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Why This Document

® Sadly, crimes against complex numbers are common among undergraduates in
courses such as signals and systems, control

® Takeaway message: check before you write
® Inspired by Crimes Against Matrices by Prof. Boyd

https://ee263.stanford.edu/notes/matrix_crimes.pdf
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Arithmetic Crimes: Cartesian

Consider two complex numbers z; = aq + jbi, 20 = as + jbs where j := /=1

Addition /subtraction: CORRECT: 21 & 29 = (a1 £ a2) + j(b1 & b9)
Multiplication/division: WRONG: 2122 = (a1a2) + j(bib2), z1/22 = (a1/az2) + j(b1/b2)
Multiplication: CORRECT: z129 = (a1 + jb1)(az + jb2) = (araz — biba) + j(a1bs + azby)

Division: CORRECT: ] )
a1+ jbi (a1 +jb1)(az — jb2)  araz +biby  azbi —aiby

a2 +jb2 - (CLQ +jb2)(a2 — jbg) N a% + b% J CL% + b%

21/720 =
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Arithmetic Crimes: Cartesian Examples

Let 21 =243, 22 =1—73

CORRECT: 21 + 290 = 3+ 52

CORRECT: 21 — 29 =1+ 54

CORRECT: 2120 =(2+43)(1 —5)=2-14+2-(—j) + (43) - 14+ (43) - (—j) =5+

CORRECT:

2473 (2443145 2-142-j4+(33)-1+(43)-J 1 5
21/22: — = - — = :_,_1_],
1—j (1 =) (147) 1+1 2 72
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Arithmetic Crimes: Polar Addition/Subtraction

Consider two complex numbers z; = r1e99 ) 2o = r9ei?2 where ji=+/—1
Equivalent magnitude-phase notation: |z1| =11, |22| =12, L21 = 61, Lzo = b,
Addition/subtraction: WRONG: z; £+ z5 = (r; £ rg)ej(eli%)

Equivalently WRONG: |21 £ 29| =71 179, £(21 £ 22) = 01 £ 05

Addition/subtraction: CORRECT:
|21 £ 29| = \/(1"1 cos 01 + 15 cos 63)? + (rysinfy + rosin h)?

in 6y + rosin b
Z(z1 £ z9) = atan2 T SImBL = 72 ST

, see https://en.wikipedia.org/wiki/Atan2
r1cos 1 £ ro cos Oy
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Arithmetic Crimes: Polar Multiplication/Division

Consider two complex numbers z; = €71, 29 = r9e7%2 where j := v/—1
Multiplication magnitude: CORRECT: |z122| = r17o

Multiplication phase: WRONG: Zz1z9 = 6165, CORRECT: Zz129 = 01 + 05
Division magnitude: CORRECT: |21 /22| = r1/r2

Division phase: WRONG: Z(z1/z2) = 61/602, CORRECT: Z£(z1/22) = 61 — 02
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Arithmetic Crimes: Polar Examples

o Let 2y = 16/™/6, 5o = 2¢97/3

CORRECT:
\zli22|:\/(608%12003%)24—(sin%iQsin?)) —%\/(\fiQ) + (1 £2/3)2

sinZ 4+ 2sin % 1+2v3
CORRECT: (21 + z9) = atan2—2———3 = atan2 V3
cos g £ 2cos 3 V342

CORRECT: |z122| = 2, |21/22| =1/2

WRONG: Zz12z9 = 7/18, CORRECT: Lz129 = /2

WRONG: Z(z1/22) = 1/2, CORRECT: Z(z1/22) = —7/6 or 117/6

7/12



Miscellaneous Polar Crimes

Z(a+ jb) = atan2(b/a), notice atan2 NOT atan, arctan, tan~! (last three are the same)
CORRECT: 4(1+j) = atan2(1/1) = n/4, £(—1 — j) = atan2(—1/ — 1) = =37 /4

WRONG: Z(1 + j) = arctan(1/1) = arctan(—1/ — 1) = £(—-1 —j) =7 /4

Polar equality: WRONG: r1e7%1 = r9e7% implies r1 = r5 and 6, = 65
Polar equality: WRONG: r1e/% = ryei% implies 71 = 75 and 61 = 6y + 2kw for k € N

Polar equality: CORRECT: 7€/ = ryei?2 implies 7 = o and 01 = 6 + 2kw for k € Z
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Power and Root Crimes

de Moivre's Theorem: for positive integer n and complex z = re?? = 1 (cos# + jsin 6)
2" = (7’63 ) =r"ed" = r" (cosnb + jsinnf)

For positive integer n and complex z = rel? = r (cos 4 j sin @), there are n complex nth
roots of z, given by

x 0+ 2rk 0 + 27k
Zk:Tl/ne‘)ﬁf’“:7,1/n<cos+7r_|_jsjn+7r)7 k=0,1,...,n—1
n

n

WRONG: For z complex, |e?| = el*!

CORRECT: For z complex, |e?| = % < el?l (exp is increasing on real line and Rz < |z)
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Power and Root Crimes

Square root is not distributive if the domain is not nonnegative

WRONG: 1 =1 =/(-1)2=+/—1-y/—1=j-j=42=—1 (incorrect third equality)

Power is not associative if the base is complex, i.e., (z“)b #* 29 for complex z, real a,b

[NIES

WRONG: —j = (—j)! = (—j)*7 = ((=j)?)2 = (~1)? = j (incorrect third equality)

Power is not associative if any of the exponents is complex, i.e., (a:a)b # 2% for real z,
and either of a,b complex

1
WRONG: 1 = /1 = (€/?")? = /™ = cosm + jsinm = —1 (incorrect third equality)
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Inequality Crimes

Unlike the set of real numbers, the set of complex numbers is not ordered, i.e., we cannot
write inequalities between two complex numbers

WRONG: Since 2 > 1 and 4 > 3, therefore 2 + j4 > 1+ ;53

WRONG: j2 > j

WRONG: j > —j
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Conjugate Crimes

Changing the signs of both real and imaginary parts: WRONG: 3 — j4 = —3 + j4,
CORRECT: 3 —j4=3+j4

WRONG: 2 =2 + j0 = —2, CORRECT: 2 + 50 = 2

Forgetting j2 = —1 when clearing denominator with complex conjugate:
1 1— 352 1—352 1 2
WRONG: _— J: o TJE o s
1+j52 (14+452)(1—352) 12-—22 3 3
1 1— 352 1—752 1 2
CORRECT: J e e

1+52 (1+2)1—-352) 12422 5 75
Mixing up rational and complex conjugates: WRONG: v2 + j = —v/2 — j
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