1



Optimal Control Problem over PDFs

Existence-uniqueness needs regularity assumptions

Are known to hold for many practical classes of nonlinearities 

This talk: will focus on a few important classes
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Necessary Conditions of Optimality

Coupled nonlinear PDEs + linear boundary conditions

Controlled Fokker-Planck or Kolmogorov’s forward PDE

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

(Assuming )G ≡ B

Hamilton-Jacobi-Bellman-like PDE

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ry

Boundary conditions:

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ryOptimal control:

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ry
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Feedback Synthesis via the Schrödinger SystemSolution via Schrödinger System
Schrödinger’s (until recently) forgotten papers: Entropic couplings

Universität Potsdam/ University of Reading 3

269

Sur la théorie relativiste de l’électron
et l’interprétation de la mécanique quantique

PAR

E. SCHRÖDINGER

I. - Introduction 

J’ai l’intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et l’interprétation qu’on en donne géné-
ralement à l’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de l’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble à peu près
sûr que la mécanique quantique de l’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérêt tout à fait général, s’ajoute, ici à Paris,
un intérêt particulier : vous savez tous que les bases de la théorie
moderne de l’électron ont été posées à Paris par votre célèbre compa-
triote Louis de BROGLIE.

Les recherches que je vais exposer ne forment nullement une théorie
nette et complètement achevée (1). Le lien commun, un peu lâche
d’ailleurs, qui les rattache les unes aux autres, la source commune
dont elles dérivent, est le mécontentement que l’on éprouve quand
on considère l’état présent de la théorie et surtout celui de l’in-

terprétation physique actuelle de la mécanique quantique. Je voudrais

(i) Les mémoires originaux, qui forment la base de ces conférences, ont été publiés dans les
.SitzuYzgsberick1? der preussischen Akademie der Wissenschaften, i93o, p. q.i8; I93I, pp. 63, 144,
238. Dans les pages qui vont suivre, quelques-uns des asp;cts des problèmes envisagés sont peut-
être un peu mieux précisés ; on y trouvera également des résultats nouveaux (v. Notes I-III).

Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

Hopf-Cole a.k.a. Fleming’s logarithmic transform:

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ry

�
ropt, y

�
7! (bj, j) Schrödinger factors

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ry

�
ropt, y

�
7! (bj, j)

(x, t) 2 Rn ⇥ [0, 1]

bj(x, t) = ropt(x, t) exp (�y (x, t))

j(x, t) = exp (y (x, t)) for all 

∂ropt

∂t
+ r ·

�
(f + Dry) ropt� = hHess, Dri

∂y

∂t
+ hry, f i + hD, Hess(y)i +

1
2
hry, Dryi = q

ropt(·, t = 0) = r0, ropt(·, t = 1) = r1

uopt = B>ry

�
ropt, y

�
7! (bj, j)

(x, t) 2 Rn ⇥ [0, 1]

bj(x, t) = ropt(x, t) exp (�y (x, t))

j(x, t) = exp (y (x, t))
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Feedback Synthesis via the Schrödinger System

2 coupled nonlinear PDEs              boundary-coupled linear PDEs!! 

Solution via Schrödinger System

Wasserstein proximal algorithm             fixed point recursion over  

(Contractive in Hilbert metric)

Let

Optimal controlled joint state PDF:

Optimal control:

∂'ϕ
∂t

= −∇ · ('ϕf ) + 〈Hess, D'ϕ〉 − q'ϕ, 'ϕ0ϕ0 = ρ0,

∂ϕ

∂t
= −〈∇ϕ, f 〉 − 〈Hess(ϕ), D〉+ qϕ, 'ϕ1ϕ1 = ρ1,

ρopt(x, t) = 'ϕ(x, t)ϕ(x, t)

uopt(x, t) = 2B⊤∇x log ϕ(x, t)

∂'ϕ
∂t

= −∇ · ('ϕf ) + 〈Hess, D'ϕ〉 − q'ϕ, 'ϕ0ϕ0 = ρ0,

∂ϕ

∂t
= −〈∇ϕ, f 〉 − 〈Hess(ϕ), D〉+ qϕ, 'ϕ1ϕ1 = ρ1,

ρopt(x, t) = 'ϕ(x, t)ϕ(x, t)

uopt(x, t) = 2B⊤∇x log ϕ(x, t)

∂'ϕ
∂t

= −∇ · ('ϕf ) + 〈Hess, D'ϕ〉 − q'ϕ, 'ϕ0 ϕ0 = ρ0,

∂ϕ

∂t
= −〈∇ϕ, f 〉 − 〈Hess(ϕ), D〉+ qϕ, 'ϕ1 ϕ1 = ρ1,

ρopt(x, t) = 'ϕ(x, t)ϕ(x, t)

uopt(x, t) = 2B⊤∇x log ϕ(x, t)

Uncontrolled forward-backward Kolmogorov PDEs:



Fixed Point Recursion on ('0, '̂1)

'̂0(x)
<latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit><latexit sha1_base64="zuTbyQe5fGZoEkydI8GsmtXM25o=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMsxuP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+hdlEI=</latexit>

'̂1(x)
<latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit><latexit sha1_base64="btoklR+IseUv5QhypxuU878c5q8=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0lE0GPRi8cK9gPaEDbbTbN0swm7k2II9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5fsKZAtv+NtbWNza3tis71d29/YND8+i4q+JUEtohMY9l38eKciZoBxhw2k8kxZHPac+f3BZ+b0qlYrF4gCyhboTHggWMYNCSZ9aGIYZ8OMUyCdnMcxqP51XPrNtNew5rlTglqaMSbc/8Go5ikkZUAOFYqYFjJ+DmWAIjnM6qw1TRBJMJHtOBpgJHVLn5/PiZdaaVkRXEUpcAa67+nshxpFQW+bozwhCqZa8Q//MGKQTXbs5EkgIVZLEoSLkFsVUkYY2YpAR4pgkmkulbLRJiiQnovIoQnOWXV0n3ounYTef+st66KeOooBN0ihrIQVeohe5QG3UQQRl6Rq/ozXgyXox342PRumaUMzX0B8bnD+nllEM=</latexit>

'1(x)
<latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit><latexit sha1_base64="oh6OiNJGL+xYl2+XxgmbE1bcwNc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYwX5Au5Rsmm1Dk+yaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mtydUaRbJBzONqS/wULKQEWys5PcmWMUj1veqT+elfrni1tw50CrxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLprNRLNI0xGeMh7VoqsaDaT+dHz9CZVQYojJQtadBc/T2RYqH1VAS2U2Az0steJv7ndRMTXvspk3FiqCSLRWHCkYlQlgAaMEWJ4VNLMFHM3orICCtMjM0pC8FbfnmVtC5qnlvz7i8r9Zs8jiKcwClUwYMrqMMdNKAJBB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4jVkUU=</latexit>

'0(x)
<latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="0WPc+w+5b3ukaMbOZuDY+rrrVII=">AAAB6XicbZDNTgIxFIXv4B8iKrp100hMcEM6bnRp4sYlJvKTwIR0yh1o6HTGtkMkhOdw40JjfCF3vo0dYKHgSZp8OafNvT1hKoWxlH57ha3tnd294n7poHx4dFw5KbdMkmmOTZ7IRHdCZlAKhU0rrMROqpHFocR2OL7L8/YEtRGJerTTFIOYDZWIBGfWWUFvwnQ6En1ae74s9StVWqcLkU3wV1CFlRr9yldvkPAsRmW5ZMZ0fZraYMa0FVzivNTLDKaMj9kQuw4Vi9EEs8XSc3LhnAGJEu2OsmTh/n4xY7Ex0zh0N2NmR2Y9y83/sm5mo5tgJlSaWVR8OSjKJLEJyRsgA6GRWzl1wLgWblfCR0wzbl1PeQn++pc3oXVV92ndf6BQhDM4hxr4cA23cA8NaAKHJ3iBN3j3Jt6r97Gsq+CtejuFP/I+fwBFt4/l</latexit><latexit sha1_base64="/6H8aUlBDbuTtVS6FyvJmLwhI3M=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzHBhuzZaEm0scREPhK4kL1lDzbs7R27e0Ry4XfYWGiMrT/Gzn/jHlyh4EsmeXlvJjPz/FhwbTD+dgobm1vbO8Xd0t7+weFR+fikpaNEUdakkYhUxyeaCS5Z03AjWCdWjIS+YG1/fJf57SlTmkfy0cxi5oVkKHnAKTFW8npTouIR7+Pq02WpX67gGl4ArRM3JxXI0eiXv3qDiCYhk4YKonXXxbHxUqIMp4LNS71Es5jQMRmyrqWShEx76eLoObqwygAFkbIlDVqovydSEmo9C33bGRIz0qteJv7ndRMT3Hgpl3FimKTLRUEikIlQlgAacMWoETNLCFXc3oroiChCjc0pC8FdfXmdtK5qLq65D7hSv83jKMIZnEMVXLiGOtxDA5pAYQLP8ApvztR5cd6dj2VrwclnTuEPnM8fhg2RQA==</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit><latexit sha1_base64="cVrCtbKVBhI2iYDPpaj6QUudi6g=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXkpWBD0WvXisYD+gXUo2zbah2eyaZItl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbm+bHg2mD87RTW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/kg5nGzAvJUPKAU2Ks5PUmRMUj3sfVp/NSv1zBNTwHWiVuTiqQo9Evf/UGEU1CJg0VROuui2PjpUQZTgWblXqJZjGhYzJkXUslCZn20vnRM3RmlQEKImVLGjRXf0+kJNR6Gvq2MyRmpJe9TPzP6yYmuPZSLuPEMEkXi4JEIBOhLAE04IpRI6aWEKq4vRXREVGEGptTFoK7/PIqaV3UXFxz7y8r9Zs8jiKcwClUwYUrqMMdNKAJFB7hGV7hzZk4L86787FoLTj5zDH8gfP5A4dNkUQ=</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

⇢1(x)/'̂1(x)
<latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit><latexit sha1_base64="BMlwKHEEIWSKjELrHNPG4K42Nz4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbmoigi6LblxWsA9oQphMp83QyUyYmRRL6MaNv+LGhSJu/Qd3/o3TNAutHrhwOOde7r0nTBhV2nG+rNLS8srqWnm9srG5tb1j7+61lUglJi0smJDdECnCKCctTTUj3UQSFIeMdMLR9czvjIlUVPA7PUmIH6MhpwOKkTZSYB96MhKBW7s/OfUipDNvjGQS0WkuBXbVqTs54F/iFqQKCjQD+9PrC5zGhGvMkFI910m0nyGpKWZkWvFSRRKER2hIeoZyFBPlZ/kXU3hslD4cCGmKa5irPycyFCs1iUPTGSMdqUVvJv7n9VI9uPQzypNUE47niwYpg1rAWSSwTyXBmk0MQVhScyvEEZIIaxNcxYTgLr78l7TP6q5Td2/Pq42rIo4yOABHoAZccAEa4AY0QQtg8ACewAt4tR6tZ+vNep+3lqxiZh/8gvXxDTzJl8A=</latexit>

⇢0(x)/'0(x)
<latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit><latexit sha1_base64="GK91bpnBijnKP0GldpyIoEgF6dg=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKktJEBKMFSyMRaIPqYkix3Uaq44d2U5FVTrwKywMIMTKb7DxN7hpBigc6UrH59wr33vClFGlHefLKi0tr6yuldcrG5tb2zv27l5biUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxxez/zOiEhFBb/T45T4CRpwGlGMtJEC+8CTsQic2v3JqTdCMo1p/gjsqlN3csC/xC1IFRRoBvan1xc4SwjXmCGleq6Tan+CpKaYkWnFyxRJER6iAekZylFClD/J95/CY6P0YSSkKa5hrv6cmKBEqXESms4E6VgtejPxP6+X6ejSn1CeZppwPP8oyhjUAs7CgH0qCdZsbAjCkppdIY6RRFibyComBHfx5L+kfVZ3nbp7e15tXBVxlMEhOAI14IIL0AA3oAlaAIMH8ARewKv1aD1bb9b7vLVkFTP74Besj28/LJTx</latexit>

Z

<latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit><latexit sha1_base64="oZVJcUc0nkAdlcSGwzmyvQzg4bM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKphbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJH8PJbeE/PnFtRKIecJryIKYjJSLBKFrJ7wuFtUG94TbdOcgq8UrSgBLtQf2rP0xYFnOFTFJjep6bYpBTjYJJPqv1M8NTyiZ0xHuWKhpzE+TzY2fkzCpDEiXalkIyV39P5DQ2ZhqHtjOmODbLXiH+5/UyjK6DXKg0Q67YYlGUSYIJKT4nQ6E5Qzm1hDIt7K2EjammDG0+RQje8surpHPR9Nymd3/ZaN2UcVThBE7hHDy4ghbcQRt8YCDgGV7hzVHOi/PufCxaK045cwx/4Hz+AFhhjl0=</latexit>

This recursion is a contraction with respect to the Hilbert Metric

endowed on a suitable function space.
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Fixed Point Recursion over 

∂ρopt

∂t
+∇ ·

%
ρopt

%
f + B(t)⊤∇ψ

&&
= %1⊤

'
D(t)⊙ Hess

'
ρopt(( 1,

∂ψ

∂t
+

1

2
)B(t)⊤∇ψ)2

2 + 〈∇ψ, f 〉 = −%〈D(t), Hess (ψ)〉

uopt(x, t) = B(t)⊤∇ψ

ρopt (x, 0) = ρ0(x), ρopt (x, 1) = ρ1(x)
(ρopt, ψ) %→ (ϕ, ϕ̂)

ρopt (x, t) = ϕ̂(x, t)ϕ(x, t)
uopt(x, t) = 2"B(t)⊤∇ log ϕ (x, t)
(ϕ̂0, ϕ1)

40

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
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Fixed Point Recursion Over Pair (φ1, φ̂0)

This recursion is contractive in the Hilbert metric!!
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Feedback Density Control: f ≡ 0, B = G ≡ I, q ≡ 0Feedback Density Control: Zero Prior Dynamics

Zero prior dynamics
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Feedback Density Control: f ≡ Ax, B = G, q ≡ 0Feedback Density Control: LTI Prior Dynamics

Linear prior dynamics



Feedback Density Control: Nonlinear Grad. Drift
Feedback Density Control: Nonlinear Gradient 
Prior Dynamics
Uncontrolled joint PDF evolution:

Optimal controlled joint PDF evolution:
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Feedback Density Control: Mixed Conservative-
Dissipative DriftDecember 3, 2019 13

Fig. 8: For the SBP in Section VI-B, shown here are the contour plots of the optimal controlled transient joint state PDFs ⇢opt(x, t), t 2 [0, 1],
along with the endpoint joint PDFs ⇢0(x), ⇢1(x). Each subplot corresponds to a different snapshot in time; all subplots are plotted on the domain
[�4, 4]⇥ [�10, 10]. The color denotes the joint PDF value; see colorbar (dark hue = high, light hue = low).

Fig. 9: For the SBP in Section VI-B, shown here are the contour plots of the optimal feedback control uopt(x, t). Each subplot is plotted on the
domain [�4, 4]⇥ [�10, 10]. The color (blue = high, red = low) denotes the value of uopt at each snapshot in time; see colorbar.

which is the HJB PDE (19a). The associated FPK PDE (19b) results
from substituting (63) into (15b). The boundary conditions (20)
follows from (15c). This completes the proof. ⌅
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— K.F. Caluya and A.H., Wasserstein proximal algorithms for the Schrodinger bridge problem: 
density control with nonlinear drift, IEEE TAC 2021.



Density Prediction for Safe Automated Driving

t0 t1
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Density Control for Safe Automated Driving

t0 t1
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Application to Safe Automated Driving

S. Haddad, A.H., and B. Singh, Density-based stochastic reachability computation for 
occupancy prediction in automated driving, IEEE Transactions on Control Systems 
Technology, 2022.

S. Haddad, K.F. Caluya, A.H., and B. Singh, Prediction and optimal feedback steering 
of probability density functions for safe automated driving, IEEE Control Systems 
Letters, 2021.
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Learning a neural network as 
generalized gradient flow
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Learning Neural Network from Data
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Mean Field Density Dynamics of SGD

Description of the Proposed Research

Neural networks are increasingly being used for safety-critical decision making in applications such as autonomous
driving. In spite of impressive progress in computing architecture and algorithms, there remains a critical gap in
basic understanding of the dynamics of learning a neural network from data. This not only hinders our ability to
precisely characterize the limits of performance of a given neural network, but also stymies the design of learning
algorithms that can exploit what are mathematically possible. The goal of this project is to close this gap.

The starting point of the proposed research is the newfound observation [1–5] that in the mean field limit
of the SGD learning, there is a dynamical version of the universal approximation theorem, given by certain
nonlinear PDE that depends on a pair of advection and interaction potentials defined by both the loss function,
as well as the activation functions of the neural network. Remarkably, this PDE can be interpreted as (infinite
dimensional) gradient flow of the population risk w.r.t. the Wasserstein metric. To conceptualize the main idea,

consider a concrete case of quadratic loss function `(x,✓, y) :=
⇣
y � f̂ (x,✓)

⌘2

in a shallow neural network with

nH neurons in its single hidden layer, where the feature vector x 2 Rd, the label y 2 R, and the parameter vector
✓ := (✓1,✓2, . . . ,✓nH

)> 2 RpnH , i.e., ✓i 2 Rp for all i = 1, . . . , nH. The function f̂ approximates the mapping
from the joint space of features and parameters to the label, and is given by

f̂(x,✓) :=
1

nH

nHX

i=1

� (x,✓i) , where �(·) is the scaled and translated neural activation function �(·).

A popular choice is to set ✓i ⌘ (ai, bi,wi) where wi 2 Rd for all i = 1, . . . , nH, i.e., p = d + 2, and that
� (x,✓i) ⌘ ai�

�
w>

i x+ bi
�
. Define the population risk functional as expected1 loss, i.e., R(f̂) := E(x,y) [`(x,✓, y)],

the objective of the learning problem, then, is to

minimize
✓2RpnH

R(f̂),

which is to learn the approximator f̂ parameterized by ✓. This calls for solving a high-dimensional non-convex
optimization problem over ✓: a task delegated to SGD or its variants, which are empirically known to avoid
local minima for typical over-parameterized neural networks. However, a general theory explaining why this
computational pipeline “usually works” in practice, and when it may not work, has remained elusive.

The recent observation in [1–5] was that the definition of f̂ itself can be seen as an empirical average in the
parameter space, i.e., in the mean field or infinite-width (nH ! 1) limit, we have

f̂ ⌘ f̂(x, ⇢) =

Z

Rp

� (x,✓) ⇢(✓)d✓, where ⇢ is a to-be-determined joint probability density function (PDF) over Rp.

This allows to transcribe the learning problem to that of minimizing F (⇢) := R(f̂(x, ⇢)) over P (Rp) – the manifold
of all joint PDFs ⇢ supported over the parameter space, i.e., an infinite-dimensional optimization problem. As an
example, for quadratic loss function, the functional F (⇢) takes the form of “free energy” in statistical physics:

F (⇢) = F0

|{z}
independent of ⇢

+

Z

Rp

V (✓) ⇢(✓)d✓

| {z }
advection potential energy, linear in ⇢

+

Z

Rp

Z

Rp

U(✓, ✓̃) ⇢(✓)⇢(✓̃)d✓d✓̃

| {z }
interaction potential energy, nonlinear in ⇢

,

where F0 := E(x,y)

⇥
y2
⇤
, the advection potential V (✓) := E(x,y) [�2y�(x,✓)], and the interaction potential

U(✓, ✓̃) := E(x,y)

h
�(x,✓)�(x, ✓̃)

i
. At this point, one can use the theory of optimal mass transport [6, 7] that

defines a Riemannian structure on P (Rp), equipped with the Wasserstein metric W on this manifold, to write
gradient descent of F (⇢) over P (Rp) via two equivalent recursions over time index k = 1, 2, . . ., as:

%k(⌧,✓) = %k�1(⌧,✓)� ⌧rWF (⇢)
��
⇢=%k�1(⌧,✓)

| {z }
form (1)

, , %k(⌧,✓) = argmin
%2P(Rp)

1

2
(W (%(✓), %k�1(⌧,✓)))

2 + ⌧ F (%(✓))

| {z }
form (2)

,

where ⌧ > 0 is the time-step, the Wasserstein gradient rWF (⇢) := �r ·
⇣
⇢r �F

�⇢

⌘
, �F/�⇢ denotes the functional

derivative of F w.r.t. ⇢, and r is the Euclidean gradient operator w.r.t. ✓. Both forms (1) and (2) above, in

1
Here the expectation is w.r.t. the joint random vector (x, y). In practice, since the joint distribution of (x, y) is unknown, one

replaces the ensemble average with the sample average, i.e., E(x,y) [`(x,✓, y)] ⇡ 1
n

Pn
i=1 `(xi,✓, yi), where n is the number of samples.

2

Description of the Proposed Research
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driving. In spite of impressive progress in computing architecture and algorithms, there remains a critical gap in
basic understanding of the dynamics of learning a neural network from data. This not only hinders our ability to
precisely characterize the limits of performance of a given neural network, but also stymies the design of learning
algorithms that can exploit what are mathematically possible. The goal of this project is to close this gap.
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nH neurons in its single hidden layer, where the feature vector x 2 Rd, the label y 2 R, and the parameter vector
✓ := (✓1,✓2, . . . ,✓nH

)> 2 RpnH , i.e., ✓i 2 Rp for all i = 1, . . . , nH. The function f̂ approximates the mapping
from the joint space of features and parameters to the label, and is given by

f̂(x,✓) :=
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� (x,✓i) , where �(·) is the scaled and translated neural activation function �(·).
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the objective of the learning problem, then, is to

minimize
✓2RpnH

R(f̂),

which is to learn the approximator f̂ parameterized by ✓. This calls for solving a high-dimensional non-convex
optimization problem over ✓: a task delegated to SGD or its variants, which are empirically known to avoid
local minima for typical over-parameterized neural networks. However, a general theory explaining why this
computational pipeline “usually works” in practice, and when it may not work, has remained elusive.

The recent observation in [1–5] was that the definition of f̂ itself can be seen as an empirical average in the
parameter space, i.e., in the mean field or infinite-width (nH ! 1) limit, we have
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defines a Riemannian structure on P (Rp), equipped with the Wasserstein metric W on this manifold, to write
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derivative of F w.r.t. ⇢, and r is the Euclidean gradient operator w.r.t. ✓. Both forms (1) and (2) above, in
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Neural networks are increasingly being used for safety-critical decision making in applications such as autonomous
driving. In spite of impressive progress in computing architecture and algorithms, there remains a critical gap in
basic understanding of the dynamics of learning a neural network from data. This not only hinders our ability to
precisely characterize the limits of performance of a given neural network, but also stymies the design of learning
algorithms that can exploit what are mathematically possible. The goal of this project is to close this gap.

The starting point of the proposed research is the newfound observation [1–5] that in the mean field limit
of the SGD learning, there is a dynamical version of the universal approximation theorem, given by certain
nonlinear PDE that depends on a pair of advection and interaction potentials defined by both the loss function,
as well as the activation functions of the neural network. Remarkably, this PDE can be interpreted as (infinite
dimensional) gradient flow of the population risk w.r.t. the Wasserstein metric. To conceptualize the main idea,
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minimize
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which is to learn the approximator f̂ parameterized by ✓. This calls for solving a high-dimensional non-convex
optimization problem over ✓: a task delegated to SGD or its variants, which are empirically known to avoid
local minima for typical over-parameterized neural networks. However, a general theory explaining why this
computational pipeline “usually works” in practice, and when it may not work, has remained elusive.

The recent observation in [1–5] was that the definition of f̂ itself can be seen as an empirical average in the
parameter space, i.e., in the mean field or infinite-width (nH ! 1) limit, we have
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This allows to transcribe the learning problem to that of minimizing F (⇢) := R(f̂(x, ⇢)) over P (Rp) – the manifold
of all joint PDFs ⇢ supported over the parameter space, i.e., an infinite-dimensional optimization problem. As an
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defines a Riemannian structure on P (Rp), equipped with the Wasserstein metric W on this manifold, to write
gradient descent of F (⇢) over P (Rp) via two equivalent recursions over time index k = 1, 2, . . ., as:
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where ⌧ > 0 is the time-step, the Wasserstein gradient rWF (⇢) := �r ·
⇣
⇢r �F

�⇢

⌘
, �F/�⇢ denotes the functional

derivative of F w.r.t. ⇢, and r is the Euclidean gradient operator w.r.t. ✓. Both forms (1) and (2) above, in
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Here the expectation is w.r.t. the joint random vector (x, y). In practice, since the joint distribution of (x, y) is unknown, one

replaces the ensemble average with the sample average, i.e., E(x,y) [`(x,✓, y)] ⇡ 1
n
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i=1 `(xi,✓, yi), where n is the number of samples.
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the limit ⌧ # 0, recover [8] the minimizer of F (⇢) over P(Rp). One can recognize form (1) as the Euler (in time)
discretization of the mean-field PDE2 @⇢

@t = �rWF (⇢). Recalling thatW defines a distance metric on P(Rp), form
(2) gives a proximal recursion %k = proxW⌧F (%k�1), whose right-hand-side reads: “the proximal operator [9–11] of
⌧F w.r.t. the Wasserstein metric W , acting on %k�1”. Thus, form (2) has a clear geometric interpretation: the
flow generated by the PDE is gradient descent of F (⇢) measured w.r.t. the distance metric W .

In this project, a thorough analysis of the aforesaid Wasserstein proximal operator recursions will be under-
taken, building on the PI’s recent series of papers [12–14]. A calculus for composition of such proximal operators
will be developed, which will precisely characterize the consistency and rate-of-convergence results for learning
not only the shallow (single hidden layer) neural network, but also the deep neural networks. This e↵ort is
expected to result in a complete theory explaining how the geometry induced by the network architecture and
activation functions govern the performance of the learning algorithms. The same framework will allow us to
systematically investigate the e↵ect of regularization (e.g., noisy SGD) and the second order learning algorithms
such as the momentum and accelerated methods. Based on [15,16], we will design probability weighted scattered
point cloud algorithms implementing the Wasserstein proximal recursions on P(Rp) for real-time learning. A
numerical toolbox for the same will be delivered.
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Data Policy

We will maintain a public GitHub repository for all the codes and data files resulting from this research project.
This repository will help reproducibility and dissemination of our results to the broader research community. In
particular, the plug-and-play proximal recursion based computational toolbox that we will release via GitHub,
will be generic and modular enough to permit other users to fork from our repository and build applications on
top of it. The PDF versions of all papers, pre-prints, slides for talks and posters resulting from this research will
be available through the PI’s website, as well as through the same GitHub repository.
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For quadratic loss function, the PDE becomes

@⇢
@t = r · (⇢r(V + U �⇤ ⇢)), where (U �⇤ ⇢)(✓) :=

R
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Description of the Proposed Research

Neural networks are increasingly being used for safety-critical decision making in applications such as autonomous
driving. In spite of impressive progress in computing architecture and algorithms, there remains a critical gap in
basic understanding of the dynamics of learning a neural network from data. This not only hinders our ability to
precisely characterize the limits of performance of a given neural network, but also stymies the design of learning
algorithms that can exploit what are mathematically possible. The goal of this project is to close this gap.

The starting point of the proposed research is the newfound observation [1–5] that in the mean field limit
of the SGD learning, there is a dynamical version of the universal approximation theorem, given by certain
nonlinear PDE that depends on a pair of advection and interaction potentials defined by both the loss function,
as well as the activation functions of the neural network. Remarkably, this PDE can be interpreted as (infinite
dimensional) gradient flow of the population risk w.r.t. the Wasserstein metric. To conceptualize the main idea,
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✓ := (✓1,✓2, . . . ,✓nH

)> 2 RpnH , i.e., ✓i 2 Rp for all i = 1, . . . , nH. The function f̂ approximates the mapping
from the joint space of features and parameters to the label, and is given by
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. Define the population risk functional as expected1 loss, i.e., R(f̂) := E(x,y) [`(x,✓, y)],

the objective of the learning problem, then, is to

minimize
✓2RpnH

R(f̂),

which is to learn the approximator f̂ parameterized by ✓. This calls for solving a high-dimensional non-convex
optimization problem over ✓: a task delegated to SGD or its variants, which are empirically known to avoid
local minima for typical over-parameterized neural networks. However, a general theory explaining why this
computational pipeline “usually works” in practice, and when it may not work, has remained elusive.

The recent observation in [1–5] was that the definition of f̂ itself can be seen as an empirical average in the
parameter space, i.e., in the mean field or infinite-width (nH ! 1) limit, we have

f̂ ⌘ f̂(x, ⇢) =
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� (x,✓) ⇢(✓)d✓, where ⇢ is a to-be-determined joint probability density function (PDF) over Rp.

This allows to transcribe the learning problem to that of minimizing F (⇢) := R(f̂(x, ⇢)) over P (Rp) – the manifold
of all joint PDFs ⇢ supported over the parameter space, i.e., an infinite-dimensional optimization problem. As an
example, for quadratic loss function, the functional F (⇢) takes the form of “free energy” in statistical physics:
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. At this point, one can use the theory of optimal mass transport [6, 7] that

defines a Riemannian structure on P (Rp), equipped with the Wasserstein metric W on this manifold, to write
gradient descent of F (⇢) over P (Rp) via two equivalent recursions over time index k = 1, 2, . . ., as:
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where ⌧ > 0 is the time-step, the Wasserstein gradient rWF (⇢) := �r ·
⇣
⇢r �F

�⇢

⌘
, �F/�⇢ denotes the functional

derivative of F w.r.t. ⇢, and r is the Euclidean gradient operator w.r.t. ✓. Both forms (1) and (2) above, in

1
Here the expectation is w.r.t. the joint random vector (x, y). In practice, since the joint distribution of (x, y) is unknown, one

replaces the ensemble average with the sample average, i.e., E(x,y) [`(x,✓, y)] ⇡ 1
n

Pn
i=1 `(xi,✓, yi), where n is the number of samples.

2

the limit ⌧ # 0, recover [8] the minimizer of F (⇢) over P(Rp). One can recognize form (1) as the Euler (in time)
discretization of the mean-field PDE2 @⇢

@t = �rWF (⇢). Recalling thatW defines a distance metric on P(Rp), form
(2) gives a proximal recursion %k = proxW⌧F (%k�1), whose right-hand-side reads: “the proximal operator [9–11] of
⌧F w.r.t. the Wasserstein metric W , acting on %k�1”. Thus, form (2) has a clear geometric interpretation: the
flow generated by the PDE is gradient descent of F (⇢) measured w.r.t. the distance metric W .

In this project, a thorough analysis of the aforesaid Wasserstein proximal operator recursions will be under-
taken, building on the PI’s recent series of papers [12–14]. A calculus for composition of such proximal operators
will be developed, which will precisely characterize the consistency and rate-of-convergence results for learning
not only the shallow (single hidden layer) neural network, but also the deep neural networks. This e↵ort is
expected to result in a complete theory explaining how the geometry induced by the network architecture and
activation functions govern the performance of the learning algorithms. The same framework will allow us to
systematically investigate the e↵ect of regularization (e.g., noisy SGD) and the second order learning algorithms
such as the momentum and accelerated methods. Based on [15,16], we will design probability weighted scattered
point cloud algorithms implementing the Wasserstein proximal recursions on P(Rp) for real-time learning. A
numerical toolbox for the same will be delivered.
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We will maintain a public GitHub repository for all the codes and data files resulting from this research project.
This repository will help reproducibility and dissemination of our results to the broader research community. In
particular, the plug-and-play proximal recursion based computational toolbox that we will release via GitHub,
will be generic and modular enough to permit other users to fork from our repository and build applications on
top of it. The PDF versions of all papers, pre-prints, slides for talks and posters resulting from this research will
be available through the PI’s website, as well as through the same GitHub repository.
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Reach set computations in two and three dimensions

Anytime Parallel Computation of Forward Reachable Tubes for 
Provably Safe Unmanned Aerial Systems Traffic Management
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Snapshots of motion protocol

Schematic of the anytime, parallel computational architecture
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T (#) = A(t)3ℓR S

T +	3ℓR S
T # &(#)⊺	

+	UℓR S (#)3ℓR S
T # +	 >

VℓR W S
( # 5 # ( # ⊺

−	 3ℓR S
T # XℓR S # * # 7 # * # ⊺		

− * # 7 # * # ⊺XℓR S # ⊺ 3ℓR S
T #

Compute the Lowner-John MVOE of

ℛH ℓRY RZ[
\ #, #1, ℰ !1, 31 = 	⋂ ℰ !6(#), 3ℓR(S)

T (#)^
_`>

Asymptotic	exactness:	

ℛh#, #1, ℰ(!1, 31	)i = 	jℰh!6, 3ℓR(S)
T (#)i	

k

_`>

Inner optimization via S-procedure (SDP relaxation)

• Compute MVOE of	⋂ ℰ_^
_`>

Outer optimization is exact SDP

• Compute MVOE of ⋃ ℰmn
m`>
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Numerical Simulations

Project tube onto 3D space

proj ℰJK qℰJK jℰ !6(#m), 3ℓR(Sr)
T (#m)

^

_`>

n

m`>

	ℰJK qℰJK proj jℰ !6(#m), 3ℓR(Sr)
T (#m)

^

_`>

n

m`>

ℰJK qℰJK jproj ℰ !6(#m), 3ℓR(Sr)
T (#m)

^

_`>

n

m`>

⊆

=

touter SDP

tinner SDP


