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Density Steering via State Feedback
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Motivating Applications

Distribution ~ Probability Distribution ~ Population
Spacecraft landing with desired Dynamic shaping
statistical accuracy of swarms /{% E‘.f@
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Growing Interest in Systems-Control

- Early literature in covariance control: Skelton et. al.
[late “80s and early “90s]

- Optimal control of Liouville PDE: Brockett et. al. [2007-12]

- Finite horizon linear quadratic Gaussian steering: Chen-
Georgiou-Pavon [2014-18]

- Input-constrained covariance steering: Bakolas [2018], Okamoto-
Tsiotras [2019]

- Linear quadratic Gaussian steering with terminal cost: Wendel-
Halder [2016], Balci-Bakolas [2020], Balci-Halder-Bakolas [2021]

- State constraints: soft probabilistic: Tsiotras et. al. [2018-20],
hard deterministic: Caluya-Halder [2021]



Growing Interest in Systems-Control (contd.)

- Density steering with nonlinear drift: Chen-Georgiou-Pavon
[2015], Caluya-Halder [2020-22], Nodozi-Halder [2022]

- Application to automated driving: Haddad-Caluya-Halder-
Singh [2021]

- Application to self-assembly: Nodozi-Halder-Mesbah [2022]



State Feedback Density Steering

Wredpiintion
w(t)
& ‘ l Process noise
. . . p p
Steer joint state PDF via feedback i )
control over finite time horizon » Nonlinear system

Density controller [¢

Common scenario: G = B

R i
minimize / (EHu(t,xf)H%—l—q(t,x'g’)) dt
/0 |

ucld

subject to

dx = {f(t,x*) + B(t,x*)u}dt + v/2G(t, x*)dw;

= 0) ~ po, i 1) ~ o1




Optimal Control Problem over PDFs

. . T 321 = { i (0'1_
Diffusion tensor: D := GG ,

Hessian operator w.r.t. state: Hess

EP()l XU

inf [ [ (Gl B+ gt ) ple ) a

sub]ect to

% V- ((F +Bu) p) = (Hess, Dp)

o(t=0,x5) = po, p(t=1,x7)=p

Controlled Fokker-Planck or Kolmogorov’s forward PDE



Zero process noise ~ Optimal mass transport

Dynamic optimal mass transport s { @1}

with prior dynamics f

inf [ [ (Gl B+ gt ) ple ) a

EP()l XU

sub]ect to

0

Controlled Liouville PDE



Optimal Control Problem over PDFs

Existence-uniqueness needs regularity assumptions +
endpoint PDFs p,,, p; having finite second moments

Are known to hold for many practical classes of nonlinearities

This talk: will focus on a few important classes



Necessary Conditions of Optimality (AssumingG = B)

Coupled nonlinear PDEs + linear boundary conditions

Controlled Fokker-Planck or Kolmogorov’s forward PDE

apopt |
of

V- ((f +DVy) p°?") = (Hess, Dp)

Hamilton-Jacobi-Bellman-like PDE

W (V) + (D, Hess(p) + 5 (V§, DVY) = g

Boundary conditions:

P (-, t=0)=po, p®'(,t=1)=ps

Optimal control: 4°P' = BTVl/J



Feedback Synthesis via the Schrodinger System
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I. — Introduction

J’ai I'intention d’exposer dans ces conférences diverses idées concer-

E SCHR@DIN GER ) nant la méca’nique quantique c.et l’interpl:éta‘fiog qu’on en donne g,én(.'e-

] BRSPS R ' ralement & I’heure actuelle ; je parlerai principalement de la théorie

: BRI e quantique relativiste du mouvement de I’électron. Autant que nous

pouvons nous en rendre compte aujourd’hui, il semble & peu prés

R siir que la mécanique quantique de 1’électron, sous sa forme idéale,

SONDERAUSGABE' AUS DEN SITZUN GSRERICHTEN que nous ne possédmlzs pas encore, doit. former un jou.r la ba:s? de tou'te

i ' : la physique. A cet intérét tout a fait général, s’ajoute, ici a Paris,

un intérét particulier : vous savez tous que les bases de la théorie

moderne de I'électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.

DER PREUSSISCHEN AKADEMIE DER WISSENSCHAKTEN
' PHYS.MATH, KLASSE. 1931 IX

Hopf-Cole a.k.a. Fleming’s logarithmic transform:

Popt/ — (@, ) — Schrodinger factors
g N
P(x,t) = p°PH(x, t) exp (— (x,t

@(x,t) = exp x,t for all x,t) € R" x1|0,1

- _/




Feedback Synthesis via the Schrodinger System

2 coupled nonlinear PDEs —>» boundary-coupled linear PDEs!!

Uncontrolled forward-backward Kolmogorov PDEs:

Optimal controlled joint state PDF: popt (x, t ) =@ (x, t) Q@ (x, t)

Optimal control: u°Pt(x,t) = 2B v, log @(x,t)



Feedback Synthesis via the Schrodinger System

2 coupled nonlinear PDEs —>» boundary-coupled linear PDEs!!

Uncontrolled forward-backward Kolmogorov PDEs:

==V - (¢f) + (Hess, Dp) — W@J PoPo = Po,

[~ (Vg.f) ~ (Hess(¢), D) + a9/

.

Lforward 9/5 Lbackward 2

Optimal controlled joint state PDF: popt (x, t ) = 65 (x, t ) q)(x, t )

Optimal control: 1°Pt (x,t) = 2B Tvx log ¢(x,t)



Fixed Point Recursion Over Pair (gﬂl, @O)

L orwar
bo(@) [ Lrorva (@)
po(@) @ po(@) p1(x) @ 1 (@)
pol@) - o1 (@)
/Ebackward

This recursion is contractive in the Hilbert metric!!



Feedback Density Control: f =0, B =G =1,g=0

3 t=0

[ Zero prior dynamics




t

0

t =1

[ Linear prior dynamics )

Feedback Density Control: f = Ax,B =G,qg =0




In general ...

Need (uncontrolled) forward AND backward
Kolmogorov solvers

Bad news: Need two different solvers

Good news: Sometimes one solver suffices!!!
If not, use Feynman-Kac path integral for backward

Even better: it is possible to design generalized gradient flow
solvers based on point clouds!!



Brief Detour: Generalized Gradient Flow

PDE Initial Value Problem:

Proximal Recursion:

1
ox = prox?y (0x_1) := arginf {Edis’c2 (0, 0k—1) + TP(0) }, ke N
Q

r ~
Given the operator L, design the pair (dist, ) such that

Ok ;wp(-,t:k’l')




Generalized Gradient Flow

o =
dist™

Design pair (WG’ P)



Brief Detour: Generalized Gradient Flow

1
——  Pocanalytical = 77 €XP (_ﬁ¢(x17 x2)) © © o Pproximal

A

xr_1 | 1 step delay T

Euler-Maruyama
scheme

A

W2
prOthI,(,)

Ok

A

1 step delay

Details: 10 20 30 40 50
— K.F. Caluya, and A.H., Gradient flow algorithms for density propagation in stochastic systems, Vol. 65,
No. 10, pp. 3991-4004, IEEE Trans. Automatic Control, 2019.

— K.F. Caluya, and A.H., Proximal recursion for solving the Fokker-Planck equation, ACC 2019.

— A.H., K.E. Caluya, B. Travacca, S.J. Moura, Hopfield neural network flow: a geometric viewpoint, Vol. 31,
No. 11, pp. 48694880, IEEE Trans. Neural Networks and Learning Systems, 2020.



Single solver suffices for ...

Example: gradient drift

dx = {—VV(x) +u(x,t)} dt + v/2e dw
Assume: x € R", V € C? (R")

Example: mixed conservative-dissipative drift

Gg) - (—vng) L—— t))d”@ (?Z:Z )d“’

Assume: &5 € R™" x == (&,1)' € R", n =2m, V €
C? (R™),inf V > —oo, Hess (V) unif. bounded




Feedback Density Control: Gradient Drift, g = 0

Theorem

Fort € [0,1],lets:=1—1t.

Detine the change-of-variables ¢ — g — p as
q(x,s) 1= @(x,5) = (x, 1 1),
p(x,s) := q(x,s) exp (=V(x)/¢).

Then the pair (@, p) solves

A

—= =V (§VV) +eAd, ¢ (x,0) = do(x),

P V- (pVV) tedp, p(x0) = gi(x) exp (~V(x)/e)



Feedback Density Control: Mixed Conservative-
Dissipative Drift, g = 0

Theorem

Fort € [0,1],lets:=1—¢t. Also, let # := —1,.

Define the change-of-variables ¢ — g — p +— p as

q(¢,1,8) == @(&,1,8) = @(¢, 1,1 —1),
p(& —1,5) =q(&ns)exp (-1 Lyl + V(©))),
p(¢,8,s):=p(C —1,s).

Then the pair (¢, p) solves

a A . R A
a—(f = —(1, V@) + Vy - (¢ (VeV (§) + 1)) + exdy@,

P —(8,Vep) + Vo (p (VeV () +x8)) +ex Agp,

p(Z,8,0) = ¢1(Z, ~8) exp (—1 (3|B]3 + V(©))).



Feedback Density Control via Wasserstein prox.

Design proximal recursions over discrete time pair:

(t—1,5k—1) == ((k=1)7,(k—=1)0), k € IN, and 7, 0 are step-sizes.

The recursions are of the form:
( arg inf %dz (G[A?tk_lqu) + TF(¢) \

GBtk—1 — QBtk _ | 9P(RY)
(D5, @s, ) arg inf %d* (@5, ,, @) + oF (@)
@EP, (IRM) )

Consistency guarantees:

GBtk_l(x) —@(x,t=(k—1)7) in LYR") as 70,

@s,_, (x) = p(x,s = (k—1)0) in LY(R") as o]0
Details:

— K.F. Caluya, and A.H., Wasserstein Proximal Algorithms for the Schrédinger Bridge Problem: Density
Control with Nonlinear Drift, IEEE Trans. Automatic Control, 2022.



Feedback Density Control: Gradient Drift

Uncontrolled joint PDF evolution:

(=]
=)
S =)
S
(=

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035

Optimal controlled joint PDF evolution:
t=20 t=.1 t=.25 t=.9

N

Ny

0.032 0.040 0.048



Feedback Density Control: Mixed Conservative-
Dissipative Drift

t=20




Nonlinear Density Steering with
Deterministic Path Constraints

/ with b.c. (f¢ —0Vp,n)|, .. =0

Robin b.c.
Po(x) * . P1()
po(x) @ po(x) p1(x) @ p1(z)
oo () - o1 ()

/With b.c. <Vga,n>|6w =0

Neumann b.c.
— KF. Caluya, and A.H., Reflected Schrédinger Bridge: Density Control with Path Constraints, ACC 2021.



Nonlinear Density Steering with
Deterministic Path Constraints

Optimal controlled state PDFs: V(x1,x2) = (xf +x3)/5, X = [—4,4]*

I T T
0.000 0.003 0.006

Uncontrolled state PDFs:

0.0064 0.0080 0.0096 0.0112

— KF. Caluya, and A.H., Reflected Schrédinger Bridge: Density Control with Path Constraints, ACC 2021.



Application: Multi-lane Automated Driving
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Application: Multi-lane Automated Driving

— S. Haddad, K.E. Caluya, A.H., and B. Singh, Prediction and Optimal Feedback Steering of Probability
Density Functions for Safe Automated Driving, IEEE Control Systems Letters, 2020.

— S. Haddad, A.H., and B. Singh, Prediction and Optimal Feedback Steering of Probability Density
Functions for Safe Automated Driving, IEEE Trans. Control Systems Technology, 2022.



Application: Multi-lane Automated Driving

Exploit differential flatness: density steering in (Brunovsky)
normal coordinates

Markov kernel available but ill-conditioned controllability
Gramian

Derived analytical formula for the elements of Gramian inverse

Computational time [s]

Vector relative degree 7
using Lyapunov ODE | using Theorem

(2,2)" 1.9556 0.2995
(3,2)" 49.7869 6.9294

Details

— S. Haddad, K.F. Caluya, A.H., and B. Singh, Prediction and Optimal Feedback Steering of Probability
Density Functions for Safe Automated Driving, IEEE Control Systems Letters, 2020.



Application: Controlled Self-assembly (SA)
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Dispersed particles Ordered structure

Applications:

Precision (e.g., sub nm scale) manufacturing
of materials with advanced electrical,

magnetic or optical properties



Application: Controlled SA

Typical state variable: (Cg) € (0,6)

Average number of hexagonally close
packed neighboring particles in 2D

3 ':;"f' - i assembly v measure of crystallinity order
Ny ..o.':.'..:'. CER - .: .
A R
o ':..'c'-. Dot : 1
R Typical control variable: U
PR T .
FUNIEE SUN S Electric field voltage
cee ", o
W ek
a. .‘o % s =.'.. 304 .,
o e R Technical challenge:
" .: e '.-3'-: o
Nonlinear + noisy molecular dynamics
Dispersed particles Ordered structure $
(Cy) is a controlled stochastic process
Applications:

Precision (e.g., sub nm scale) manufacturing
of materials with advanced electrical,

magnetic or optical properties



Controlled SA as PDF Steering

Intuition:

3

(Cs) = 0 < Crystalline disorder

(Ce) 5 < Crystalline order

Steer the PDF of the stochastic state <C6> from disordered at7 =1, =0toorderedats =T =200s

PDF

4.0

3.5 1

3.01

2.51

2.01

1.5 1

1.0 1

0.5 1

0.0 1

|

:

Typical prescribed finite horizon for controlled self-assembly
Endpoint PDF constraints: <C6>(t = ty) ~ p, (given)
(Co)(t =T) ~ pr(given)

Control policy to accomplish U=r <<C6>v t)

the PDF steering:
5 Underdetermined



Minimum Effort SA

( A
drift diffusion free energy
Proposed formulation: landscape landscape landscape
] _ G, 0 D,(x*, u)
7 Dy(x*, u) 1= —Dy(x", u) — —F(x", u)
: | y y 0x 0x kg0
int [k, —u- dr|, p"<dx \ )
- - either from model or learnt from MD simulation data

_ _J

subject to  dx" = Dy(x", u) d +4/2D,(x", u) dw,
(Co)

standard Wiener process

x"(t=0)

Nonlinear in state, non-affine in control



Conditions for Optimality

r

— = D D
or 2 ox | g2 ?
dp" 0 0°
- D, p") A D, p
ot oo (D10") + = (Do)
ow 0D,  o0*w oD
JZOPt(x”, t) _ W 1 W 2

ox* ou  ox*2 ou

pixtt=0)=py, p " t=T)=pr

HJB PDE

Controlled FPK PDE

Optimal policy

Boundary conditions

value optimally optimal

function controlled PDF  policy

to be solved for the triple: y (x*, 1), p* (x* 1), 7" (x*, 1)



Solve via PINN: Losses for Training

1 & | oy | oy 0°y
Loss term for HJB PDE Zy=—2.757| —7@) TP Tt
i=1 Xi X" X xu
\ i)
( : \ 2
Loss term for FPK PDE 1| 9" 0 0
P~ n ot oxt ( 1P ) ox12 ( 2P )
=1 xu xi Y
\ l y
( \?
: . 1 < oy 0D 0y 0D
Loss term for policy equation L ot = — govt| T 2V T
n x*  O0x* ou o0x“2 ou
i=1 xH xu
\ ! 1)
I & 2
Loss term for initial condition < = <p” T pé‘(x))
n =
=1
I & 2
Loss term for terminal condition 7 pu = - Z (P T PT(X)>



PINN Architecture

Input layer Fully connected hidden layers Output layer Loss

5> L ont L0 = argmin & (X 0)
T

0cRP

@ Adam optimizer

g!/’/zgw'l_gpu-l_gﬂopt'l_gpg'l_gp%

[Lu Lu.etal, 2021] [Niaki.et al, 2021]



PINN residuals

Training of the PINN

Benchmark controlled self-assembly system: [Y Xue, etal, [EEE Trans. Control Sys. Technology, 2014]

10°
] —— Controlled Fokker-Planck PDE
» —— HJB PDE
10 —— Policy equation
] — po boundary condition
1072 - —— pr boundary condition
1073 - .
10_4 __/
107° |
10—6 —
103 104

Epoch



Optimal Policy

T ((Ce). t)




Value Function




Optimally Controlled State PDFs

4.0 —py ~"T"pPr
3.5

3.01

PDF 4

0.0




Optimal State and Optimal Control Sample Paths

0 25 50 75 100 125 150 175 200 0 925 50 75 100 125 150 175 200
t [s] tls]



GSBP Conditions for Optimality with m Inputs

m + 2 coupled PDEs with endpoint boundary conditions:

Drift coefficient Diffusion tensor
o 1 , / -~
It — §Hu0ptH2 — (Va1 f) — (G,Hess(v)),
0pe, “ .
8tpt — _v'(poptf) + <G7 Hess(popt)>7

Uopt = Vg, ((Vat), f) + (G, Hess(v)))

poi(0,2) = po,  po (T, ) = pr,

[ Cf. classical SBP: two coupled PDEs + optimal policy explicit in value fn y ]




Data-driven GSBP for Colloidal SA

Molecular dynamics Simulation data

| |

Data-driven learning

L,

N Drift N Diffusion

A
»

Neural Schrodinger bridge

S

uopt

\ 4

A

PT

A

A

Colloidal Self-assembly System




Architecture for Data-driven GSBP

N Schrondinger Bridge

\ 4

> * . ) N |
~ Euopt _0)_ argmln ENSchréndinger Bridge <{£Z }’L:1 ) 0
OcRP
L Po
L PT

N Diffusion

48



Sinkhorn Losses for Boundary Conditions

WZ(po, 1) := _inf / {lz -yl + elog 7(x,y) }dn(x, y)
melly(pno,ur) JR™ < R™

epoch index

For boundary conditions, use Sinkhorn losses: L p; w2 (,07;, P; (9))

€

Implementation friendly for PINN training:

AutodiffgWW 2 (pz-, piPee” i’“de"(é')) Vi € {0, T}

49



Case Study: Synthesize BCC Crystalline
Structure by PDF Steering in (<C1()>a ( C12>) Space

Body-centered cube (BCC) crystal

t =0 t =40 t =81 t =118 t =159 t =193 t =200 3

o 0 o

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

Data-driven:

Uses PINN with Sinkhorn losses + the drift-diffusion are themselves NNs
_ Y,




Outlook

- Lots of interesting theory, algorithms and applications
to be done

- Excellent intersections with related communities:
learning, information theory, robotics, systems biology,
smart manufacturing

( )

PhD and Postdoc openings on Optimal Transport,
Schrodinger bridge, and Stochastic Control/ML

\_ _J
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