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Lambert’s Problem 

Find velocity control policy such that

3D position coordinate 



Probabilistic Lambert’s Problem 



Probabilistic Lambert’s Problem 

Find velocity control policy such that

3D position coordinate 



Optimal Mass Transport (OMT)
Static formulation by Gaspard Monge in 1781:
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Optimal Mass Transport (OMT)
Static formulation by Gaspard Monge in 1781:

Static reformulation by Kantorovich-Rubinstein in 1941:

Dynamic reformulation by Benamou-Brenier in 1999:



Connection with Optimal Control Problem (OCP)

Lambert Problem  Deterministic OCP⇔

Reformulate Lambert’s problem as deterministic OCP 
[Bando and Yamakawa, AIAA JGCD, 2010]

⇕



Our Contributions

Probabilistic Lambert Problem  Generalized OMT⇔

Potential as state cost (  is OMT)V = 0

⇕



Optimal Density Steering Problem

Liouville PDE

⇕



Dynamic Stochastic Regularization

Small regularization > 0

Liouville PDE

Fokker-Planck-Kolmogorov PDE

⇝

Generalized stochastic OMT a.k.a. generalized Schrödinger bridge problem

(Problem 1)

(Problem 2)



Solution: Properties

Thm. (Solution consistency) 

⏟ ⏟Solution of Problem 2 Solution of Problem 1

Thm. (Necessary conditions of optimality for Problem 2) 

HJB PDE

Optimal control

Value function



Solution: Computation
Thm. (Hopf-Cole a.k.a. Fleming’s log transform) 

Change of variable

results in a boundary-coupled system of forward-backward reaction-diffusion PDEs

Optimally controlled joint state PDF:

Optimal control:

Schrödinger factors



Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Solution: Computation (contd.)
IDEA: Fixed point recursion over pair (φ1, φ̂0)

Thm. (Existence-uniqueness-convergence) Proof by contraction mapping

Thm.
(Fredholm Integral
Representation) 

Likewise for 



Numerical Case Study

Using left (for forward) or right (for backward) endpoint integral approximation 
for the Schrödinger factor IVP solutions

Prescribed time horizon [t0, t1] ≡ [0,1]

Potential  gravitational constant V (r) = −
μ

∥r∥2
= −

μ

x2 + y2 + z2
, μ > 0

Endpoint joint PDFs



Numerical Case Study (contd.)
Recursions over pair (φ1, φ̂0)

Iteration



Numerical Case Study (contd.)

t = 0.01

t = 0.49

t = 1.00

Slices of optimally controlled joint PDFs



Thank You


