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There is an intriguing similarity between the well-known Chow-Liu tree derived in Chow & Liu (1968), and
the minimum spanning tree (MST) solving the optimal multimarginal Schrodinger bridge problem (MSBP)
derived in Bondar & Halder (2025). For details, see Bondar & Halder (2025, Sec. III-B, Remark 1).

In both cases, the solution is an algorithm where a complete (undirected) weighted graph is constructed on
say s > 3 vertices. The vertices are given probability measures, or in the discrete case, probability vectors
o where the vertex index o € {1,2,...,s}. The vertices have no self-loops.

For the Chow-Liu tree, the weights are the mutual information I,, », for all vertex indices o1 # o2. The
Chow-Liu tree in Chow & Liu (1968) is the mazimum weight spanning tree for this complete weighted graph.

For Bondar & Halder (2025), the weights are

Jor0, = SBy (Hoys toy) + H(pioy) + H(pio,),

where SB), (fto,, lbo,) denotes the optimal value of the bimarginal SBP between po,, lto,, i.€., the entropy-
regularized optimal transport cost with regularization parameter n > 0. The H(p) := (p,logp) denotes
the Shannon entropy for the probability vector p. In Bondar & Halder (2025), the optimal MSBP graph
structure is shown to be the minimum weight spanning tree for this complete weighted graph.

Despite their structural similarities, the corresponding objectives and their MSTs seem to have no simple
relations even though one can be written in terms of the other. Let us elaborate.

Recall that the mutual information
10102 = DxL (Mgf)ctrg ” Boy @ :LI‘UZ) (1)
= H(po,) + H(pio,) — H (MP7)) . (2)

The first equality is in terms of the KL divergence Dkj, while the latter is in terms of entropy H (Cover &
Thomas, 1991, eq. (2.41)).

Letting Ky, o, := exp(—Cs,4,/1), the pairwise cost in Bondar & Halder (2025) can be re-written as

Joros = SBy (Hoys o) + H (o) + H (o)
= DkL (Mgfg'z H KUlffz (MU1 ®M02)) + H(H«n) + H(Mtw)

= DxkL (Mgf);g H K0102 (/”'01 ®M02)) + 10102 +H (Mgf);2) (3)
= DxkL (M:;Rtfg H Ky 0, (th by :utfz)) + DkL (M;?;'g H Hoy @ :LLU'Q) +H (Mg%g) s (4)

wherein (3) follows from (2), while (4) follows from (1). From the above equalities, it is unclear how the
MST with edge-cost 1,5, can be related to that with edge-cost gy, o,-



A different way to relate I, 5, and g,, o, is via Peyré et al. (2019, Remark 4.2), which (up to scaling) unwinds
the term Ky, o, := exp(—Cy,4,/n). This gives

9oi00 = <00162»M§?;2> + 010, + H(pto,) + H(pho,)- (5)

Again it is unclear from here, how the corresponding MSTs could be related.

Being unable to mathematically relate them, a numerical experiment in Bondar & Halder (2025, Sec. IV-A)
computed both the Chow-Liu tree and the optimal tree for the MSBP, for the same problem data. This
experiment found these two trees to be different. Could it be the case that one tree is a transformation of
the other? The answer is unknown to the authors.
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