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Motivation

Controller 1

Controller 2

CPS Control

Plant

?

c :=

(
ccyber
cphys

)

⇓
Given c , ξ(τ) ∼ µτ

c-dependent
stochastic model
of resource usage

This model must be learned from data! (µτ1 , µτ2 , . . . , µτs )
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The Classical (Bimarginal) Schrödinger Bridge Problem

Problem (Discrete SBP)

Let µ1,µ2 ∈ ∆n−1 ⊂ Rn and C ∈ Rn×n
≥0 .

min
M∈Rn×n

≥0

⟨C + ε logM,M⟩ subject to projσ (M) = µσ ∀σ ∈ {1, 2}

Darker path → higher
entropy

Most likely
distributional path
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The Discrete Multimarginal Schrödinger Bridge Problem

Problem (MSBP)

Let s ∈ N≥2, µi∈JsK ∈ ∆n−1 ⊂ Rn, and C ∈ (R)⊗s
≥0.

min
M∈(Rn)⊗s

≥0

⟨C + ε logM ,M⟩

subject to projσ (M) = µσ ∀σ ∈ JsK

Mopt most likely distributional path

Strictly convex program in ns

decision variables

Not computationally tractable!
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Numerical Solution of the MSBP

The Sinkhorn Iterative Scheme

1 Define K := exp(−C/ε) ∈ (Rn)⊗s
>0 and initialize uσ := exp(λσ/ε).

2 Perform the Sinkhorn iterations until (linear) convergence:

uσ ← uσ ⊗ µσ ⊘ projσ(K ⊙U) ∀σ ∈ JsK

3 Mopt = K ⊙U , where U := ⊗s
σ=1uσ ∈ (Rn)⊗s

>0.

[
projσ (M)j

]
=

∑
i1,...,iσ−1,iσ+1,...,is

Mi1,...,iσ−1,j ,iσ+1,...,is

↓

O(ns) – exponential complexity in s!
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Numerical Solution of the Path-Structured MSBP

. . . . . .

Main Idea

Exploit structure of K = exp(−C/ε) to efficiently compute projσ(K ⊙U)

Path-structured cost: [Ci1,...,is ] =
∑s−1

σ=1

[
Cσ→σ+1
iσ ,iσ+1

]

projσ(K ⊙U)=

u⊤1K
1→2

σ−1∏
j=2

diag(uj)K
j→j+1

⊤

⊙ uσ⊙ s−1∏
j=σ+1

K j−1→jdiag(uj)

K s−1→sus

 ∀σ ∈ JsK

O
(
(s − 1)n2

)
Linear in s!
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The MSBP for Software Resource Usage Prediction

Solve path-structured MSBP (Mopt)

Fix a context c :=
(
ccyber cphys

)⊤
.

Profiling: n times, s snapshots at τ1 ≡ 0 < τ2 < · · · < τs−1 < τs = t

ξi∈JnK(τσ), scattered data at τσ

⇓

µσ :=
1

n

n∑
i=1

δ(ξ − ξi (τσ)), marginals

⇓

µ̂τ :=
n∑

i=1

n∑
j=1

[
Mσ→σ+1

i ,j

]
δ(ξ − ξ̂(τ, ξi (τσ), ξ

j(τσ+1))), prediction

. . . .
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Case Study: A KBM Path-tracking NMPC

ccyber =
(

alloc. last-level cache
alloc. memory bandwidth

)
, cphys = ydes(x) ∈ GP ([xmin, xmax])

ξ :=

ξ1
ξ2
ξ3

 =

instructions retired
LLC requests
LLC misses



Plant: Kinematic bicycle model

Controller: Nonlinear MPC
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Case Study (Profiling)

n = 500 , ccyber =
[
15 15

]⊤
, cphys = y1des(x)

30MB LLC, memory bandwidth

Each profile nc = 5 control cycles

Cycle No. Mean Std. Dev.

#1 0.1181 0.0076

#2 0.2336 0.0106

#3 0.3495 0.0127

#4 0.4660 0.0143

#5 0.5775 0.0159
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Case Study (Profiling)

Sampling period = 5ms

Hardware-level stochasticty, fixed context c
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Case Study (Solving MSBP)

Num. marginals: s := 1 + nc(sint + 1) ; Euclidean Cσ→σ+1 ∀σ ∈ Js − 1K

[Ci1,...,is ] =
∑s−1

σ=1

[
Cσ→σ+1
iσ ,iσ+1

]
Rapid linear convergence of
Sinkhorn iterations

E.g. sint = 4⇒ ns = 50026;
convergence in ≈ 10s in
MATLAB

Hilbert (proj.) metric dH (u, v) = log

(
maxi=1,...,n ui/vi
mini=1,...,n ui/vi

)
, u, v ∈ Rn

>0
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Case Study (Results)

sint ∈ {0, 1, 2, 3, 4} ; sint + 1 interpolations/control cycle

sint W1 W2 W3 W4 W5

0 2.0489 - - - -

1 2.2695 1.1750 - - -

2 5.7717 0.9163 0.3794 - -

3 2.2413 1.6432 1.2345 0.6010 -

4 0.6372 1.2691 0.9176 0.6689 0.2111

Table: Number of intracycle marginals sint vs. Wasserstein distances
Wj := W (µ̂τ̂j , µτ̂j ), where j ∈ Jsint + 1K. All entries are scaled up by 104.

↑ sint =⇒ ↓ E[Wj ]
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Case Study (Results)

Figure: Predicted µ̂τ̂j vs. measured µτ̂j at times τ̂j∈J5K during the 3rd control
cycle with sint = 4. Distributions at the control cycle boundaries are in black.
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Ongoing Work

Extension to multi-core software ⇒ more complex graph structure of C :

Preprint: arXiv:2405.12463

Dynamic scheduling using the learned model for prediction (joint with
UPenn)
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Thank You
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