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Overarching theme

Systems-control theory for densities



What is density?



Probability Density Fn.

@

z(t) € X = R*xS'



Probability Density Fn.

&

z(t) € X = R*xS'

p(x,t) : X x [0,00) —R>

/pdazzl forall t € [0,00)
X



Probability Density Fn.  Population Density Fn.
z(t) € X = R*xS' @

p(x,t) : X x [0,00) —R>

/pdazzl forall t € [0, 00)
X



Why care about densities?



Prediction Problem
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l Process noise
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p(x,t) ‘ conditions
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model

State density
.
p(x(t),t)

Trajectory flow:

dX(t) = £(X,t) dt + g(X, t) dw(t),

Density flow:
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Filtering Problem —

Inljﬂfﬂ lProcess noise
‘ conditions

>

Process

Prior density
>

Compute conditional Parameters o del
joint state PDF [ > o~ (x(¢),1)

p" = p(z,t|2(s),0 < s < t)

l Sensor noise

| Measurement Posterior denmt)yﬂ

model
o (x(t),t)

Trajectory flow:

dXx(t) = £(X,t) dt + g(X,t)dw(t), dw(t) ~N(0,Qdt)
dz(t) = h(X,t)dt + dv(t), dv(t) ~ N(0,Rdt)

Density flow:

dp'=|Lepdi+ (h(x, 1)~E g {h(x, 1)) R} (dz(t)-E,h(x, )}dh)| p*




Control Problem

ol

vy \

Steer joint state PDF

Po

1 Process noise

P1

via feedback control

>

» Nonlinear system

minimize
ucld
subject to

4

Density controller [¢

1
/ ull2 dt
0

dz = f(z,u,t)dt + g(x,t) dw,

z(t = 0) ~ po,

z(t =1) ~ p



PDFs in Mars Entry-Descent-Landing
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PDFs in Mars Entry-Descent-Landing

Prediction Problem  Filtering Problem Control Problem
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PDFs in Mars Entry-Descent-Landing

Predlctlon Problem  Filtering Problem Control Problem
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Solving prediction problem as
Wasserstein gradient flow



What's New?

0
[Main idea: Solve Ep =Lrpp, p(z,t = 0) = py as gradient flow in Py(X )]
Infinite dimensional variational recursion:
le_l {  proxpg () ﬂé;\

1 step delay

, 1
Proximal operator: 0k =pr0Xth>2(Qk—1) :=arg int { =W?(0, 0k-1) + h@(g)}
2
QGPQ(X)
Optimal transport cost: W?(0,0k-1) := _inf / c(z,y) dn(z,y)
mell(o,0r-1) J Xx X

Free energy functional: ®(p) := / Yodzx + B} / olog odzx
X X



Geometric Meaning of Gradient Flow

Gradient Flow in X

Gradient Flow in Py (X)

dx 0
dr —V(x), x(0) = x a_i = —V"®(p), p(x,0)=po
Recursion: Recursion:

X = Xk—1 — hV(xx)

. [1
= arg min {§Hx — x5 + hgp(x)}
xe X

—: 101“0}('),;/')|2 (Xk—1)

Pk — IO(7 t — kh)

. [1
= arg min {5 W?(p, p—1) + hCD(p)}
pEP(X)

2
= proxf% (pk—1)

Convergence:

xx — x(t=kh) as hl]O

Convergence:

pk — p(-,t=kh) as hlO0O

¢ as Lyapunov function:

d 0
- — v < O

® as Lyapunov functional:

2
d 5<I>1§0

2= "%|[v5],

dt v




Geometric Meaning of Gradient Flow

Gradient Flow in X Gradient Flow in Py (X)
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Algorithm: Gradient Ascent on the Dual Space

Uncertainty propagation via point clouds

l W? O

> rox
Ok—1 P he(:) Ok

1 step delay [

No spatial discretization or function approximation




Algorithm: Gradient Ascent on the Dual Space

o
L=V (Vi) + 87Dy

{  Proximal Recursion

, 1
pu = plx,t = kh) = angint { SW2(p.pes) + ho(o) |
pEP2(R")



Algorithm: Gradient Ascent on the Dual Space

o
L=V (Vi) + 87Dy

{  Proximal Recursion

, 1
pu = plx,t = kh) = angint { SW2(p.pes) + ho(o) |
pEP2(R")

|l Discrete Primal Formulation

. 1 _
Ok zargmin{ min = (Cx, M) + h (1 + 7" log o, Q>}
o McN(gk—1,0) 2



Algorithm: Gradient Ascent on the Dual Space

0 _
L=V (Vi) + 87Dy
{  Proximal Recursion
, 1
pu = plx,t = kh) = angint { SW2(p.pes) + ho(o) |
pEP2(R")

|l Discrete Primal Formulation

. 1 _
Ok zargmin{ min = (Cx, M) + h (1 + 7" log o, Q>}
o McN(gk—1,0) 2

. Entropic Regularization

. 1 _
Ok = arg mil’l{ min = (Cx, M) + eH(M) + h (k1 + 87" log g, Q>}
o McN(gx—1,0) 2



Algorithm: Gradient Ascent on the Dual Space

0 _
L=V (Vi) + 87Dy
{  Proximal Recursion
, 1
pu = plx,t = kh) = angint { SW2(p.pes) + ho(o) |
pEP2(R")

|l Discrete Primal Formulation

. 1 _
Ok zargmin{ min = (Cx, M) + h (1 + 7" log o, Q>}
o McN(gk—1,0) 2

. Entropic Regularization
. 1 _
Qk = arg mil’l{ min  ~(Cix, M) + eH(M) + h (¢4 1 + 87" log o, Q>}
o McN(gx—1,0) 2
{  Dualization
AP AP = arg max{()\g, 0k—1) — F*(—=A1)
Ao, A1 >0

€

- (exp()\(—)r h/€) exp(—Cr/2€) exp(As h/€)> }



Fixed Point Recursion

.

Coupled Transcendental Equations in y and z

Ok =zQT'y

Theorem: Consider the recursion on the cone RZ Lo X R

y ©((Tkz)=0k-1, z© (Fk }’) = &1z 7,
Then the solution (y*, z*) gives the proximal update g = z* ® (T'x ' y*)



Algorithmic Setup

xz._1 | 1 step delay T},

Euler-Maruyama
scheme

— W2 «—

Qk—1 Ok

1 step delay I«

Theorem: Block co-ordinate iteration of (y, z) recur-

: . . N .
sion 1S contractive on IR>O X ]R>O.




Proximal Prediction: 1D Linear Gaussian

——  Panalytical
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Proximal Prediction: 2D Linear Gaussian
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Proximal Prediction: 2D Nonlinear Non-Gaussian

1
——  Pooanalytical = 7 €XP (—51#(9517 1’2)) © © o Pproximal

t=1.0




Computational Time: 2D Nonlinear Non-Gaussian
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Proximal Prediction: Satellite in Geocentric Orbit

Here, X =R°

()
dy

dz

dv,

\dv./

fx
f y
f

pert

st co
st s¢
ct

( 2 \
Vy
: [0}
pux )
—F + (fx)pert — 7Y Vx dt 4 \/25_1/}/ da/l
d
_/’%/ + (fy )pert — YVy \dxij
R
k
clcp —so / (3(59) 1)\
. 2
c_@ssegb cogb _r_k559 0  k :=3hLR:, 1
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Computational Time: Satellite in Geocentric Orbit
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Extensions: Nonlocal interactions

PDF dependent sample path dynamics:
dx = — (VU (x) + Vpx V) dt + /21 dw

Mckean-Vlasov-Fokker-Planck-
Kolmogorov integro PDE:

%,
=V (oY (U+pxV)) + BAp

Free energy:
F(p) :==E, [U + B 'plogp + p* V]




Extensions: Nonlocal interactions (contd.)

uQ-) =ve) =11z

Panalytical

/ O O p prOXimal




Extensions: Multiplicative Noise
Cox-Ingersoll-Ross: dx = a (6 — x) dt + by/xdw, 2a>b*,60>0

Panalytical

©  Pproximal




Details on Proximal Prediction

~

— KL.F. Caluya, and A.H., Proximal Recursion for Solving the Fokker-Planck Equation,
ACC 2019.

Systems, accepted in TAC. [arXiv:1908.00533]

\_

~

— K.E. Caluya, and A.H., Gradient Flow Algorithms for Density Propagation in Stochastic

J

Git repo: github.com/kcaluya/UncertaintyPropagation



Solving filtering problem as
Wasserstein gradient flow



What's New?

~

dp™
-

Main idea: Solve the Kushner-Stratonovich SPDE
= |Lppdt + L(dz,dt, p7) |p", p(z,t = 0) = py as gradient flow in P (X)

~

J

Recursion of {deterministic o stochastic} proximal operators:

_|_
Or—1

>

-
Prox, g—

Ok

()

>

dt

()

o5

1 step delay [

Convergence: QZ(h) — ,OJr (xz,t =kh) as h]O

For prior, as before:

For posterior: d© = d%R or Dxki,,

d =W?2,

dt = —
2

1

¢ = E, [zp -+ ﬂ_l log Q]

Ey | (v — h(2)) R~ (ux — h(2))]



Explicit Recovery of Kalman-Bucy Filter

Model:
dx(t) = Ax(t)dt + Bdw(t), dw(t) ~ N (0,Qdt)

dz(t) = Cx(t)dt + dv(t), dv(t) ~ N (0,Rd¢)

Given x(0) ~ N (ug, Py), want to recover:

P+C|R—1
du™(t) = Au™(t)dt+ K(t) (dz(t) — Cu™(t)dt),

PT(t)=AP"(t) + P (t)A" + BOB' — K(t)RK(t)'.

C A.H. and T.T. Georgiou, Gradient Flows in Uncertainty Propagation and Filtering of Linea\r
Gaussian Systems, CDC 2017.

— A.H. and T.T. Georgiou, Gradient Flows in Filtering and Fisher-Rao Geometry, ACC 2018. J

\_




Explicit Recovery of Wonham Filter

Model:

z(t) ~ Markov(Q),
dz(t) = h(z(t)) dt + o,(t)dv(t)

State space: ) :={ai,...,an}

Posterior «*(t) := {n; (¢),...,n. . (t)} solves the nonlinear SDE:
1 ~ ~
dr™(t) = 7" (£)Q dt n (t)(H — h(t)I)(dz(t) — h(t)dt),
(av(t))Q ( ) ( )
where H :=diag(h(a1),...,h(am)), h(t):=» h(a;)m; (t),

i=1
Initial condition: 7 (t — 0) — T,

By defn. T (t) = P(z(t) = a; | 2(5),0 < s < 1)

G A.H. and T.T. Georgiou, Proximal Recursion for the Wonham Filter, CDC 2019.




Numerical Results for Wonham Filter

— it =k\) p; (N)
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Solving density control as
Wasserstein gradient flow



Finite Horizon Feedback Density Control

Wredpiiminbt

_ 1 - N ‘ lProcess noise N

¢ o e < 2 Po p1 p(z,t)
minimize E / |wl||5 dt > >

= ' Jo ] » Nonlinear system
subject to

U

dz = f(z,u,t)dt + g(x,t) dw, ’
LU( — O) ~ P0, ZE(t — 1) ~ P1 Density controller [

Considere.g., f(z,u,t) = f(z,t) + B(t)u(z,t), g(z,t) = +/2eB(t)

System of coupled Nonlinear PDEs (FPK + HJB): Boundary conditions:

% +V - (p(f+B(t) Vo)) =€l (D(t) ® Hess(p))1 |p(,0) = po, p(z,1) = ps

o 1 Optimal control:
> T3 | BE) VY [l; +(Ve, f) = —e(D(t), Hess(v)) | u(z,t) = B(t) Vep(z, t)

LTV + Gaussian endpoint PDFs: boundary coupled Riccati ODEs
(TAC 2017 George S. Axelby Outstanding Paper Award)




Solution via Schrodinger System

Schrodinger’s (until recently) forgotten papers:

A831 TR s S a hettomil B et noan, | B Sur la théorie relativiste de I'électron
e C 4*"‘"‘ CR w:“"“ ' ’ u/-u_u-.v(o.y valive porolBan , - ye . . R
N i ) A et linterprétation de la mécanique quantique

1.3, o
T Uberreicht vom Verfasser

PAR

E. SCHRODINGER

'UBER DIE UMKEHRUNG ““
DER NATURGESETZE

VON

I. — Introduction

J’ai I'intention d’exposer dans ces conférences diverses idées concer-

L. SCHRGDINGER . nant la mc\'eca}lique quantique e.zt l’interpféta‘Fior.l qu’on en donne g'énf’a-
) ENEIPER o ' ralement & ’heure actuelle ; je parlerai principalement de la théorie
R L quantique relativiste du mouvement de I’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble & peu prés

slir que la mécanique quantique de 1'électron, sous sa forme idéale,

.~ SONDERAUSGABE AUS DEN SI_TZUNGSBERICHTE'N ;Iue ﬁou.s e pzssefofls t?af " ezwf’\d(;lt. tfor{ne,r uln ]?u.r li ba's<? (}e ;,Ou.te
DER PREUQSISCHEN AK.ADEMIE DER WISSENSCH / a paysique. cet Intere out a Iait general, s'ajoute, 1c1 a Paris,

un intérét particulier : vous savez tous que les bases de la théorie
moderne de I’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.

PHYS.-MATH. KLASSE. 1931 IX

Schrédinger’s contribution: change of variable (p,¥) — (¢, @)
Y(z,1)
2€ ’

U(z,t)
2€ ’

p(z,t) = exp

p(z,t) = p(z,t) exp

Optimal controlled joint state PDF: p(z,t) = D(z, t)p(z,t)

Optimal control: u*(z,t) = 2¢B(t)' Vlog o(z,t)



Solution via Schrodinger System

2 coupled nonlinear PDEs —>» boundary-coupled linear PDEs!!

Let D(t) := B(t)B(t)'

0 N

59" — —(Vo, f) — €(D(t), Hess(p)), PoPo= Po
8/\

_af = —V - (¢f) + €1(D(t) ® Hess(9))1, ©1P1= P15

Wasserstein proximal algorithm —> fixed point recursion over (¢1,9,)

(Contractive in Hilbert metric)
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Feedback Density Control: Nonlinear Gradient
Prior Dynamics

Uncontrolled joint PDF evolution:

=
<) =)
S
S
|
|

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035

Optimal controlled joint PDF evolution:

t=20 t=.1 t=.25

0.032 0.040 0.048



Feedback Density Control: Nonlinear Mixed
Conservative-Dissipative Prior Dynamics

(((11757) B {(—V V(nf) — Fm) ((I)mxm>u}dt \/267((1)7”)(7”) dw, k>0,
\_5\,._/ \_Tiim_/ mxm

f(x) B B

Optimal controlled joint PDF evolution:

t=20

0.075 0.000 0.075 0.150 0.225 0.300 0.375 0.450



Details on Feedback Density Control
for Nonlinear Systems

4 A

— K.FE Caluya, and A.H., Finite Horizon Density Control for Static State Feedback Linearizable
Systems, under review in TAC. [arXiv:1904.02272]

— K.E. Caluya, and A.H., Finite Horizon Density Steering for Multi-input State Feedback
Linearizable Systems, under review in ACC 2020. [arXiv:1909.12511]

— K.E Caluya, and A.H., Wasserstein Proximal Algorithms for the Schrodinger Bridge
Problem: Density Control with Nonlinear Drift, working draft.

\_ )

Upcoming tutorial lectures on feedback density control:

— “Toward Feedback Control of Densities in Nonlinear Systems™
Invited lecture at “Uncertainty Synthesis Workshop”, IEEE CDC 2019, Nice, France.

— “Wasserstein Gradient Flow for Filtering and Stochastic Control”
Invited lecture at SIAM UQ 2020, Munich, Germany.



Take Home Message

Emerging systems-control theory of densities
Three problems: prediction, filtering, control

One unifying framework: Wasserstein gradient flow

Many applications:
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