Aero 320: Numerical Methods

Homework 3

Due: October 7, 2013

NOTE: All problems, except the last, are to be done by hand (with the help of a calculator) but you need to
show all the steps. Turn in a hard copy of your HW stapled with this as cover sheet with your name written in
the above field. Submit your HW by Monday midnight at Room 201, Reed McDonald Building. Late submissions

or failure to submit in the required format will receive no credit.

Problem 1

Basics on matrix algebra (3 x 7 =21 points)

Find whether the following statements are true or false. If you think a statement is true, then

prove that statement. If false, then provide a counterexample.
(a) Any matrix can be written as the sum of a symmetric and a skew-symmetric matrix.

(b) Let the square matrices M and N are of same size. If det (M) = 0, and det (N) = 0, then
det (M + N) =0.

(c) Given square matrices X and Y of same size, tr (XY — Y X) need not be zero.

1 0 01
(d) Let A= ,and B = . A and B have same eigenvalues.
0 -1 10

(e) Consider the matrices in part (d). Eigenvalues of AB are the product of eigenvalues of A and

eigenvalues of B. Eigenvalues of A + B are the sum of eigenvalues of A and eigenvalues of B.

(f) Determinant of any orthogonal matrix is +1.



01 2 0 0O
(g)Let A=10 0 1| . Then A*Bis |1 1 1

000 2 2 2

Problem 2

Uniqueness of the solution for a system of linear equations (3x3 =9 points)

Show that the following system of equations:

T + 429 + T3 = 6,
211 - To + 2003 = 3,
oxy + 329 + T3 = 9,
has (a) unique solution if & = 0, (b) no solution when o« = —1, and (c) infinitely many solutions

when a = 1.

Problem 3
Gauss elimination for an ill-conditioned system (5+ 5+ 5 =15 points)
Consider a system of linear equations that is “ill-conditioned”, meaning it may be difficult to

obtain the numerical solution accurately (see Section 2.4 in textbook). One such system, written

in augmented matrix form, is

3 2 41 9
8§ —6 —8|—6
-1 2 3] 4

(a) By doing Gauss elimination using ezact arithmetic (use fractions throughout), show that the

exact solution is x = {1, 1, 1}'.

(b) Now compute the solution using Gauss elimination with only 3 significant digits in each
operation. How does your answer compare with part (a)?

(c¢) Compute the solution to the system by changing the coefficient in row 1, column 1 position
to 3.1 instead of 3. Use your calculator’s full precision. How does this answer compare to the

previous solutions in part (a) and (b)?



Problem 4

Gauss elimination algorithm: standard versus partial pivoting (54+2+3+5=
15 points)
Let
1 2 3 1
A=14 56, ©b=13
78 9 5

(a) Show that the system of linear equations Ax = b has infinitely many solutions.
(b) Describe the set of all possible solutions.

(c) Use Gauss elimination to solve Ax = b using ezact arithmetic. Because there are infinitely
many solutions, it is unreasonable to expect one particular solution to be computed. What does

happen?

(d) Repeat part (c) with partial pivoting. What are your conclusions?

Problem 5

Forces along the links of a truss (10 + 30 = 40 points)

The following is a schematic of a mechanical structure (such as a bridge), modeled by the truss

as follows.
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Figure 1: Schematic of the truss structure.



As shown in the diagram, the truss has 10 joints, numbered in circles. It has 17 rigid links, also
numbered in the diagram along the line segments. Given the loads F}, Fy, F5, Fy, our objective
is to compute the forces fi, fo, ..., fir along the rigid links of the structure.

To do this, let us introduce o = sin (45°) = cos (45°). Now, for each joint, we write the force

balance equations in horizontal and vertical directions:

—ofi + fat+afs =0,

Joint 2
—afi + fs+afs =0,
.
—fo+ fo =0,
Joint 3 fot Js
\_f3 + Fl - 0)
—fu+ fo =0,
Joint 4 JatJs
\f7 :OJ
. —afs — fe +afe+ fio =0,
Joint 5
—afs — fr+afy+ Fy =0,
, —fs—afy+ fiat+afis =0,
Joint 6
—afo+ fii+afis =0,
—f10+ =0,
Joint 7 Sro ¥ fua
—fu+F;=0,
—fia+afie =0,
Joint 8 frz fis
fis —afie =0,
—afiz — fia + fir =0,
Joint 9 fiz — fia + fir

—afiz — fis + F1 = 0,

Joint 10 {_af16 — f1-=0.



(a) Write the above system in the matrix equation form Az = b, where & = {f1, fo, ..., fir} .

(b) Write a computer code to solve for = using Gauss elimination, when the external loads are
(i) Fy =10, F, = 15, F3 = 0, Fy = 10; and (ii) F}, = 10, F, = 0, F3 = 20, Fy, = 0. Compare the

results obtained with and without partial pivoting.



