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Reach set: Definition
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Compact set
Controlled dynamics

z=f(z,v), z(t=0)eR"™, veVCR"™
Forward reach set at time ¢

Z,:={z(t) e R" | 2= f(z,v), =z(t=0)eR"™, wveVCR"}L



Reach set: Applications

R({zo},t2)

R({zo},t1)

Predicting the states of an uncertain system
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Safety critical applications such as

motion planning & collision

warning systems




Reach set: Applications
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Needle steering w. input uncertainties

L_' AYs

Credit: Duindam et al., 2009 Credit: Patil and Alterovitz, 2010 Credit: Duindam et al., 2009



Existing algorithms for reach set computation

Parametric Nonparametric
Ellipsoidal over-approximation Zero sub-level set of the
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Semiparametric

Sample-based statistical learning
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Existing algorithms for reach set computation

No specific algebraic or topological results about the ground truth

Difficult to quantitatively compare performance between two given algorithms

One-size-fits-all algorithms ignore the specific geometry induced by
different class of systems



Our approach

Generic — specific algorithm exploiting geometry of the true set

Overall contribution

Algorithms for learning the reach sets of full state (static and dynamic) feedback
linearizable systems

These reach sets are in general, compact and nonconvex



Background: Static state feedback linearizable systems

Control input
z=f(z,v), z€eR"™, wveVCR™

There exist

ontinuous in ¢

a state diffeomorphism: 7:z € R"* — x € R"*, n, =n, /_> Compact,
C

along with the input homeomorphism: 7u : (2,v) € R xV—u € U(t) CR™

©(t) = Ax(t) + Bu(t), =(t) € R™, wu(t)cU(t) CR” This is known
as the integrator dynamics
A:=blkdiag(A1, ..., A,), B:i=blkdiag(by, ..., by). a.k.a Brunovsky normal form
( 01 0 O\ (O\ / Relative degree vector
001 --- 0 0 o
AjZ: : : : . bj pp— : T:(Tl,rg,...,’ﬂm) €Z+,
\O 0 0 O), \1)’ 1+ T2+ . Ty = Ny

Tle



Example: Static state feedback linearizable system

Single link manipulator dynamics with flexible joints and negligible damping: System (1)

Zg = —sin(z1) — (21 —23), ‘Z4= (21 —23)+v, 2zeRtandveVCR

Diffeomorphism 7 and homeomorphism 7

21 X1
_ _ <2 _ -1 _ L2
r=7(2)=| _ sin(z1) — (21 — 23) |’ z=T1 (x) s +sin(zy) +z1 |’
| —zpc08(21) — (22 — 24) |14 + 22 cO8(71) + 72) |

u=T,(z,v) = —(cos(z1) + 2)(—sin(z1) + 23 — 21) + (25 — 1) sin(z;) + v.

Normal form with relative degree vector r = 4)7:

i 01 0 0] [z 0
is| 10 0 1 0] |a 0
il = lo 0 0 1] |zs| T ol ™
j74 00005174 1




Example: Static state feedback linearizable system

System with 5 states and 2 inputs: System (2)

: 9
Z1 :ZQ—|—Z2 ‘l‘vlv
Zo = 23 — 2124 + 24%5, Z4 = 25,

Z3 :ZQz4+zlz5—z§+cos(zl — 25)v1 + V2, Z5 :zg—l—vg, zeR>and v €V C R2

Diffeomorphism 7 and homeomorphism 7

<1 — <5 T1 + X5
29 )
r=1(2)= |23 — 2124 + 2425 |, z=7"Yax) = |23+ (21 + 25)14 — T475 | ,
24 L4
i 25 | ! L5 _
COS\21 — Z5)U1 -+ U9
u="Ty(z,v) = ( z§—|—1)12
Normal form with relative degree 1 010001 m 00
T Lo 0O 01 0 O] |xo 0 O
vectorr = (3,2) ': il =10 0 0 0 0 |as L 0
| T5 0O 0 0 0 O |=s 0 1
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Background: Dynamic state feedback linearizable systems

Control input
z=f(z,v), z€eR"™ wveVCR™

Augmented
There exist compensator states w € R" such that state vector

a state diffeomorphism: 7T:pcR™"" — x cR™, n, =n, +ny, p:= (z,w)

along with the input homeomorphism: Tu: (U, z,w,w,w, ) =>ucl(t) CR™

u(t) =C (z(t),w(t),w,w, --)v(t)+d(z(t),w(t),w,w,- ),
w(t) =¢ (z,w,v,0,0,---), V>0

In today’s talk: Compensator states are affine in control, and independent of
time derivatives of the control

) /\A Projection
B I1
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Example: Dynamic state feedback linearizable system

System with 4 states and 2 inputs: System (3)
21 = 29 — V1, Z3 = U1,

Zo = 2401, Z4 = V2,

Compensator variable: w = z5 — v;.

Diffeomorphism 7 and homeomorphism 7

r=T1(z,w)=| z21+23 |,

u =T, (z,w,v) = V(2o — W) + z4(24v7 — W) |

Normal form with relative degree 2
vectorr = (2,3)": iq
T4
_33.5_

12

zcR*and v e V C R2.

T4
r3 — X1

x5 /(x4 — W)

oSO O O O
oo OO
o O O O O

SO = OO

O = O OO

o O O+ O

— o O O O




Venn diagram for full state (fs) static/dynamic (S/D) feedback
linearizable (FL) systems

fsDFL
m> 1

fsSFL
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Main idea

Compute the reach set and its Map them back to original coordinate
functionals in normal coordinate x z via known diffeomorphism
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Outline of this talk

1. Integrator reach sets with time invariant set-valued input uncertainties

2. Integrator reach sets with time varying set-valued input uncertainties

3. Intersection detection

4. Learning the reach set for full state feedback linearizable systems

5. Parallelization

6. Future plans
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Integrator Reach Sets with Time
Invariant Set-valued Input Uncertainties

16



Support function of X, with i/ c R™

X (Xp,t) :={=x(t) e R"™ |&(t) = Az(t) + Bu(t), z(t=0)¢c X, u

C

Single input integrator dynamics: X, (Xy,t) CR", j=1,...,m

Integrator reach set

X (XO, t) = Xl (Xl(), t) X XQ (XQO, t) X ... X Xm (Xmo, t) Minkowski
= X (X10,t) + Ao (Xoo, t) + ... + Xy (Xino, t) sum

Support function of single input integrator dynamics:

o () = sup{(@.y) | y €571}
xeX /

(t) eU}

Supporting
hyperplane

=Y ha; (0.0 (Y5)

j=1

17



Support function of X, with i/ c R™

Theorem 1. For compact convex X € R™ and compact i/ € R"} the support function
of the integrator reach set is

o (8 =Z{ Sup_ (5, 0xp (£4) 230) + 1505 G0 + 15 [ 10 &5 ()] ds

. 333()6)(30

where
My _5350437 Vj —ﬁj—;&ja Q; :mGiZI/{IUj, B _mgai{{uj’ J=1 ;
(877 /(rj = DN
p1&1(s) s" 72/ (r; — 2)!
)= 1| &(s) = ¢(tont) /5] ) ds € R"
Mm€m< ) S

18



Parametric formula of boundary X, for i/ ¢ R™

Theorem. Assume X, = {x,}. Then

Components of
the boundary

Parameters: 0<s1<s3<...<s,,1<t, j=1,...,m

Each single input integrator reach set has two bounding surfaces:

Xj ({zo},t) = {z e R™ [ pP*(2) <0, p™ () < 0},
with boundary:

0X; ({zo},t) = {x € R™ | ;P (x) = 0} U{w € R™ | p" () = 0}.

19



Implicit formula of boundary oX, for i/ € R™

Generating function of the parametric form:

1—817’)(1—837')°°°
ZAkT (1 —s97)(1 — s47) -+ (1)

k>0

Taking the logarithmic derivative forqg = 1,---,n.— 1

F’ (1)
- —951 E 817' —|—52 E 827' — 53 E 537' ceey

7.
k>0 k>0 k>0

Integrating with respect to 7:

F(r) = exp (— 3 Ak) @)
k=1 ’

Equating (1) and (2), the following Hankel determinant gives implicit formula

det [Anx —25—|—i-|-j];:s,j:0 = 0.

20



Taxonomy of X; for U/ € R™

Theorem. The set X; with Ay = {x(} is semialgebraic

2.5

upper
p

lower

2 1 0 1 2 3
I

The single input double integrator reach set The single input triple integrator reach set

21



Taxonomy of X for U/ € R™

Zonotope of dimension d / Generators

ZnI:{Z’}/j’Uj|’7j c [-1,1],’1]]' c Rd,j — 1,...,%}
=1

hz,(y) = Z|<y,’0j>|a y € R
=1

Zonoid: Limiting set of the Minkowski sum of line
segments

201

Theorem. The set X, with Xy = {x(} is zonoid

10+

)

—107

—20¢
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Taxonomy of X for i/ € R™

Integrator Reach Set Is Not Spectrahedron

Polynomial degree of n, dimensional ( anQ—l J | 1) (nw _ an —1 J )

2

integrator reach set surface:

0.6
0.4
0.2
xro 0

-0.2

-0.4

-0.6

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
Wil L2

-0.5 -0.5

L1

Degree of )X, is 2 Degree of 0.X, is 4
Number of intersections by generic line is 4 Number of intersections by generic line is 6
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Taxonomy of A for i/ € R™

Compact Semialgebraic

and convex

Spextrahedral shadow

(lifted NMI representable)

cctrahedra

representable)

24




Volume of X, for U € R™

Theorem.

vol (X))

vol (X

pi ot

(1o}, 1))

15

10

3330\

-10 |

-15
30

ri—1

m Tj4r;(r;+1)/
e

k=1

10

T2 20 -40 1

The integrator reach setatt = 4, r = (2,1)'

25

k!

90

40

+1)!

60
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Diameter of X, for i/ ¢ R™

Theorem.

(arctan(3/t), arccos(6/v/t4 + 9t2 + 36))
¢ (7 +arctan(3/t), arccos(—6/v/t* + 912 + 36))

20



{xo}

Scaling Laws
Xy € an" X0

1 1 1
Y] o i I— 10 o —
S _ — ™ F) < 10
— - _ _ _ _ |
— O - - - -
i | — — |

Volume of integrator reach set vs time
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Scaling Laws

Xo € R" Xy = {.’,B()}

2u~/1Io (2t) — 1
107
= 10!
~
8
"
;<
= 10°
B-CE
g — Np=2
— Ng=3
101 —— ny=4
—— Nz=5
—_— N= 6
.......... Ne— oo
0 2 3 4 5 6
t

Diameter of integrator reach set vs time
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Dependence of X;on the geometry of I/

X; C R™ has non-unique dependence on the geometry of I/ € R""

Accounting for all possible combinations of worst-cases of all the input components

- Norm oo ball input set o /- Norm oo ball input set
sl ° Norm 2 ball input set e ° | = Norm 2 ball input set

The single input double integrator reach set at ¢ = 4 The integrator reach setatt = 4,r = (2,1)"

29



Benchmarking over-approximations of X

0.1F° 0.3F 0.6F
From the CORA 0.2 0.4
0.05 ¢+
toolbox o1l 0ol
T2 Of zz 0 xs 0
-0.1 -0.2
-0.05 ¢
-0.2 -0.4
0.1 1§ -0.3 & , . -0.6 . ]
-5 0 5 -0.05 0 0.05 -0.2 0 0.2
* r,  x107° / T / T
100 Y 5
i | + _-_-—-_-—-—-—-_-—-_j
/./ _f—"—-_ ................................
’,/ ----------
o/' ““““““
10_1 a /'/ .o -7 E
- 4 o
/g / o°
SIS
> =
o
4 :
1072+ : -
—_—Np=2
—-’]/szg
Ng=4
].0_3 = x ' I | _
0.1 0.3 0.6 1
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Benchmarking over-approximation of A

From the Ellipsoidal toolbox

0.2 0.5 0.8
0.15 - |
0.1
0.05 -
X9 0-
-0.05 -
-0.1
-0.15 -
-0.2
-0.03
]
3 %10—10
3Sles
s
g
_15| " —"Nz= 2, S procedure 0.3 K —ng= 2, S procedure
10 e —ng= 2, MVIE scaling ' —ng= 2, MVIE scaling
'y ----Ng= 3, S procedure 0.2+ --ng= 3, S procedure
P ----Nz= 3, MVIE scaling --ngz= 3, MVIE scaling
| --ng=4, S procedure 0.1- --ngz= 4, S procedure
i - - ng=4, MVIE scaling --n,= 4, MVIE scaling
10_20 ! ! I ! 0 ! I I |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
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Integrator Reach Sets with Time
Varying Set-Valued Input Uncertainties

32



Support function of X, with ¥/(¢t) c R™

Theorem.
bt = D {hav (ep(tA] ) 0) + [ [15(5) a3, €090 + 1y (o) | w5 1] s
where

i ( u<{§lé3<t>“9() Bj(t) == Dax ujlt),  j=1,000,m,
$91/(ry = 1)1\




Parametric equations of 0X; for (t) c R™

Theorem. Assume X = {xy}. Then

Components of
the boundary

w?dy =exp (tA;) x;0 + t v;(s)€;(s)ds & ) i (s)€,(s)ds
\/‘ S92 /O /t
F [ g Eds 217 [ s

S1

Parameter vector of the jth block: S; = (81, CH R Srj—1), j=1,....m
Parameter space of the jth block: S; = {Sj ’ 0<s <s9<...<5,, 1< t} c R

Each single input integrator reach set has two bounding surfaces:

an (CE‘Q, Sj) = 6’2(;1pper(m0, Sj) U GX}OWQr(wO, Sj), S; € Sj C R™ 1L

34



Taxonomy of X, for U(t) C R™

Equations of the boundary only depend on the extremal curves
a(7), p(r), 0 <7<t

Semialgebraic set iff a(z), f(7) are polynomial in time 7

Still zonoid for singleton initial condition

35



vol (Z;) for full state static feedback linearizable systems

I(Z,) /d / / dt( ) TT det (8%8]')(1 i
VO 74 = e S; :
) Z, Six. . XS J [0,1]™ 0s; O\ T

il?j(Sj, )\J) — )\ijupper (Sj) + (1 — )\j)X]}ower (Sj), S S Sj, 0 < )\j < 1, \V/] c [m]

where

/2,%’(81)51(81) —2pi(s2)€1(s2) -+ (—1)7“9'2Mj(3rj—1)€1(Srj_1) fl(sj)\

(8:13].- aa:j>: 2uj(s1)€2(s1)  —2mi(s2)€a(s2) -+ (=1)"2pi(sr,-1)&2(sr-1)  fa(sy) RIS

0z
deté?—:z: = 1/det (7).
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vol (Z;) for full state static feedback linearizable systems

Special case: volume of integrator reach set w. time-varying set-valued input uncertainties

dL ox; Ox;
]_ — — J J S
vol(A;) /Xt de I I (/S] det( 5s; DA, )dsj>

J=1

3 — yzupper | | 3 — yupper

5 |=—0 zlower _ 5| =—20 ylower

1 1L

& 0 S0

-1 -1
-2t -2
_3 1 I L _3 1

-100 -50 0 50 100 -9 0 5}

21 X1

vol (Z;) = 206.7362 vol (X;) = 15.4292
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Intersection Detection

38



Intersection detection

Static feedback linearizable agents A and B:

\> Compact input

Corresponding zonoids in integrator coordinates: sets

Xh=71(2ZN, XB=1(28), U's),UP(s)CR™, 0<s<t, T=(T1,...,"m) .

Since 7 is injective
XENAE# (=)0 & 2PN 2 £ (=)o

Dynamic feedback linearizable agents A and B:

XNX+£0 = Z'NZ+ 2,

Augmented states

XNX =0 < Z'NnZ’ =2, z:HZ(p).\/q

39



Intersection detection: certifying x* N X% +#£ (=)o
X Direct computation of distance is unwieldy:

dist (A,B) :=  min |zt — 2B||5 = () 0 <= XN AP # (=) @
rhe X} xBe AP

New idea: min har-ae(y) > (<) 0 <= X' NX} £ (=) 2.
ye nge—1 t t

Minkowski difference 4/ é

min hxf;xf(y): min hXA(y)+th(_y)'

&

yeSna —1 lyll2=1
Distributed certification:
Intersection iff Vj € [m] we have min har (y;) + R X, (—y;) > 0.

y; R |y ll2=1 7*

No intersection iff 3j € [m]st. < ()

40



Intersection detection: lossless convexification

Relaxing the unit norm constraint:

t
min  (e;(t),y;) + / (75 (s), ;)| ds,
y; €ERI ||y;]2<1 0

¢;(t) = exp(tA;) (@hy — ) + / (vA(s) — v (s)) &(s)ds,
vi(s) == (15(s) + 13(s)) &;(s).

Discretizing [0, 7] into K € N intervals:

1606l = 523 2ok, w410,

41



Intersection detection: lossless convexification

J

.
For j € [m], let 0, = (9-0, s, 9]K> e RX+ and

1/2
wj(t) =As | 1x_1 ]| € Ri{(j_l,

nj = (g]) € RV,
J

E R2(K—|—1)XT]'

Y

1/2

| Tk 11,

M. — ( Pj
7\ Ok 1)y |

N; ::< I, ‘ Or) x (K1) )

42
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Intersection detection: lossless convexification

Second order cone program (SOCP)

min <£J (t)v 77j>

n; ERTI +K+1

subject to M,n,; <0, |IN;n;ll2 < 1.

The convexification is lossless, it can certify: X, N X3 # (=)@, j € [m].

Theorem. Let ﬁjfk be the optimal value of SOCP and pj>I< the optimal value of the

nonconvex problem, i.e., ||y,[[, = 1, then
(i) pj = 0.

(i) 7 =0 = 0<p} <= X\NX,#3, je[m]

(iii) 7} <0 = p;=p; <0 <= XN, =02, je[m]|

43



Intersection detection: example

Compact input

Static feedback linearizable agents A and B: /_/’ sets

2= f (20, 2P =f(250°), 2],z e R, V(s),V(s) CR™,

Corresponding zonoids in normal coordinates:

Xp=T(20), AP =7(2D), EHO 55 (1)
/\/_. —_—
r=(3,2)", o o
2 = [0.5,014], u(t) A U/S‘(t)O
0 !
wg — [01><37570] ‘&1 (t)/\ &é(_t)/
. - oL
0 t|s] 2 0 t s]
_/ \/—
2 B B 2 i
UB (t) Uy (t)
1 Or B
Of  aB(t) Qs (¢
_
| - —2L,
I.{untimes:00.38 s and O.??7 s for 0 / [S] 2 0 t [s]
J =1 andj = 2, respectively
CVX solves SOCP for ds = 0.5 The input trajectories for agents A and B.
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Intersection detection: example (continued)

The optimal values of SOCP are:
Xir N Xip # @

— XANABE =0 «— ZANnzB=o0.
Xyr N Xgp = @ S e

The convexification is lossless:

Intersection detection between two integrator reach sets corresponding
to agents A (red) and B (blue).
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Learning the Reach Sets for Full State
Feedback Linearizable Systems

46



Learning Z,

Consider fsDFL system ngme“ted state vector
State diffeomorphism: T:p R 5 2 cR™, n, =n, + Ny, p:=(z,w)
Input homeomorphism: Tu : (U, z2,w,w,w,---)—ucl(t) CR™

Step 1 Step 2 Step 3

Y — Ut) — {a(r), B(r)}_, — 80X, — IR, —= 0Z,

\, Boundary of the reach

set in augmented state
Step 1
t

Find the extremal trajectories {e;(7)}._y, {B;(7)}._, for time-varying U(r) CR™, 7 €0,

a;(T) = uj(gg(ﬂ u;i(7), Bj(7):= e u;(7), j € |m]

Step 2
Compute the reach set X; in normal coordinates
Step 3

Numerically map 0X; back to 02,
47



Learning Z,

Step 1 involves the fixed point equations:

/\‘ The input

e — homeomorphism 7,
a(t) = T (a(t), B(1)) := min Cx)v+ d(x),
2€X; ((a(r):_oy(B(r): )
B(t) = Thax (a(t), B(1)) := max Cx)v+ d(x).

2eX, ((a(1))t 20, (B(T))io)

These fixed point equations are not in general contractions

Idea: Learn {&(r), B(7)}._, from data with guarantees (Next slide)

48



Learning {a(r), B(r)}

7=0

Assume )/ is convex compact set

Generate trajectory samples {v(¥ (t)}X, from V c R™ via constrained Gaussian Process (GP)

Unconstrained GP sampling Constrained GP sampling

Using statistical learning theory: N = [ c ) (log 1 + Zm)-‘
3

) ale —1

Sample complexity

Performance guarantee: IP’(vol([a(T), B(7)]) — vol([a(r), B(T)]) < 5,&) >1-—9;

.

Accuracy € (0,1) Confidence € (0,1)
49



Learning Z,
Step 1 Step 2 Step 3
V— {a(T)MB\(T) 5':0 — 8/?75 — 87%;5 &) 8275

Inclusion guarantee (deterministic): Z’Zt C Z;

The probabilistic inclusion during the transformation

u Xy R Z4
o N— o N— —N— —N—
(5@,5@) — (833,53;) — (5[3,5[3) — (873,573),

follows (€4,9%a) = (€2,03) = (5,675;3):(52»52)-

50



Learning Strategy: example System (1)

fsSFL with relative degree vectorr = (4)'
t=1s

29 <2 <3

Serial computation time =1.13 s and N = 1410.

51



Learning Strategy: example system (1)

fsSFL with relative degree vectorr = (4)'

10 -10

Serial computation time =1.20 s and N = 1410.
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Learning Strategy: example system (2)

fsSFL with relative degree vectorr = (3,2)"

t=1s
4 = 10
"' o)
2 = = '256
/ 4
el
5 10
21

Serial computation time = 0.94 s and N = 15640.
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Learning Strategy: example system (2)

fsSFL with relative degree vectorr = (3,2)"

t =2s
10 A
0 =
5 S
29 24
20 = =
: .3
-5 0 L™ |
0 20 40
21 21 21
103 40—
2 | 25 prmw—— 2y [T
207 20 g | () -
i Y A %EE
0 5 10 0 100200
Z9 Z9 253

40

Z5
20

0 100200
<3

Serial computation time = 1.13 s and N = 15640.

54
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Learning Strategy: example System (3)

fsDFL with relative degree vectorr = (2,3)"

t=1-s

Kt

Serial computational time = 1.45 s and N = 448686.
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Learning Strategy: example System (3)

fsDFL with relative degree vectorr = (2,3)"

20

60 -40 -20 O
29 <2 <3

Serial computational time = 3.55 s and N = 448686.
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Boundary of the Minkowski sum of X, with a line segment

In dynamic feedback linearizable systems:

The state diffeomorphism, 7(z, w)is a function of set valued uncertainty ).

The initial condition in the corresponding integrator coordinates, X; is an interval.

Example: system (3)

. . [ 201 + 203 | [ 201 + 203 |
Xor = |7 = Ol , Xo2 = 202 = 202 :
w 202 — [—1, 1]
| 204(202 — W) | | z04[—1, 1]

The matrix vector product exp( A ;t)X;o, will return a tilted line segment, £,embedded in R"/,

forj: 17 7m.
201 + 203 + t202 | _1t2 ]
201 + t200 _ ~|For T 203 02 517704
b, = [ o1 ] -+ [_1] [—1, 1], by = 282 + t204 [—1, 1]
_ - i 204 |

We need to obtain

0X; ({Xoj},1) =0 (£ + X;({0},1)), 0X,=0Xx, + -+ 0X,,.
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Boundary of the Minkowski sum of X, with a line segment

Parametric line segment:
£(c):£0+(£1—£0)c, 0<c<1, ¥y ¥ c R"=,
Define:

£:= (& —£0) /|8 — L] = (b1, Lo, ,Ln).

There exist a parametric surface 5(s) such that

AN

o(s) = (n(s),f) =0, forseS\{seS|s;=s;, wherei#j, 4,j=1,--,n, — 1},

where 7 is the outward normal vector on 0.X.

The parametric surface o(s) divides the parameter space into two parts:

SoUSlLJO':S,

such that Sy contains

{SES ‘ 81282:“':&%_1}.
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Boundary of the Minkowski sum of X, with a line segment

Ex: 3-D integrator reach set with x, = [0 O 0]", and u(¢) € [-0.5,1.5], forall s € [0,1] s, and

2 2 2 2
o(s) = {s e R? | 0< 81 < 89 < t, (s1—82)01 — (8—1—8—2> o +(81282 — 82281>€3:O}.

¢, =]-05 —0.54 -0.80],

lh=1-024 022 0.67].

0.6 0.8 1

S1
The parameter space for X, € R3 and £ € R?
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Boundary of the Minkowski sum of X, with a line segment

Theorem. The parametric surface o(s), wheres = s, -+, S,.—1> 1s given by

Ny

{seR™™1 | 0<s1<sp<... <sp,—1 <t Y (ng—i)(=1)" "lie;_y =0},
where e, denotes the rth elementary symmetric polynomial.

Define:

OXeut 1= {wbdy(s) € 0X"PP () ‘ s€ 081} A {wbdy(s) € XV () ] s € 98y},

which divides QX" into two sets: 0>, dX<, such that 90X> U 0X< U X,y = 0AX:, where

Theorem.

5’ (E —|— Xt) (C, 8) — {E(C) —|— 8X6ut(8)} U {El —|— 82(2} U {f() —|— 8X§}
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Boundary of the Minkowski sum of X, with a line segment

e /
1.5 -
1 - — (‘92(2
15 0-5- = JX<
0 -
® O0X.ut
0.5

0.2
x5 0.5 -0.4 |

The integrator reach set X; € R3and the line segment £ € R?

- {0(c) + OXeui(s)}
= {{; +0X> |
- {l+0X<}

The boundary of the Minkowski sum of integrator reach set.X; € R?with the line segment £ € R?
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Boundary of the Minkowski sum of X, with a line segment

= {£(c) + OXoi(s))
- {El —|—(9X2} - {EO —|—8X§}

£ O Y upper axlower 8)( 8){ .
- - - -Z 8£S .CUt ® {’e + Xt}
10 . .
16 +
8 L
12+
51326 _ L9
4+ 8l
2
4

6 8 10
L1

The boundary of the Minkowski sum of integrator reach set X, ¢ R? with the line segment ¢ ¢ R.
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Parallelization
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Parallelization

The proposed learning algorithm allows multiple layers of parallel computation

Computing 9.x;, parallelization across components: nFEOPS — O((4+ Lp<r,—12(r; — k — 1)) N,)

Number of discretization points of each component of the parameter space

Computing §.x;, parallelization across blocks: 7w > = O (Z 4+ Lper, 12(rj — k—1)] Ns)
’ k=1

Minkowski sum of integrator blocks: 9X,= 90X, + 90X, + ... + 90X,

Transforming 90X, back to original coordinates 0z,
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Future Timeline

li] Accounting for singularity (Winter 2022 - Spring 2022)

lii] Generic dynamic state feedback linearizable systems (Summer 2022 - Winter 2023)

liii] Collision avoidance applications (Winter 2022 - Spring 2023)

liv] Partial state feedback linearizable systems (Winter 2022 - Summer 2023)

[v] Completing Dissertation and Graduation (Summer 2023 - Fall 2023)
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Thank You
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