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E. SCHRODINGER

J’ai l'intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et I'interprétation qu’on en donne géné-
ralement a ’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de I'électron. Autant que nous

; ‘ : n rendre compte aujourd’hui, i 2 &
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PHYS.-MATH. KLASSE. 1981 IX que nous ne possédons pas encore, doit former un jour la base de toute

la physique. A cet intérét tout a fait général, s’ajoute, ici a Paris,
un intérét particulier : vous savez tous que les bases de la théorie
moderne de I’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.
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ralement & I’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de I'électron. Autant que nous
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triote Louis de BROGLIE.

Most likely evolution between 2 distributional snapshots

1



chrodinger Bridge Problem

Aﬁg 1 A :’2‘; PR n»;’,'(/‘ & clr\//e._vy‘e.‘ & ,..,.A(,....Z',‘a,.v , ;{', . . ,
B aslor . a. " antan Fosidbory  value prokBus, Sur la théorie relativiste de I'électron
1.3, s Y ' “E £

3 ”e . . .
Uberreicht vom Ve rfasser et linterprétation de la mécanique quantique

PAR

E. SCHRODINGER

UBER DIE UMKEHRUNG
DER NATURGESETZE
! . VON . ‘ I. — Introduction

E. SCHRODINGER

J’ai l'intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et 'interprétation qu’on en donne géné-
ralement a ’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de I'électron. Autant que nous

SdNDEl{AUSGABE AUS DEN SI_TZUNGSBERICHIE.N pf) uvonslnouf en. rendre anlpted aulj,?ilri hui, il Sembl: & peud,p rles
DER PREUSSISCHEN AKADEMIE DER WISSENSCH £ sur que la mecanl:ique quantique de i« ef ectron, S(.)llS S]a bOl'l’lled ltea :,
[ Cl > 1] oute

PHYS.-MATH. KLASSE. 1031, IX que nous ne possédons pas encore, doit former un jour la base de tou

la physique. A cet intérét tout a fait général, s’ajoute, ici a Paris,
un intérét particulier : vous savez tous que les bases de la théorie
moderne de I’électron ont été posées a Paris par votre célebre compa-
triote Louis de BROGLIE.

Most likely evolution between 2 distributional snapshots




Classical SBP

Find the best policy ...the effort
to minimize... needed to steer...
(3]
argmf / / —|v|? p(x, t) dz dt
€'P01 XV J iy "
de = v(z,t) dt + v 2¢ dw(t)

p(x,t =1t) = po, p(®,t=11)=p1,
a given initial
distribution to... ...a given final

distribution...

..subject to
certain sample
path dynamics.

<~



Solution to the Classical SBP

Necessary conditions of optimality:

The pair (P27, ve”) solves the coupled PDEs
Value function ™
op. 1 2
8t8 l 2 ‘V$¢€| _|_ 8Aw¢6 — 07
apopt
81 -V, - (ngtvxiﬁe) — 5A:L‘pgpt
\
4

Hopf-Cole transform

w;\: exp(;b—;), ¢5=> pePiexp (—;b—;)

Schrodinger factors

-

( AN
Optimally controlled joint state PDF: ngt(°, t) = @.(

e+ )pe (s )
Optimal control: 'vgpt(-,t) = 2eVglog . (-, 1) ( \

g Schrodinger factors




Solution to the Classical SBP

-
Hopf-Cole transform is used to decouple PDEs

The pair ({5 - 905) solves the linear, uncoupled PDEs

0p
E — sz\
8t € 906
0,
— Aw g
ot o ef

with coupled boundary conditions

P.(x,t =1ty) pe(x,t =1ty) = po(x),
P.(x,t =11) pe(x,t =t1) = p1(x).




Algorithm

Schrodinger system
Markov kernel
pO(w) — 9/55 O(m) /n k(th L, tl) y)@g,l(y)dy

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

Coupled nonlinear
integral equations

-

Fixed point recursion over pair (905,17 9/55,0)

1.) Make an initial guess. / Korward @
Ho(@) . $1(@)
po(@)/ o) p1(@)/¢1(x)
pol@) - p1 ()

/ Kbackward ¥



Algorithm

Schrodinger system
Markov kernel
pO(w) — 9/55 O(m) /n k(th L, tl) y)@g,l(y)dy

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

Coupled nonlinear
integral equations

-

Fixed point recursion over pair (905,17 9/55,0)

1.) Mak initial : ~
) Make an initial guess / Korward @
2.) Integrate forward in time. Po (@) - 1)
pole)/po(@) p(@)/¢1 ()
po (@) - p1 ()

/ Kbackward ¥



Algorithm

Schrodinger system
Markov kernel
(@) = Peg(@) [ Klto,2 1,000 )y

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

Coupled nonlinear
integral equations

-

Fixed point recursion over pair (905,17 9/55,0)

1.) Mak initial : ~
) Make an initial guess / Kformard @
2.) Integrate forward in time. Po (@) - P1@)
3.) Divide. po(@®)/¢o (@) p1(x)/o1(x)
po(@) - p1(@)

/ Kbackward ¥



Algorithm

Schrodinger system
Markov kernel
(@) = Peg(@) [ Klto,2 1,000 )y

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

Coupled nonlinear
integral equations

-

Fixed point recursion over pair (905,17 @s,o)

1.) Mak initial : ~
) Make an initial guess / Kformard @
2.) Integrate forward in time. o (@) - 41@)
3.) Divide. po(@®)/¢o (@) p1(x)/o1(x)

4.) Integrate backward in time.

po(®) - p1(e)
/ Kbackward P



Algorithm

Schrodinger system

Markov kernel
po(m) — ﬁg’o(m) / k(th x, 1, y)g0571(y)dy :
n Coupled nonlinear
integral equations

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

-

Fixed point recursion over pair (905,17 @s,o)

1.) Mak initial : ~
) Make an initial guess / Kformard @
2.) Integrate forward in time. o (@) - 41@)
3.) Divide. po(@®)/¢o(@) p1(x)/o1(x)

4.) Integrate backward in time.

po(@®) - p1(x)
5.) Divide. / Kbackward ¥



Algorithm

Schrodinger system
Markov kernel
(@) = Peg(@) [ Klto,2 1,000 )y

p1(x) = ¢e1() / k(to, y,t1, )P, o(y)dy

n

Coupled nonlinear
integral equations

-

Fixed point recursion over pair (905,17 @s,o)

1.) Make an initial guess. / Korward @
2.) Integrate forward in time. 950“(513) - P1(@)
3.) Divide. po(@)/ pol) pL(@)/P1 (@)

4.) Integrate backward in time.

po(®) - p1(x)
5.) Divide. / Kbackward ¥



We can eventually solve the
Schrodinger Bridge
problem, if we have a
handle on uncontrolled
kernel.



Part I: Background on SBP
Part II: Contraction Coefficient K :

» Guarantees on K for known kernels (classical and
linear SBP)

> Uses of K

Part I11I: SBP with state cost:

» Sources of state cost

> Approaches to deriving a handle for the kernel



Contraction Coefficient



Algorithm: Convergence / Kforward P

p1(@)/P1(x)

Ho (@) . P1(@)

po(@®)/ o(@)
pol@) - o (@)
/ Kbackward ¥

4 ; .. .
Contraction rate x(f) of mapping f is maximum o such that

du(f(x), f(y)) < adu(z,y)
9 N\ /

~

N /

Hilbert metric

(

-

Worst-case contraction coefficient

Algorithm has linear convergence with contraction coefficient £ < 7y

_J




y in Classical SBP

\2130 — L

Let
exp(—ap /(42)) exp(—By/(42))
OB — ] 5]3 — .
\/(4776)” \/(47r6)'"’

where
= . B 5 —
Py = 20 € X1 €2, @ —@1[" ang OB woeg(l)?é}fexl

~ A

1
kK < VB = tanhz(—log<6—B>> e (0,1)
- 2 (875
g Chen, Georgiou, Pavon, SIAM ]. Applied Math, 2019

l

e

k < vp := tanh? (

-

dB—BB

8¢

~

) e (0,1)

J

2



Linear SBP

1
arg inf / / —|v|*p(x, t) de dt
p,’U)GPOl % to "

% + V- (p(A(t)z + B(t)v)) = e(Hess, B(t)B(t)Tp>

resp. compact supports X;, A}

p(z,t =1t) = po, p(x,t=11)=ps

Controlled sample path dynamics
dz(t) = (A()z(t) + B(t)v(, t))dt + V2 B(t)dw(t)
State transition matrix P 1= P(t,7) Vig <7<t <ty

t
Assume controllability: M, := / $, . B(1) BT (1) (I);E dr >0

to

&

* Classical SBP is special case: A(t) =0, B(t) =1



Structure of the Solution for Linear SBP

s A
Kernel for Linear SBP:

(‘Ptltowo_wl)TMﬂ)l (P10 —1)
e

k(th L, tla wl) .=

\/(471'8)” det(Ml())

Guaranteed linear convergence with contraction rate K € (0, 1)

Exact rate depends on problem data (X0, X1, €, A(t), B(t))

sup K

, . v o=
Worst case contraction coefficient Linear SBPs with fixed (Xp,X1,¢,A(t),B(t))



y in Linear SBP

Thm. (informal)

State transition matrix Controllability Gramian
Let '\ /
a \ T /_1 )
ar:= max (P20 — 1) M (P, 2o — 1)
:B()EX(),iBlEXl
2 . . T —1
Br,:= min (Pyy,x0 — 1) My, (P, To — 1)
xrocXy,x1€X
\_ Y,
Then
4 _ )
2 &L o 6L
~1, = tanh
8¢




y in Linear SBP

Thm. (informal)

State transition matrix

Controllability Gramian

Let
r \\ - //; D
ar:= max (P20 — 1) M (P, 2o — 1)
roE Xy, 1EA]
= S - Tar—1
Br,:= min (Pyy,x0 — 1) My, (P, To — 1)
LoEXp,L1EX]
- y
Then
4 ~ N
ar, — By,
YL = tanh?
8¢
- Y
Note:
A(t) — O @tlto — I aB — mﬂeg;i}fe/h tl — to |£B0 — €Bl|
_ > 1 > .
B(t) — I M — - . - 5
10 Pp:= _ min o — @1
t1 — %o U mcdmen b — tg )




Control-theoretic Interpretation for y;

- T r—1
ar:= max (P — azl)Mlo (P4, 0 — 21)
mOEXO,wleAf'l

= . T A g—1
B, = poin (@20 — ®1) My, (Pty5, 20 — 1)

to
subject to @ = A(t)x + B(t)v
ZB(t — t()) — &Ly, iB(t — tl) — &1

Minimum cost for deterministic OCP



Control-theoretic Interpretation for y;

/ Range of optimal state transfer cost

~

YL = tanh? ( o1, — P
8¢

Process noise
Conforms with intuition:

[&L—BLT = WLTJ

et = ml




Geometric Interpretation for y;

s 2
ar, — f |

YL — tanh2 L T

- ~ 3

~ 2 §
ar, 1= , max g — x| |
—1/2 ]

mOEMlO

min lzy — 5131‘2 |
wOEMl_Ol/2<I>10XO, €l31€M17)1/2X1 “““““““““““““

@
-
|

Geometric interpretation:

- = . . . . —1/2 —1/2
a; and B; are the maximum and minimal separation of M 2®,,X and M, 2



Applications to Preconditioning;:

Preconditioning to improve optimal transport algorithms
~ Kuang and Tabak, SIAM ]. Scientific Computing, 2017

Example: Linear SBP: = 0.5
0 1 0
dx(t) = [O O] x(t)dt + v 2¢ [J dw(t)
1 1] 12 —6]
B, = M, = .
"o 17 T T -6 4

No Preconditioning;:

@L:2+2\/§
—2+4+2V3

@D
-
|

AAAAAAAAAAAAAAAAAAAAAAAAA

\¢

|||||||||||||||||||||||||||||||||||||||||||

—— ~, = tanh?(1) ~ 0.580



Applications to Preconditioning;:

Preconditioning to improve optimal transport algorithms
~ Kuang and Tabak, SIAM ]. Scientific Computing, 2017

Example: Linear SBP: € = 0.5
0 1
de(t) = [O O] (t)dt + \/— dw % |

1 1 B 12 —6
(I)tlto — ) '1\4-101 —

1 —6 4| o

With Preconditioning:

!

,.Erecond _ 2 IBII)Jrecond — 0 ,YIIjrecond _ tanh2(05) — 0.214



SBP with State Cost



SBP with State Cost

(3]
arg inf / / ( v|* + q(x) ) p(x,t) de dt
,O’U EP()lXV to "

Ve - (pv) = elgp

(‘9t

x(t =1tg) ~ po (given), x(t=1t1) ~ p1 (given)

-

-
Controlled sample path dynamics

de = v(x,t)dt + vV 2edw(t)




Solution for the SBP with State Cost

Thm. (informal)
( )

SBP with state cost admits a unique solution
- J

Proof idea:

Reformulate as Kullback-Leibler minimization over path space:

1[4
exp (_2_5/ q(m)dt)W
arg inf DKL P H o

PEHOl Z

large deviation principle



State cost may arise
due to...

— Pushing dynamical nonlinearity to Lagrangian
|

> Application: Lambert’s Problem

— First principle modeling ;-

> Example: A soft penalty
from deviating from
a desired value
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28%5 LEO
‘Space Station/
Propellant Depot |
)
k
]
— Aerobraking Lunar
—// Ferry inbound with
lunar produced LOp

OTV t0GEO
with communications
satellite using

Lunar Orbit
lunar produced LOp

Space Station

Outbound Lunar Ferry
with lunar produced
L0y to LEO

Lunar Module
descent with LHz

Probabilistic Lambert’s Problem



Lambert’'s Problem

28/2 LEO

AN
Space Station/
R Propellant Depot \
— Aetobfakmg Lunar
1. // Ferry inbound with
\ / lunar produced LO>
<
=

b

R v 2 " : SR
¢ ' —
- Lunar Ferry
- / with LHo from
OTV to GEO

LEO

with communications
satellite using

Lunar Orbit
lunar produced LO2 Space Station

Outbound Lunar Ferry

with lunar produced
LO to LEO

Lunar Module
descent with LH2

3D position coordinate & € R*

Find velocity control policy & := v(x,t) such that

& =-V,V(x), | 2¢(t =1ty) = =y (given), x(t =1t;) = @, (given)




Probabilistic Lambert’s Problem

285 LEO
Space Station/
Propellant Depot |

"

— Aerobraking Lunar
@ — // Feny inbound with
) \ / lunar produced LOy
7
>

o Lunar Ferry
- with LHa from
OTV to GEO

LEO

with communications
satellite using

Lunar Orbit
lunar produced LO2 Space Station

Outbound Lunar Ferry

with lunar produced
LO5 to LEO

Lunar Module
descent with LH2

3D position coordinate & € R*

Find velocity control policy & := v(x,t) such that

& =—V,V(x)

=t9) ~ po (given)
t1) ~ p1_(given)

8
“~
|

x (1




Probabilistic Lambert’s Problem

N

"
LN
5 s
& o 28/5 LEO \
: T Qe e \ Space Station/

Ry, LHoandcEOspacecratt LAY R i
R 1OLEO Space Statiga,. - WY g
N N R FOR \

> ‘:k—.

3 ' e S, AW, — Aerobraking Lunar
p P0G et N @ — // Feny inbound with
N B Vil ontn e 1 : v lunar produced LOy
¢ ML - § 1
\ L S R P o : \ > g
X v e : = sl S
\J” . ,; v\'\;v,,
g T e =

A

|
o
N

Ly

Outbound Lunar Ferry Q\% g
with lunar produced . ¥
LO2 to LEO s b

X —
— e -
- Lunar Ferry
with LH2 from
OTV to GEO LEO
with communications Pt
satellite using P B T R Lunar Orbit
lunar produced LO> 4 e G5 Space Station
T
o }
£l )
x" [} 3 %
\ u

descent with LH2

3D position coordinate & € R*

Find velocity control policy & := v(x,t) such that

&=—V_V ( w) [ Motive: Allow for stochastic uncertainties, e. g.,\
xz(t =1ty) ~ po (given)
x(t=1t1) ~ p1 (given)

—— gstatistical estimation errors

— statistical performance specification




Probabilistic Lambert’s Problem

feasibility problem — optimization problem

-
Lambertian OMT (L-OMT)

~

t
argint / / ( w2 = V(e )) o(x, 1) dedt
EP()1><V to "

nonlinearity
in dynamics
pushed to
Lagrangian



Probabilistic Lambert’s Problem

g R
find v
e=v(x,t)
€r = —va(w)7
z(t =1to) ~ po, (t=11)~ p1
g Y,
Generalize to l
velocity with ( L-OMT )
additive process
noise £ >0 l

" Lambertian SBP (L-SBP) dz = v(z,t) dt + V2 dw(tﬂ

t
argint / / ( w2 — )) o(x, 1) dedt
EP(HXV to "

Bt - Vs - (pv) —eAmp,
p(x,t =1to) = po(), p(iB,t = t1) = p1(x),

. J




L-SBP Solution

Thm. (informal) Existence and uniqueness of L-SBP is guaranteed

-
Gravitational Potential for LEO
2 2
5 " | Jo REart . 32 Bound.ed and
V(ZB) = —— 14 1 > negative for
‘m‘ 2 2 2
£ £ 2 S R2
‘iB’ — +VYEarth
\_

Thm. (Necessary conditions of optimality for L-SBP)

~
&‘ps 1 2
| x Ve Ay e —
e 4 Vet + ehgy. = V()
Ope
£ Vg (ngtvaﬂﬂe) — 5Awpgpt
ot
ngt(t = to, ) = PO, ngt(t = 11, ) — P1

- J




Structure of the solution

Boundary-coupled system of linear PDEs for the Schrédinger factors

r N
0p 1 R -
Btg — (EA;B 9 V(w)) 905(_ £forward‘70
Reaction-diffusion PDEs 5 -
¥
81: — = (5Am + 2_8V(w)> Pe € Ebackward()p

P.(yt =1to)p:(-,t =10) = po

S/5'5('7t — tl)%(',t — tl) = P1-
~ J

Optimally controlled joint state PDF

gpt(°7 t) — 955('7 t)Sos('a t)

Optimal control

V(1) = 26V, log . (-, t)



Algorithm

Recursion over pair (401, €A00>

/ Eforward 9/5

/ Lbackwardgo

906,1(')



L-SBP Computation via Schrodinger Factors

Recursion over pair (401, €A00>

/ Lforward 9/5

‘165,0(') 905(°7t — tl)
PO(‘)/SOs('at — tO) pl()/{ﬁs( , 1
Pe (-5t = to) ©e.1()
/LbackwardSO

C p

0p 1 ~ ~

8t8 — (8Aw + 2_8V(€B)> Pe <« ‘Cforwardgo

0 1

gpts — (8Aw T 2_€V(w)) Pe LbackwardQO
pgpt(t = o, ) — Po; pgpt(t = 11, ) = P1
~ Y,




Fredholm Integral Equation of 2nd Kind

Thm. (informal)

Solution of linear reaction-diffusion PDE IVP with state-dependent reaction rate:

0
8—? = alAzu+ q(®)u, x €R"”, u(x,t=1t)) =up(x) given

admits space-time Fredholm integral representation

w0 = ¢(471mt>” /R e"p(_ lw4_aty : )“O(y)dy

term 1

| ! z —yf’
" to +/(4ma(t —1))" /” eXp( da(t — 1) )q(y)u(y, 7) dy dr
_—

term 2




L-SBP Computation via Schrodinger Factors

Recursion over pair (401, €A00>

/ Eforward 9/5

905('7t — tO) ‘ 905,1(')
/EbackwardSO

Thm. (Fredholm Integral Representation)

_ /t t \/(47:@ — /R exp (_ = (;_‘i’f) )V(aa)@(ff;, r) di dr

0 2¢



Solution: Computation

Recursion over pair (401, €A00>

/ Lforward 9/5

Pe(,t =10) - e (")
/LbackwardSO
Idea: ‘
Left Riemann / (&, x,7,t)dEdT
Approximation R
of Second Term in kol Noo Ny N, N
Fredholm Integral >5 Lt L >5 F(&(mnj), @ to + kAL 1) AzAyAz At
Representation -

where m(m n,j) — (CIZ() + Az y» Yo + Aya 20 + AZ)



Numerical Case Study

Prescribed time horizon [to, tll = [O,l] hours

Endpoint joint PDFs @y ~ M (o, Xo) and @1 ~ N (p1,21)

where o = (5000 10000 2100)' p1 = (—14600 2500 7000)"

1 _ L o2
\and So = o0 Bas(ko) | 1 = 755 diag (ki)




Numerical Case Study

Prescribed time horizon [to, tl] = [O,l] hours

Endpoint joint PDFs xg ~ N (o, 20) and @1 ~ N (p1, )

where o = (5000 10000 2100)' p; = (—14600 2500 7000)"
1 1

Yo = —diag(pd) X; = —diag(u?
20 100 tag (1), ¥1 = 55 diag (k).
( 10000
x [km]
Optimally —33000
32000
controlled
closed loop state *'™
sample paths P
z [km]
—13000




Numerical Case Study (cont.)
4 ) )
Prescribed time horizon [to, tll = [O,l] hours

Endpoint joint PDFs @y ~ N (o, 20) and @1 ~ N (u1,31)

where o = (5000 10000 2100)' p; = (—14600 2500 7000)"

L (2 _ 1 dae(w
Land Yo = o0 Be8(ko) | B = {55 diag (i),

[

Mean position
snapshots for 50
optimally
controlled

sample paths in R’




Numerical Case Study (cont.)

s N
Prescribed time horizon [to, tll = [O,l] hours

Endpoint joint PDFs @y ~ M (o, Xo) and @1 ~ N (p1,21)

where o = (5000 10000 2100)' p1 = (—14600 2500 7000)"

and X = Ldiag(ug) 21 = Ldiag(u%).

8 100 : 100 )

-
Univariate marginals for optimally controlled joint PDFs

0.5

0.4

0.2

0.1
24700

0.0
Z [km)]

0.25
t [ha] 0.00 —4700 t [hr] 025 0.00 —4700




SBP with Quadratic State Cost

I Q —
6 -
4
2 4
xopt | A
,",w;l‘: 7 N7
i "\ Y
'::V&)#‘%V*‘i‘» SV
Wt

. e\

—2 SNV
—4 A
—0 1
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SBP with Quadratic State Cost

4 )
t
arg inf / / ( v|* + azTQm) p(x,t) de dt
( EP(HXV ik
Op
I r ° — A:B ]
5 T Ve (pV) p
x(t =tg) ~ po (given), x(t = t1) ~ p1 (given)
- _J

1
where Q ~ () =—> EQ — VTAV

-
Hopf-Cole + additional change of variable

y:=Vax
(y, t):=p(x=V y, t)




SBP with Quadratic State Cost

-
Hopf-Cole + additional change of variable

y:=Vax
0(y, t):==p(x=V y, t)

-

New PDE
),
5 (Ay — yTAy)V
n 82
— )\kyi) 2
k=1 ( 83/%
where
Do(y) = 0(y,0) = @(x =V 'y,0)




SBP with Quadratic State Cost

via Separation-of-Variables

AN S 2T
T A Y S TS
A gl | ATV > L N bl
A A KON
7 ™ R 3 N X v

L LA
R SO, PRl
b PR el N

0.00 0.25 0.50 0.75 1.00



Separation-of-variables approach

.
oD

o =

(Ay — yTAy)’?

a_
a
d?Y;
dy?
d?Y,

(A




Separation-of-variables approach

Solutions to PDE
d’Y
dy2

(A2 +¢c)Y =0

are of the form

with degree

n — c Ng, a e R




Result for QQ > 0

-
Schrodinger factor in transformed coordinates

O O
U(y, t) :/ / ki (to,y,t,2) Dg(2) dzy...dz,
—00 —00
for

(det(My, )Y+ x exp(_ LiyT 2T)My, (y))

Z

Ky (th y,t, Z) —

(2m)"/2/ det(sinh(2(t — to)VA))

where

/A coth (2(t — tg)\/K) —+/A csch (2(t — t())\/K)
_—\/X csch (2(t — to)\/K) v A coth (Z(t — to)\/X) |




Result for Q >~ O

-
Schrodinger factor in transformed coordinates

U(y, t) :/ / ki (to,y,t,2) Do(2)dzy...dz,

where

K (t07 Y, t? Z) —hR4+ (to, y[ilzin—p]’ t’ z[ilzin—P])

X K (t07 y[in_p+1:in] y t’ z[in—p—l—lzin])

-

-
Recover Schrodinger factor in original coordinates:

vy =Ve, t) = p(x, )




Numerical
simulation

o |

% \

@ |5z

- = (Ae —z Qx)p|

kat UEE
.

-
Initial condition

Po(x) =1

|

10.9670 0.7600
0.7600 10.7148

o |

|

0.6956 1.2016
1.2016 2.0755

o |




Numerical

simulation
( )
0p T |7z
o~ (Ae—= Q)7
\_ J 32z
a2 )

Initial condition

()/50(‘13) ~ N(Oa I)

o\—|
()
=S
L 3
==
F(CD




scaled Himmelblau function

Numerical |
° o A f(a:17 wz)
simulation Po(x) o exp

9 _
ot

-
Initial condition

Non-Gaussian {5 0 (:13)
- J

|
(Aw — a:TQa:)g’o?
_J
<

0.4220 0.5387
0.5387 1.1186

-y

|

10.9670  0.7600
0.7600 10.7148

o |

|

0.6956 1.2016
1.2016 2.0755

o |



SBP with Quadratic State Cost
Weyl Calculus Approach

AN S 2T
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A gl | ATV > L N bl
A A KON
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PDE to Weyl Operator

Define

X = (X1

Observe that

(

Operators

Xy =z Vk € |n]

\_

1 0O
D, = i 6‘wk Vk & [n]
y
Xn) ] D .= (D1

D? := (D, D) = (—4)*(Va - Va)




PDE to Weyl Operator

(" )

8 AN _ AN
— o =—L} —> @ =exp (—(t —t)L)P,
\8t y
Classical SBP SBP with Quadratic State Cost
( ) é 8A )
0 ~ -~ v 5 T
935 _ = A, U — A
-0 = A, > s — (y Ay)D
\_ J
n 82
= My, | P
k=1 ( 8?/2 k)
§ l J
- N s
Hyeat (X, D) : Hp(X, D) = exp (—(t — t0)Qa(X, D))
= exp(—(t — to)|D[*)
_ y where
QA(X,D) = [D* +) \.X;
k=1




Weyl Operator to Weyl Symbol

1.) Rewrite H(X, D) with

-
Commutation Relation

[Xk,Dk] = XDy — D X =1, k€ [n]
.
2) Let H(X, D) = Rz, )
3.) Calculate the Weyl symbol
i 1
h(w,€) = — | R(@€)exp (2(@ — z,€ - £))da dE,
T RZn




Weyl Operator to Weyl Symbol

Classical SBP SBP with Quadratic State Cost
r N | (0
Hheat(X7 D) HA(X7 D) — €Xp (_(t _tO)QA(X7 D))
= exp(—(t — ty)| D]’
% Xp( ( O)| | ) y where

QA(X,D) == [D* +) \.X;
k=1

hheat(maﬁ)
= exp(—(t — to)[€[°) 277




Product Rule of Weyl Calculus

1.) Weyl operator must satisfy PDE:

0,
EHA(X’ D) = —QA(X,D)H\ (X, D)
2.) Using
(Product Rule
da/N\dp 1
C(X,D) = A(X,D)B(X,D)—»c(x,£) = ) (e, 8}i(=,¢)
j=0 <~

\_

J

rewrite RHS in terms of Weyl symbols

3.) Use
( )
Generalized Poisson Bracket |
1\’ [ o2 o2 d
. J

get a solvable system of PDEs



Weyl Operator to Weyl Symbol

Classical SBP

~

\_

Hheat (X7 -D)

= exp(—(t — to)| D|?)

Y,

hheat(wa ﬁ)

= exp(—(t — to) |€]%)

J

SBP with Quadratic State Cost

( )
HA(X7 D) — €Xp (_(t — tO)QA(X7 D))
where
QA(X,D) == [D* +) \.X;
- e y
-

n 1
ha(x,§) = <k1_11 cosh(\/)\—k(t - tO)) )

n )\kmi—l—ﬁz
x exp| — tanh ( v/ \g(t — ¢t
e p( kz:; % an ( k( 0))

)




Weyl Symbol to Kernel

~

\_

K’(tO) L, ta y) — (

1 / T+ vy
h
27.‘.)7?, R"™ 2

| 5) Jm-8) g

~

J

Classical SBP

~

\_

hheat(wa 6)

= exp(—(t

to)|€]%)

J

~

Kheat (t07 L, ta y)

1

(47 (t — t))™? P (




Weyl Symbol to Kernel

SBP with Quadratic State Cost

~

n

2

k=1

X exp (

n 1
ha(z,§) = (l!_ll cOSh(\/Tk(t — tO))

&, tanh(\/)\—k(t - to))

|

)

xexp(
xexp(
\

V/2msinh (234t — t))
Vg

n

cosh (2v/Ax(t — tg))

|

(z7 + v3)

2

2 sinh

(2v Xk (t — t0)) )

k=1
n 1
,; VA ( sinh (2v/Ax(t — t9))

)




Numerical simulations

Optimally
controlled sample
paths for 1D
Schrodinger bridge
with quadratic state
cost where Q = 2

-

A «




Additional avenues of research

> Kernel for Keplerian SBP

> Kernel for LQ SBP

1
k = c(t,ty) exp (—Edistfto(% y))



Thank You



