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Figure 3. Relevant test and flight experience of supersonic
Disk-Gap-Band parachutes in the region of MSL parachute
deployment (shaded region).

algorithm. To minimize the parachute deploy footprint, the
parachute was to be deployed on a command from the en-
try guidance when the estimated range-to-go to the target
was minimized [7]. As an additional safety measure, the
Smart Chute algorithm also included navigated velocity lim-
its. These limits were used in order to protect the parachute
against either excessively high dynamic pressures or exces-
sively low deployment altitudes [2]. Above the high veloc-
ity set-point, parachute deploy was inhibited. Below the low
velocity limit, parachute deploy was triggered, regardless of
range-to-go.

Eventually, the Smart Chute range trigger was dropped from
the MSL baseline in-favor of a velocity trigger. The rationale
for this decision was to maximize the altitude performance
of the system, which was being strained at that time by rapid
mass growth of the rover and a very challenging altitude re-
quirement for demonstrating the capability to land as high as
+2.0 km above the MOLA reference areoid. It was argued
at the time, that due the monotonically decreasing altitude
and velocity just prior to parachute deploy, the upper velocity
limit of the Smart Chute represented the earliest, and there-
fore highest, deployment condition that was considered safe.
Replacing the Smart Chute trigger with a pure velocity trig-
ger, operated at the same set-point as the upper velocity limit,
would maximize the parachute deploy altitude, while main-
taining the same level of risk to the parachute.

Study Motivation

As stated, the switch from a range trigger to a velocity trigger
had been argued for the maximization of parachute deploy
altitude. Though the project would eventually receive some
relief from the +2.0 km altitude requirement, a premium on
altitude performance existed for quite some time. Concur-
rently, however, the project had initiated a series of Landing
Site Workshops, open to the scientific community, for the pur-

Table 1. MSL Candidate Landing Sites

Site Lat. Lon. Elevation
Name (deg) (deg) (km)

Mawrth Valis 24.01oN 341.03oE -2.25
Gale Crater 4.49oS 137.42oE -4.45

Eberswalde Crater 23.86oS 326.73oE -1.45
Holden Crater 26.37oS 325.10oE -1.94

pose of proposing and selecting possible landing sites. While
many sites were initially proposed at the first of these work-
shops, the outcome of the 4th Landing Site Workshop in 2008
was a list of four candidate sites, listed in Table 1. Of the
four final sites, Eberswalde Crater has the highest elevation
at -1.45 km MOLA, which is significantly below the altitude
capability of the system (estimated to be somewhere around
0 km MOLA). These lower site altitudes have improved EDL
timeline margins significantly compared to the time when the
parachute deploy trigger was changed. In light of this reduced
premium on altitude, this study sought to re-evaluate the mer-
its of a range trigger relative to the baseline velocity trigger.

2. MONTE CARLO RESULTS

A side-by-side comparison of a range trigger and velocity
trigger was conducted for MSL. The purpose of this com-
parison was to evaluate the relative performance of the range
trigger relative to the baseline velocity trigger. A single hy-
brid velocity-range trigger was developed that is capable of
emulating either velocity or range triggers by appropriate
choice of parameters. This trigger works by specifying a lin-
ear switching curve in velocity-range space. The algorithm
triggers parachute deploy when the velocity drops below the
switching curve for the given range to target. A horizontal
switching curve, therefore, produces a pure velocity trigger,
while a vertical switching curve, on the other hand, produces
a pure range trigger.

For each trigger a 6-DoF Monte Carlo analysis was per-
formed using the 08-GAL-06 MSL POST2 end-to-end EDL
performance simulation. The two triggers were each indepen-
dently tuned to produce the same nominal parachute deploy at
Mach 2.0, as was the standard project procedure for running
Monte Carlos. It was expected that the results would show
a smaller parachute deploy footprint for the range trigger at
the expense of reduced altitude performance and increased
deploy Mach number.

Figure 4 shows the expected reduction in the 99.5%-tile foot-
print ellipse. In this case, the ellipse was reduced from 16.7
by 7.5 km for the velocity trigger to 7.7 by 4.1 km for the
range trigger, a 75% reduction in area. However, the expected
altitude loss and Mach increase were not observed.

Table 2 contains a summary of Monte Carlo results for the
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Figure 2. Mars Science Laboratory DGB parachute under-
going full-scale wind-tunnel testing.

deliver such a large and capable rover safely to a scientifi-
cally compelling site, which is rich in minerals likely to trap
and preserve biomarkers, presents a myriad of engineering
challenges. Not only is the payload mass significantly larger
than all previous Mars missions, the delivery accuracy and
terrain requirements are also more stringent. In August of
2012, MSL will enter the Martian atmosphere with the largest
aeroshell ever flown to Mars, fly the first guided lifting entry
at Mars, generate a higher hypersonic lift-to-drag ratio than
any previous Mars mission, and decelerate behind the largest
supersonic parachute ever deployed at Mars. The MSL EDL
system will also, for the first time ever, softly land Curiosity

directly on her wheels, ready to explore the planet’s surface.

Parachute Decelerators for Mars

Since the first Viking landing in 1976, the super-sonic deploy-
ment of a parachute has been a critical event in all Mars EDL
systems. This is because at Mars, due to the planet’s thin
atmosphere, only entry systems with ballistic coefficients be-
low about 50 kg/m2 have the ability to deliver payloads to
subsonic terminal velocities [1]. For MSL, a blunt aeroshell,
with a ballistic coefficient of approximately 140 kg/m2, is
first used to slow the vehicle from hypersonic entry veloci-
ties as high as 6 km/s down to low super-sonic speeds, near
400 m/s. At that point, the 21.5 m diameter Disk-Gap-Band
Parachute Decelerator System (PDS), shown in Figure 2, is
then used to reduce the ballistic coefficient to approximately
15 kg/m2. The parachute continues slowing the vehicle be-
low Mach 1 to a sub-sonic terminal velocity of approximately
100 m/s.

Because of the importance of the parachute deployment
event, parachute failure is a key risk considered in Mars EDL
system design. Higher Mach numbers and dynamic pres-
sure during parachute inflation put the parachute at a higher
risk of failure due to three factors: (1) higher dynamic pres-
sures result in higher structural loads on the parachute; (2)

higher Mach numbers result in increased aerothermal heating
of parachute structure, which can reduce material strength;
and (3) at Mach numbers above Mach 1.5, DGB parachutes
exhibit an instability, known as areal oscillations, which re-
sult in multiple partial collapses and violent re-inflations.
The chief concern with high Mach number deployments, for
parachute deployments in regions where the heating is not a
driving factor, is therefore, the increased exposure to areal
oscillations.

The Viking parachute system was qualified to deploy between
Mach 1.4 and 2.1, and a dynamic pressure between 250 and
700 Pa [1]. However, Mach 2.1 is not a hard limit for suc-
cessfully operating DBG parachutes at Mars and there is very
little flight test data above Mach 2.1 with which to quantify
the amount of increased EDL system risk. Figure 3 shows
the relevant flight tests and flight experience in the region of
the planned MSL parachute deploy. While parachute experts
agree that higher Mach numbers result in a higher probabil-
ity of failure, they have different opinions on where the limit
should be placed. For example, Gillis [5] has proposed an up-
per bound of Mach 2 for parachute aerodynamic decelerators
at Mars. However, Cruz [3] places the upper Mach number
range somewhere between two and three.

This presents a challenge for EDL system designers, who
must then weigh the system performance gains and risks as-
sociated with deploying the parachute earlier, at both higher
altitudes and Mach numbers, against a very real, but not well
quantified, probability of parachute failure. It is clear that
deploying a DGB at Mach 2.5 or 3.0 represents a significant
increase in risk over an inflation at Mach 2.0. However, it is
not clear how much additional risk is encumbered by deploy-
ing the parachute at 2.25 instead of 2.05. This is especially
true for Mars EDL in light of the extremely large uncertainties
in the flight environment, especially atmospheric density and
winds, that result in very large uncertainties in Mach number.

Parachute Deployment Algorithms

Previous missions have utilized various methods for trigger-
ing parachute deployment. Though the parachute qualifica-
tion has been stated in terms of Mach number and dynamic
pressure, no previous mission has had the ability to directly
measure either of these quantities. Therefore, all missions
have had to rely on proxy measurements of other states in or-
der to infer whether or not conditions were safe for deploying
the parachute. Viking used a radar altimeter measurement to
trigger this critical event [6]. Mars Pathfinder [8] and MER

[4] both used triggers based on sensed-acceleration measure-
ments, provided by the on-board Inertial Measurement Unit
(IMU), to proxy dynamic pressure, though their algorithms
differed. Mars Phoenix Lander, on the other hand, used a
navigated velocity trigger to proxy Mach number.

When originally proposed, MSL (known then as Mars Smart

Lander) featured a range trigger as part of the Apollo-heritage
entry guidance system, often referred to as the Smart Chute
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Figure 3. Relevant test and flight experience of supersonic
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algorithm. To minimize the parachute deploy footprint, the
parachute was to be deployed on a command from the en-
try guidance when the estimated range-to-go to the target
was minimized [7]. As an additional safety measure, the
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its. These limits were used in order to protect the parachute
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sively low deployment altitudes [2]. Above the high veloc-
ity set-point, parachute deploy was inhibited. Below the low
velocity limit, parachute deploy was triggered, regardless of
range-to-go.

Eventually, the Smart Chute range trigger was dropped from
the MSL baseline in-favor of a velocity trigger. The rationale
for this decision was to maximize the altitude performance
of the system, which was being strained at that time by rapid
mass growth of the rover and a very challenging altitude re-
quirement for demonstrating the capability to land as high as
+2.0 km above the MOLA reference areoid. It was argued
at the time, that due the monotonically decreasing altitude
and velocity just prior to parachute deploy, the upper velocity
limit of the Smart Chute represented the earliest, and there-
fore highest, deployment condition that was considered safe.
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taining the same level of risk to the parachute.

Study Motivation

As stated, the switch from a range trigger to a velocity trigger
had been argued for the maximization of parachute deploy
altitude. Though the project would eventually receive some
relief from the +2.0 km altitude requirement, a premium on
altitude performance existed for quite some time. Concur-
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shops, the outcome of the 4th Landing Site Workshop in 2008
was a list of four candidate sites, listed in Table 1. Of the
four final sites, Eberswalde Crater has the highest elevation
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capability of the system (estimated to be somewhere around
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timeline margins significantly compared to the time when the
parachute deploy trigger was changed. In light of this reduced
premium on altitude, this study sought to re-evaluate the mer-
its of a range trigger relative to the baseline velocity trigger.

2. MONTE CARLO RESULTS
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dently tuned to produce the same nominal parachute deploy at
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Figure 3. Relevant test and flight experience of supersonic
Disk-Gap-Band parachutes in the region of MSL parachute
deployment (shaded region).

algorithm. To minimize the parachute deploy footprint, the
parachute was to be deployed on a command from the en-
try guidance when the estimated range-to-go to the target
was minimized [7]. As an additional safety measure, the
Smart Chute algorithm also included navigated velocity lim-
its. These limits were used in order to protect the parachute
against either excessively high dynamic pressures or exces-
sively low deployment altitudes [2]. Above the high veloc-
ity set-point, parachute deploy was inhibited. Below the low
velocity limit, parachute deploy was triggered, regardless of
range-to-go.

Eventually, the Smart Chute range trigger was dropped from
the MSL baseline in-favor of a velocity trigger. The rationale
for this decision was to maximize the altitude performance
of the system, which was being strained at that time by rapid
mass growth of the rover and a very challenging altitude re-
quirement for demonstrating the capability to land as high as
+2.0 km above the MOLA reference areoid. It was argued
at the time, that due the monotonically decreasing altitude
and velocity just prior to parachute deploy, the upper velocity
limit of the Smart Chute represented the earliest, and there-
fore highest, deployment condition that was considered safe.
Replacing the Smart Chute trigger with a pure velocity trig-
ger, operated at the same set-point as the upper velocity limit,
would maximize the parachute deploy altitude, while main-
taining the same level of risk to the parachute.

Study Motivation

As stated, the switch from a range trigger to a velocity trigger
had been argued for the maximization of parachute deploy
altitude. Though the project would eventually receive some
relief from the +2.0 km altitude requirement, a premium on
altitude performance existed for quite some time. Concur-
rently, however, the project had initiated a series of Landing
Site Workshops, open to the scientific community, for the pur-
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pose of proposing and selecting possible landing sites. While
many sites were initially proposed at the first of these work-
shops, the outcome of the 4th Landing Site Workshop in 2008
was a list of four candidate sites, listed in Table 1. Of the
four final sites, Eberswalde Crater has the highest elevation
at -1.45 km MOLA, which is significantly below the altitude
capability of the system (estimated to be somewhere around
0 km MOLA). These lower site altitudes have improved EDL
timeline margins significantly compared to the time when the
parachute deploy trigger was changed. In light of this reduced
premium on altitude, this study sought to re-evaluate the mer-
its of a range trigger relative to the baseline velocity trigger.

2. MONTE CARLO RESULTS

A side-by-side comparison of a range trigger and velocity
trigger was conducted for MSL. The purpose of this com-
parison was to evaluate the relative performance of the range
trigger relative to the baseline velocity trigger. A single hy-
brid velocity-range trigger was developed that is capable of
emulating either velocity or range triggers by appropriate
choice of parameters. This trigger works by specifying a lin-
ear switching curve in velocity-range space. The algorithm
triggers parachute deploy when the velocity drops below the
switching curve for the given range to target. A horizontal
switching curve, therefore, produces a pure velocity trigger,
while a vertical switching curve, on the other hand, produces
a pure range trigger.

For each trigger a 6-DoF Monte Carlo analysis was per-
formed using the 08-GAL-06 MSL POST2 end-to-end EDL
performance simulation. The two triggers were each indepen-
dently tuned to produce the same nominal parachute deploy at
Mach 2.0, as was the standard project procedure for running
Monte Carlos. It was expected that the results would show
a smaller parachute deploy footprint for the range trigger at
the expense of reduced altitude performance and increased
deploy Mach number.

Figure 4 shows the expected reduction in the 99.5%-tile foot-
print ellipse. In this case, the ellipse was reduced from 16.7
by 7.5 km for the velocity trigger to 7.7 by 4.1 km for the
range trigger, a 75% reduction in area. However, the expected
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Table 2 contains a summary of Monte Carlo results for the

3

Figure 2. Mars Science Laboratory DGB parachute under-
going full-scale wind-tunnel testing.

deliver such a large and capable rover safely to a scientifi-
cally compelling site, which is rich in minerals likely to trap
and preserve biomarkers, presents a myriad of engineering
challenges. Not only is the payload mass significantly larger
than all previous Mars missions, the delivery accuracy and
terrain requirements are also more stringent. In August of
2012, MSL will enter the Martian atmosphere with the largest
aeroshell ever flown to Mars, fly the first guided lifting entry
at Mars, generate a higher hypersonic lift-to-drag ratio than
any previous Mars mission, and decelerate behind the largest
supersonic parachute ever deployed at Mars. The MSL EDL
system will also, for the first time ever, softly land Curiosity
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Since the first Viking landing in 1976, the super-sonic deploy-
ment of a parachute has been a critical event in all Mars EDL
systems. This is because at Mars, due to the planet’s thin
atmosphere, only entry systems with ballistic coefficients be-
low about 50 kg/m2 have the ability to deliver payloads to
subsonic terminal velocities [1]. For MSL, a blunt aeroshell,
with a ballistic coefficient of approximately 140 kg/m2, is
first used to slow the vehicle from hypersonic entry veloci-
ties as high as 6 km/s down to low super-sonic speeds, near
400 m/s. At that point, the 21.5 m diameter Disk-Gap-Band
Parachute Decelerator System (PDS), shown in Figure 2, is
then used to reduce the ballistic coefficient to approximately
15 kg/m2. The parachute continues slowing the vehicle be-
low Mach 1 to a sub-sonic terminal velocity of approximately
100 m/s.

Because of the importance of the parachute deployment
event, parachute failure is a key risk considered in Mars EDL
system design. Higher Mach numbers and dynamic pres-
sure during parachute inflation put the parachute at a higher
risk of failure due to three factors: (1) higher dynamic pres-
sures result in higher structural loads on the parachute; (2)

higher Mach numbers result in increased aerothermal heating
of parachute structure, which can reduce material strength;
and (3) at Mach numbers above Mach 1.5, DGB parachutes
exhibit an instability, known as areal oscillations, which re-
sult in multiple partial collapses and violent re-inflations.
The chief concern with high Mach number deployments, for
parachute deployments in regions where the heating is not a
driving factor, is therefore, the increased exposure to areal
oscillations.

The Viking parachute system was qualified to deploy between
Mach 1.4 and 2.1, and a dynamic pressure between 250 and
700 Pa [1]. However, Mach 2.1 is not a hard limit for suc-
cessfully operating DBG parachutes at Mars and there is very
little flight test data above Mach 2.1 with which to quantify
the amount of increased EDL system risk. Figure 3 shows
the relevant flight tests and flight experience in the region of
the planned MSL parachute deploy. While parachute experts
agree that higher Mach numbers result in a higher probabil-
ity of failure, they have different opinions on where the limit
should be placed. For example, Gillis [5] has proposed an up-
per bound of Mach 2 for parachute aerodynamic decelerators
at Mars. However, Cruz [3] places the upper Mach number
range somewhere between two and three.

This presents a challenge for EDL system designers, who
must then weigh the system performance gains and risks as-
sociated with deploying the parachute earlier, at both higher
altitudes and Mach numbers, against a very real, but not well
quantified, probability of parachute failure. It is clear that
deploying a DGB at Mach 2.5 or 3.0 represents a significant
increase in risk over an inflation at Mach 2.0. However, it is
not clear how much additional risk is encumbered by deploy-
ing the parachute at 2.25 instead of 2.05. This is especially
true for Mars EDL in light of the extremely large uncertainties
in the flight environment, especially atmospheric density and
winds, that result in very large uncertainties in Mach number.

Parachute Deployment Algorithms

Previous missions have utilized various methods for trigger-
ing parachute deployment. Though the parachute qualifica-
tion has been stated in terms of Mach number and dynamic
pressure, no previous mission has had the ability to directly
measure either of these quantities. Therefore, all missions
have had to rely on proxy measurements of other states in or-
der to infer whether or not conditions were safe for deploying
the parachute. Viking used a radar altimeter measurement to
trigger this critical event [6]. Mars Pathfinder [8] and MER

[4] both used triggers based on sensed-acceleration measure-
ments, provided by the on-board Inertial Measurement Unit
(IMU), to proxy dynamic pressure, though their algorithms
differed. Mars Phoenix Lander, on the other hand, used a
navigated velocity trigger to proxy Mach number.

When originally proposed, MSL (known then as Mars Smart

Lander) featured a range trigger as part of the Apollo-heritage
entry guidance system, often referred to as the Smart Chute
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Gale Crater (4.49S, 137.42E)

Figure 3. Relevant test and flight experience of supersonic
Disk-Gap-Band parachutes in the region of MSL parachute
deployment (shaded region).

algorithm. To minimize the parachute deploy footprint, the
parachute was to be deployed on a command from the en-
try guidance when the estimated range-to-go to the target
was minimized [7]. As an additional safety measure, the
Smart Chute algorithm also included navigated velocity lim-
its. These limits were used in order to protect the parachute
against either excessively high dynamic pressures or exces-
sively low deployment altitudes [2]. Above the high veloc-
ity set-point, parachute deploy was inhibited. Below the low
velocity limit, parachute deploy was triggered, regardless of
range-to-go.

Eventually, the Smart Chute range trigger was dropped from
the MSL baseline in-favor of a velocity trigger. The rationale
for this decision was to maximize the altitude performance
of the system, which was being strained at that time by rapid
mass growth of the rover and a very challenging altitude re-
quirement for demonstrating the capability to land as high as
+2.0 km above the MOLA reference areoid. It was argued
at the time, that due the monotonically decreasing altitude
and velocity just prior to parachute deploy, the upper velocity
limit of the Smart Chute represented the earliest, and there-
fore highest, deployment condition that was considered safe.
Replacing the Smart Chute trigger with a pure velocity trig-
ger, operated at the same set-point as the upper velocity limit,
would maximize the parachute deploy altitude, while main-
taining the same level of risk to the parachute.

Study Motivation

As stated, the switch from a range trigger to a velocity trigger
had been argued for the maximization of parachute deploy
altitude. Though the project would eventually receive some
relief from the +2.0 km altitude requirement, a premium on
altitude performance existed for quite some time. Concur-
rently, however, the project had initiated a series of Landing
Site Workshops, open to the scientific community, for the pur-

Table 1. MSL Candidate Landing Sites

Site Lat. Lon. Elevation
Name (deg) (deg) (km)

Mawrth Valis 24.01oN 341.03oE -2.25
Gale Crater 4.49oS 137.42oE -4.45

Eberswalde Crater 23.86oS 326.73oE -1.45
Holden Crater 26.37oS 325.10oE -1.94

pose of proposing and selecting possible landing sites. While
many sites were initially proposed at the first of these work-
shops, the outcome of the 4th Landing Site Workshop in 2008
was a list of four candidate sites, listed in Table 1. Of the
four final sites, Eberswalde Crater has the highest elevation
at -1.45 km MOLA, which is significantly below the altitude
capability of the system (estimated to be somewhere around
0 km MOLA). These lower site altitudes have improved EDL
timeline margins significantly compared to the time when the
parachute deploy trigger was changed. In light of this reduced
premium on altitude, this study sought to re-evaluate the mer-
its of a range trigger relative to the baseline velocity trigger.

2. MONTE CARLO RESULTS

A side-by-side comparison of a range trigger and velocity
trigger was conducted for MSL. The purpose of this com-
parison was to evaluate the relative performance of the range
trigger relative to the baseline velocity trigger. A single hy-
brid velocity-range trigger was developed that is capable of
emulating either velocity or range triggers by appropriate
choice of parameters. This trigger works by specifying a lin-
ear switching curve in velocity-range space. The algorithm
triggers parachute deploy when the velocity drops below the
switching curve for the given range to target. A horizontal
switching curve, therefore, produces a pure velocity trigger,
while a vertical switching curve, on the other hand, produces
a pure range trigger.

For each trigger a 6-DoF Monte Carlo analysis was per-
formed using the 08-GAL-06 MSL POST2 end-to-end EDL
performance simulation. The two triggers were each indepen-
dently tuned to produce the same nominal parachute deploy at
Mach 2.0, as was the standard project procedure for running
Monte Carlos. It was expected that the results would show
a smaller parachute deploy footprint for the range trigger at
the expense of reduced altitude performance and increased
deploy Mach number.

Figure 4 shows the expected reduction in the 99.5%-tile foot-
print ellipse. In this case, the ellipse was reduced from 16.7
by 7.5 km for the velocity trigger to 7.7 by 4.1 km for the
range trigger, a 75% reduction in area. However, the expected
altitude loss and Mach increase were not observed.

Table 2 contains a summary of Monte Carlo results for the
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Figure 2. Mars Science Laboratory DGB parachute under-
going full-scale wind-tunnel testing.

deliver such a large and capable rover safely to a scientifi-
cally compelling site, which is rich in minerals likely to trap
and preserve biomarkers, presents a myriad of engineering
challenges. Not only is the payload mass significantly larger
than all previous Mars missions, the delivery accuracy and
terrain requirements are also more stringent. In August of
2012, MSL will enter the Martian atmosphere with the largest
aeroshell ever flown to Mars, fly the first guided lifting entry
at Mars, generate a higher hypersonic lift-to-drag ratio than
any previous Mars mission, and decelerate behind the largest
supersonic parachute ever deployed at Mars. The MSL EDL
system will also, for the first time ever, softly land Curiosity

directly on her wheels, ready to explore the planet’s surface.

Parachute Decelerators for Mars

Since the first Viking landing in 1976, the super-sonic deploy-
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ties as high as 6 km/s down to low super-sonic speeds, near
400 m/s. At that point, the 21.5 m diameter Disk-Gap-Band
Parachute Decelerator System (PDS), shown in Figure 2, is
then used to reduce the ballistic coefficient to approximately
15 kg/m2. The parachute continues slowing the vehicle be-
low Mach 1 to a sub-sonic terminal velocity of approximately
100 m/s.

Because of the importance of the parachute deployment
event, parachute failure is a key risk considered in Mars EDL
system design. Higher Mach numbers and dynamic pres-
sure during parachute inflation put the parachute at a higher
risk of failure due to three factors: (1) higher dynamic pres-
sures result in higher structural loads on the parachute; (2)
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of parachute structure, which can reduce material strength;
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exhibit an instability, known as areal oscillations, which re-
sult in multiple partial collapses and violent re-inflations.
The chief concern with high Mach number deployments, for
parachute deployments in regions where the heating is not a
driving factor, is therefore, the increased exposure to areal
oscillations.

The Viking parachute system was qualified to deploy between
Mach 1.4 and 2.1, and a dynamic pressure between 250 and
700 Pa [1]. However, Mach 2.1 is not a hard limit for suc-
cessfully operating DBG parachutes at Mars and there is very
little flight test data above Mach 2.1 with which to quantify
the amount of increased EDL system risk. Figure 3 shows
the relevant flight tests and flight experience in the region of
the planned MSL parachute deploy. While parachute experts
agree that higher Mach numbers result in a higher probabil-
ity of failure, they have different opinions on where the limit
should be placed. For example, Gillis [5] has proposed an up-
per bound of Mach 2 for parachute aerodynamic decelerators
at Mars. However, Cruz [3] places the upper Mach number
range somewhere between two and three.

This presents a challenge for EDL system designers, who
must then weigh the system performance gains and risks as-
sociated with deploying the parachute earlier, at both higher
altitudes and Mach numbers, against a very real, but not well
quantified, probability of parachute failure. It is clear that
deploying a DGB at Mach 2.5 or 3.0 represents a significant
increase in risk over an inflation at Mach 2.0. However, it is
not clear how much additional risk is encumbered by deploy-
ing the parachute at 2.25 instead of 2.05. This is especially
true for Mars EDL in light of the extremely large uncertainties
in the flight environment, especially atmospheric density and
winds, that result in very large uncertainties in Mach number.

Parachute Deployment Algorithms

Previous missions have utilized various methods for trigger-
ing parachute deployment. Though the parachute qualifica-
tion has been stated in terms of Mach number and dynamic
pressure, no previous mission has had the ability to directly
measure either of these quantities. Therefore, all missions
have had to rely on proxy measurements of other states in or-
der to infer whether or not conditions were safe for deploying
the parachute. Viking used a radar altimeter measurement to
trigger this critical event [6]. Mars Pathfinder [8] and MER

[4] both used triggers based on sensed-acceleration measure-
ments, provided by the on-board Inertial Measurement Unit
(IMU), to proxy dynamic pressure, though their algorithms
differed. Mars Phoenix Lander, on the other hand, used a
navigated velocity trigger to proxy Mach number.

When originally proposed, MSL (known then as Mars Smart

Lander) featured a range trigger as part of the Apollo-heritage
entry guidance system, often referred to as the Smart Chute
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control over finite time horizon

minimize
u∈U

E

!! 1

0

#
1
2
!u(t, xu

t )!2
2 + q(t, xu

t )

$
dt
"

subject to

dxu
t = {f (t, xu

t ) + B(t, xu
t )u}dt +

√
2G(t, xu

t )dwt

xu
0 := xu

t (t = 0) ∼ ρ0, xu
1 := xu

t (t = 1) ∼ ρ1

Common scenario: G ≡ B



Optimal Control Problem over PDFs
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Optimal Control Problem over PDFs

Existence-uniqueness needs regularity assumptions

Are known to hold for many practical classes of nonlinearities 

This talk: will focus on a few important classes



Necessary Conditions of Optimality

Coupled nonlinear PDEs + linear boundary conditions

Controlled Fokker-Planck or Kolmogorov’s forward PDE
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Feedback Synthesis via the Schrödinger SystemSolution via Schrödinger System
Schrödinger’s (until recently) forgotten papers: Entropic couplings
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Sur la théorie relativiste de l’électron
et l’interprétation de la mécanique quantique

PAR

E. SCHRÖDINGER

I. - Introduction 

J’ai l’intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et l’interprétation qu’on en donne géné-
ralement à l’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de l’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble à peu près
sûr que la mécanique quantique de l’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérêt tout à fait général, s’ajoute, ici à Paris,
un intérêt particulier : vous savez tous que les bases de la théorie
moderne de l’électron ont été posées à Paris par votre célèbre compa-
triote Louis de BROGLIE.

Les recherches que je vais exposer ne forment nullement une théorie
nette et complètement achevée (1). Le lien commun, un peu lâche
d’ailleurs, qui les rattache les unes aux autres, la source commune
dont elles dérivent, est le mécontentement que l’on éprouve quand
on considère l’état présent de la théorie et surtout celui de l’in-

terprétation physique actuelle de la mécanique quantique. Je voudrais

(i) Les mémoires originaux, qui forment la base de ces conférences, ont été publiés dans les
.SitzuYzgsberick1? der preussischen Akademie der Wissenschaften, i93o, p. q.i8; I93I, pp. 63, 144,
238. Dans les pages qui vont suivre, quelques-uns des asp;cts des problèmes envisagés sont peut-
être un peu mieux précisés ; on y trouvera également des résultats nouveaux (v. Notes I-III).

Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

Hopf-Cole a.k.a. Fleming’s logarithmic transform:
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Feedback Synthesis via the Schrödinger System

2 coupled nonlinear PDEs              boundary-coupled linear PDEs!! 

Solution via Schrödinger System

Wasserstein proximal algorithm             fixed point recursion over  

(Contractive in Hilbert metric)

Let

Optimal controlled joint state PDF:

Optimal control:
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Uncontrolled forward-backward Kolmogorov PDEs:



Fixed Point Recursion for the pair (ϕ1, ϕ̂0)
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<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>

'0(x)
<latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit><latexit sha1_base64="LeNOh5qvcz75kohfCkFT6cbnSds=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH2n1g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFqjZdu</latexit>

⇢0(x)↵ '0(x)
<latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit><latexit sha1_base64="FbkjYDujoRUn8oYltkBgjKzsHhA=">AAACIHicbVC7TsMwFHXKq5RXgJHFokIqS5UgpDJWsDAWiT6kJoocx2msOnFkOxVV1E9h4VdYGEAINvganDYDtBzJ8tE599r3Hj9lVCrL+jIqa+sbm1vV7drO7t7+gXl41JM8E5h0MWdcDHwkCaMJ6SqqGBmkgqDYZ6Tvj28Kvz8hQlKe3KtpStwYjRIaUoyUljyz5YiIe1bD8TkL5DTWV/4wO3e4ZEhG0JkgkUZ0tcAz61bTmgOuErskdVCi45mfTsBxFpNEYf20HNpWqtwcCUUxI7Oak0mSIjxGIzLUNEExkW4+X3AGz7QSwJALfRIF5+rvjhzFsphNV8ZIRXLZK8T/vGGmwis3p0maKZLgxUdhxqDisEgLBlQQrNhUE4QF1bNCHCGBsNKZ1nQI9vLKq6R30bStpn13WW9fl3FUwQk4BQ1ggxZog1vQAV2AwSN4Bq/gzXgyXox342NRWjHKnmPwB8b3DxZfpCg=</latexit>

Z
with b.c. hf '̂� ✓r'̂,ni

��
@X = 0

<latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit><latexit sha1_base64="P4Y/ohEzN8dQ2XR7bSUDF3TnKko="></latexit>

Z
with b.c. hr',ni

��
@X = 0

<latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit><latexit sha1_base64="gf/w/zUBscBa3tEtDbRtPl9hZrQ="></latexit>

Fixed Point Recursion for the pair (ϕ1, ϕ̂0)

'̂0(x)
<latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit><latexit sha1_base64="y2S6lFAbTDEpBOcrcCHlZMeKK7I=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz2o4PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHOCmjs=</latexit>

'̂1(x)
<latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit><latexit sha1_base64="zxyq8WT+QoafYORG2kPGbGaCxcg=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpLFWCkGCsYGEsEn1ITRQ5jtNYdeLIdiqqqCMLv8LCAEKsfAIbf4PTZoCWI1k+Oude3XuPnzIqlWV9G5WV1bX1jepmbWt7Z3fP3D/oSp4JTDqYMy76PpKE0YR0FFWM9FNBUOwz0vNHN4XfGxMhKU/u1SQlboyGCQ0pRkpLnnnsREjlzhiJNKJTz244PmeBnMT6yx+mZ55Zt5rWDHCZ2CWpgxJtz/xyAo6zmCQKMyTlwLZS5eZIKIoZmdacTJIU4REakoGmCYqJdPPZIVN4qpUAhlzolyg4U3935CiWxW66MkYqkoteIf7nDTIVXrk5TdJMkQTPB4UZg4rDIhUYUEGwYhNNEBZU7wpxhATCSmdX0yHYiycvk+5507aa9t1FvXVdxlEFR+AENIANLkEL3II26AAMHsEzeAVvxpPxYrwbH/PSilH2HII/MD5/AHUWmjw=</latexit>

⇢1(x)↵ '̂1(x)
<latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit><latexit sha1_base64="HgREZieCHv8Ouhp2m72+SBC+PaA=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0Wom5KIoCspunFZwT6gCWEymTRDJ5kwMymW0L9x46+4EVREl/6JkzYLbb0wzOGcc7n3Hj9lVCrL+jIqK6tr6xvVzdrW9s7unrl/0JU8E5h0MGdc9H0kCaMJ6SiqGOmngqDYZ6Tnj24KvTcmQlKe3KtJStwYDRMaUoyUpjzzyhER9+yG43MWyEmsv/xhegodLhmSEXQipHJnjEQa0emyzzPrVtOaFVwGdgnqoKy2Z746AcdZTBKF9QA5sK1UuTkSimJGpjUnkyRFeISGZKBhgmIi3Xx25xSeaCaAIRf6JQrO2N8dOYplsZt2xkhFclEryP+0QabCSzenSZopkuD5oDBjUHFYhAYDKghWbKIBwoLqXSGOkEBY6WhrOgR78eRl0D1r2lbTvjuvt67LOKrgCByDBrDBBWiBW9AGHYDBI3gGb+DdeDJejA/jc26tGGXPIfhTxvcPzMOnIQ==</latexit>

'1(x)
<latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit><latexit sha1_base64="QbO/vScJNtdbWFAlSJpM2nrQudY=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzIuiy6MZlBfuAdhgymUwbmkmGJFMsQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHMv994TJIwq7TjfVmlldW19o7xZ2dre2d2z9w/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoJvc7YyIVFfxeTxLixWjAaUQx0kby7aP+GMlkSH231g8EC9UkNl/2MD3z7apTd2aAy8QtSBUUaPr2Vz8UOI0J15ghpXquk2gvQ1JTzMi00k8VSRAeoQHpGcpRTJSXzU6YwlOjhDAS0jyu4Uz93ZGhWOW7mcoY6aFa9HLxP6+X6ujKyyhPUk04ng+KUga1gHkeMKSSYM0mhiAsqdkV4iGSCGuTWsWE4C6evEza53XXqbt3F9XGdRFHGRyDE1ADLrgEDXALmqAFMHgEz+AVvFlP1ov1bn3MS0tW0XMI/sD6/AFsIZdv</latexit>
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Fixed Point Recursion Over Pair (φ1, φ̂0)

This recursion is contractive in the Hilbert metric!!



Feedback Density Control: f ≡ 0, B = G ≡ I, q ≡ 0Feedback Density Control: Zero Prior Dynamics

Zero prior dynamics



Feedback Density Control: f ≡ Ax, B = G, q ≡ 0Feedback Density Control: LTI Prior Dynamics

Linear prior dynamics



In general …

Need (uncontrolled) forward AND backward 

Kolmogorov solvers

Bad news: need two different solvers

Good news: sometimes one solver suffices!

Even better: it is possible to design generalized gradient flow 
solvers based on point clouds!!



Brief Detour: Generalized Gradient Flow

∂ bj
∂t

= �r · (bjf ) + hHess, Dbji � qbj, bj0j0 = r0,

∂j

∂t
= �hrj, f i � hHess(j), Di + qj, bj1 j1 = r1,

ropt(x, t) = bj(x, t)j(x, t)

uopt(x, t) = 2B>rx log j(x, t)

∂r

∂t
= Lr, r(·, t = 0) = r0

m

$k = proxd
tF ($k�1) :=

1
2

dist2 ($, $k�1) + tF($), k 2 N

PDE Initial Value Problem:
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Proximal Recursion:

Given the operator 
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, design the pair
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m

(dist, F)
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1
2

dist2 ($, $k�1) + tF($), k 2 N

such that
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∂r
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1
2
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= �r · (bjf ) + hHess, Dbji � qbj, bj0 j0 = r0,

∂j

∂t
= �hrj, f i � hHess(j), Di + qj, bj1 j1 = r1,

ropt(x, t) = bj(x, t)j(x, t)

uopt(x, t) = 2B>rx log j(x, t)

∂r
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= Lr, r(·, t = 0) = r0
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$

⇢
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2
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�
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Details:
— K.F. Caluya, and A.H., Gradient flow algorithms for density propagation in stochastic systems, Vol. 65, 
No. 10, pp. 3991–4004, IEEE Trans. Automatic Control, 2019.


— K.F. Caluya, and A.H., Proximal recursion for solving the Fokker-Planck equation, ACC 2019.


— A.H., K.F. Caluya, B. Travacca, S.J. Moura, Hopfield neural network flow: a geometric viewpoint, Vol. 31, 
No. 11, pp. 4869–4880, IEEE Trans. Neural Networks and Learning Systems, 2020.

 

Brief Detour: Generalized Gradient FlowAlgorithmic Setup

Kenneth Caluya Joint work with Abhishek Halder CITRIS/CPAR Control Theory and Automation Symposium
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Algorithmic Setup

D2. Then, the idea is to design the metric d(·, ·) and the
functional �(·) in (3) such that %k(x) ! ⇢(x, t = kh) as
h # 0, i.e., in the small time-step limit, the solution of the
variational recursion (3) converges (in strong L

1 sense) to
that of (1). The main result in [17] was to show that for FPK
operators of the form (2) with f being a gradient vector field
and g being a scalar multiple of identity matrix, the distance
d(·, ·) can be taken as the Wasserstein-2 metric with �(·) as
the free energy functional. We will make these ideas precise
in Section II and III. The resulting variational recursion (3)
has since been known as the Jordan-Kinderlehrer-Otto (JKO)
scheme [18], and we will refer the FPK operator with such
assumptions on f and g to be in “JKO canonical form”.
Similar gradient descent schemes have been derived for many
other PDEs; see e.g., [19] for a recent survey.

To motivate gradient descent in infinite dimensional
spaces, we appeal to a more familiar setting, i.e., gradient
descent in Rn associated with the flow

dx

dt
= �r' (x) x(0) = x0, (4)

where x,x0 2 Rn and ' : Rn ! R�0, and is continuously
differentiable. The Euler discretization for (4) is given by

xk � xk�1 = �hr'(xk�1), (5)

which can be rewritten as a variational recursion

xk = arg min
x

1

2
k x � xk�1 k2 +h '(x) + o(h). (6)

In the optimization literature, the mapping xk�1 7! xk,
given by

proxk·k
h'(xk�1) := arg min

x

1

2
k x � xk�1 k2 +h '(x), (7)

is called the “proximal operator” [20, p. 142]. The sequence
{xk} generated by the proximal recursion

xk = proxk·k
h'(xk�1), k = 0, 1, 2, . . . (8)

converges to the flow of the ODE (4), i.e., the sequence
satisfies xk ! x(t = kh) as the step-size h # 0. Using the
finite dimensional viewpoint (7), we define

proxd2

h�(%k�1) := arg inf
%2D2

1

2
d
2 (%, %k�1) + h �(%), (9)

as an infinite dimensional proximal operator. As mentioned
above, the sequence {%k} generated by the proximal re-
cursion (3) converges to the flow of the PDE (4), i.e., the
sequence satisfies %k(x) ! ⇢(x, t = kh) as the step-size
h # 0. We also note that in the finite dimensional case,

d

dt
' = hr',�r'i = � k r' k2< 0 (10)

which implies ' decays along the flow of (4). As we will see
next, the appeal of using (3) to solve the FPK PDE comes
from the fact that the Euclidean gradient descent can be
generalized to the manifold D2 by appropriately choosing
the metric d(·, ·) and the functional �(·) in (3), in parallel
with the quantities k · k and '(·) in (8), respectively.

Fig. 1: The JKO scheme can be described by successive evaluation
of proximal operators to recursively update PDFs from time t =
(k � 1)h to t = kh for k = 1, 2, . . ., and time-step h > 0.

In this paper, we will develop an algorithm to solve the
FPK PDE via proximal recursion of the form (3) without
making any spatial discretization. A schematic is shown in
Fig. 1. The resulting recursion is proved to be contractive and
enjoy fast numerical implementation. Numerical simulation
results show the efficacy of the proposed formulation.

II. PRELIMINARIES

In the following, we provide the definitions of the
Kullback-Leibler divergence, and the 2-Waserstein metric,
which will be useful in the sequel. We also point out some
notations used throughout this paper.

Definition 1: The Kullback-Leibler divergence between
two probability measures d⇡i(x) = ⇢i(x)dx, i = {1, 2},
is given by

DKL (d⇡1 k d⇡2) :=

Z
⇢1(x) log

⇢1(x)

⇢2(x)
dx, (11)

which is non-negative, and vanishes if and only if ⇢1 = ⇢2.
However, (11) is not a metric since it is neither symmetric,
nor does it satisfy the triangle inequality.

Definition 2: The 2-Wasserstein metric between two prob-
ability measures d⇡1(x) = ⇢1(x)dx and d⇡2(y) = ⇢2(y)dy
supported respectively on X ,Y ✓ Rn, is denoted as
W (⇡1,⇡2) (equivalently, W (⇢1, ⇢2) whenever ⇡1,⇡2 are
absolutely continuous so that the PDFs ⇢1, ⇢2 exist, and
arises in the theory of optimal mass transport [16]; it is
defined as

W (⇡1,⇡2) :=
✓

inf
d⇡2⇧(⇡1,⇡2)

Z

X⇥Y
k x � y k22 d⇡ (x,y)

◆ 1
2

, (12)

where ⇧ (⇡1,⇡2) denotes the collection of all probability
measures on the product space X ⇥ Y having finite second
moments, with marginals ⇡1 and ⇡2, respectively. Its square,
W

2(⇡1,⇡2) equals [21] the minimum amount of work re-
quired to transport ⇡1 to ⇡2 (or equivalently, ⇢1 to ⇢2). It is
well-known [16, Ch. 7] that W (⇡1,⇡2) defines a metric on
the manifold D2.

Notations: Throughout the paper, we will use bold-faced
capital letters for matrices and bold-faced lower-case letters
for column vectors. We use the symbol h·, ·i to denote the Eu-
clidean inner product. In particular, hA,Bi := trace(A>B)
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descent in Rn associated with the flow
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with the quantities k · k and '(·) in (8), respectively.

Fig. 1: The JKO scheme can be described by successive evaluation
of proximal operators to recursively update PDFs from time t =
(k � 1)h to t = kh for k = 1, 2, . . ., and time-step h > 0.
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Fig. 1. The resulting recursion is proved to be contractive and
enjoy fast numerical implementation. Numerical simulation
results show the efficacy of the proposed formulation.

II. PRELIMINARIES

In the following, we provide the definitions of the
Kullback-Leibler divergence, and the 2-Waserstein metric,
which will be useful in the sequel. We also point out some
notations used throughout this paper.

Definition 1: The Kullback-Leibler divergence between
two probability measures d⇡i(x) = ⇢i(x)dx, i = {1, 2},
is given by

DKL (d⇡1 k d⇡2) :=

Z
⇢1(x) log

⇢1(x)

⇢2(x)
dx, (11)

which is non-negative, and vanishes if and only if ⇢1 = ⇢2.
However, (11) is not a metric since it is neither symmetric,
nor does it satisfy the triangle inequality.

Definition 2: The 2-Wasserstein metric between two prob-
ability measures d⇡1(x) = ⇢1(x)dx and d⇡2(y) = ⇢2(y)dy
supported respectively on X ,Y ✓ Rn, is denoted as
W (⇡1,⇡2) (equivalently, W (⇢1, ⇢2) whenever ⇡1,⇡2 are
absolutely continuous so that the PDFs ⇢1, ⇢2 exist, and
arises in the theory of optimal mass transport [16]; it is
defined as

W (⇡1,⇡2) :=
✓

inf
d⇡2⇧(⇡1,⇡2)

Z

X⇥Y
k x � y k22 d⇡ (x,y)

◆ 1
2

, (12)

where ⇧ (⇡1,⇡2) denotes the collection of all probability
measures on the product space X ⇥ Y having finite second
moments, with marginals ⇡1 and ⇡2, respectively. Its square,
W

2(⇡1,⇡2) equals [21] the minimum amount of work re-
quired to transport ⇡1 to ⇡2 (or equivalently, ⇢1 to ⇢2). It is
well-known [16, Ch. 7] that W (⇡1,⇡2) defines a metric on
the manifold D2.

Notations: Throughout the paper, we will use bold-faced
capital letters for matrices and bold-faced lower-case letters
for column vectors. We use the symbol h·, ·i to denote the Eu-
clidean inner product. In particular, hA,Bi := trace(A>B)

Theorem: Block co-ordinate iteration of (y, z) recur-
sion is contractive on Rn

>0 × Rn
>0.

Proximal Prediction: 2D Nonlinear Non-GaussianProximal Propagation: Nonlinear non-Gaussian



dx = {−∇V(x) + u(x, t)} dt +
√

2% dw

Assume: x ∈ Rn
, V ∈ C2 (Rn)

-
dξ
dη

.
=

-
η

−∇ξV(ξ)− κη+ u(x, t)

.
dt+

√
2%κ

-
0m×m
Im×m

.
dw

Assume: ξ, η ∈ Rm
, x := (ξ, η)⊤∈ Rn

, n = 2m, V ∈
C2 (Rm), inf V > −∞, Hess (V) unif. bounded

dx = {−∇V(x) + u(x, t)} dt +
√

2% dw

Assume: x ∈ Rn
, V ∈ C2 (Rn)

-
dξ
dη

.
=

-
η

−∇ξV(ξ)− κη+ u(x, t)

.
dt+

√
2%κ

-
0m×m
Im×m

.
dw

Assume: ξ, η ∈ Rm
, x := (ξ, η)⊤∈ Rn

, n = 2m, V ∈
C2 (Rm), inf V > −∞, Hess (V) unif. bounded

Single solver suffices for …

Example: gradient drift

Example: mixed conservative-dissipative drift



Feedback Density Control: Gradient Drift, q ≡ 0

Theorem

For t ∈ [0, 1], let s := 1 − t.

Define the change-of-variables ϕ $→ q $→ p as

q(x, s) := ϕ(x, s) = ϕ(x, 1 − t),

p(x, s) := q(x, s) exp (−V(x)/%).

Then the pair (ϕ̂, p) solves

∂ϕ̂

∂t
= ∇ · (ϕ̂∇V) + %∆ϕ̂, ϕ̂ (x, 0) = ϕ̂0(x),

∂p
∂s

= ∇ · (p∇V) + %∆p, p (x, 0) = ϕ1(x) exp (−V(x)/%).



Feedback Density Control: Mixed Conservative-
Dissipative Drift, q ≡ 0

Theorem

For t ∈ [0, 1], let s := 1 − t. Also, let ϑ := −η.

Define the change-of-variables ϕ $→ q $→ /p $→ p as

q(ξ, η, s) := ϕ(ξ, η, s) = ϕ(ξ, η, 1 − t),

/p(ξ,−η, s) := q(ξ, η, s) exp
'
− 1

!

'1
2)η)2

2 + V(ξ)
((

,

p (ξ, ϑ, s) := /p(ξ,−η, s).

Then the pair (ϕ̂, p) solves

∂ϕ̂

∂t
= −〈η,∇ξ ϕ̂〉+∇η ·

'
ϕ̂
'
∇ξV (ξ) + κη

((
+ %κ∆η ϕ̂,

∂p
∂s

= −〈ϑ,∇ξp〉+∇ϑ ·
'
p
'
∇ξV (ξ) + κϑ

((
+ %κ ∆ϑp,

ϕ̂ (ξ, η, 0) = ϕ̂0(ξ, η),
p(ξ, ϑ, 0) = ϕ1(ξ,−ϑ) exp

'
− 1

!

'1
2)ϑ)2

2 + V(ξ)
((

.



Feedback Density Control via Wasserstein prox.

Details:
— K.F. Caluya, and A.H., Wasserstein Proximal Algorithms for the Schrödinger Bridge Problem: Density 
Control with Nonlinear Drift, IEEE TAC 2021.

Design proximal recursions over discrete time pair:

(tk−1, sk−1) := ((k − 1)τ, (k − 1)σ), k ∈ N , and(tk−1, sk−1) := ((k − 1)τ, (k − 1)σ), k ∈ N(tk−1, sk−1) := ((k − 1)τ, (k − 1)σ), k ∈ Nare step-sizes.

The recursions are of the form:
(tk−1, sk−1) := ((k − 1)τ, (k − 1)σ), k ∈ N

-
φ̂tk−1

ϖsk−1

.
$→

-
φ̂tk

ϖsk

.
:=

!

0"
arg inf

φ̂∈P2(Rn)

1
2d2 'φ̂tk−1 , φ̂

(
+ τF(φ̂)

arg inf
ϖ∈P2(Rn)

1
2d2 'ϖsk−1 , ϖ

(
+ σF(ϖ)

#

1$

φ̂tk−1(x) → ϕ̂(x, t = (k − 1)τ) in L1(Rn) as τ ↓ 0,

ϖsk−1(x) → p(x, s = (k − 1)σ) in L1(Rn) as σ ↓ 0.

Consistency guarantees:

(tk−1, sk−1) := ((k − 1)τ, (k − 1)σ), k ∈ N

-
φ̂tk−1

ϖsk−1

.
$→

-
φ̂tk

ϖsk

.
:=

!

0"
arg inf

φ̂∈P2(Rn)

1
2d2 'φ̂tk−1 , φ̂

(
+ τF(φ̂)

arg inf
ϖ∈P2(Rn)

1
2d2 'ϖsk−1 , ϖ

(
+ σF(ϖ)

#

1$

φ̂tk−1(x) → ϕ̂(x, t = (k − 1)τ) in L1(Rn) as τ ↓ 0,

ϖsk−1(x) → p(x, s = (k − 1)σ) in L1(Rn) as σ ↓ 0.



Feedback Density Control: Gradient Drift
Feedback Density Control: Nonlinear Gradient 
Prior Dynamics
Uncontrolled joint PDF evolution:

Optimal controlled joint PDF evolution:



Feedback Density Control: Mixed Conservative-
Dissipative DriftDecember 3, 2019 13

Fig. 8: For the SBP in Section VI-B, shown here are the contour plots of the optimal controlled transient joint state PDFs ⇢opt(x, t), t 2 [0, 1],
along with the endpoint joint PDFs ⇢0(x), ⇢1(x). Each subplot corresponds to a different snapshot in time; all subplots are plotted on the domain
[�4, 4]⇥ [�10, 10]. The color denotes the joint PDF value; see colorbar (dark hue = high, light hue = low).

Fig. 9: For the SBP in Section VI-B, shown here are the contour plots of the optimal feedback control uopt(x, t). Each subplot is plotted on the
domain [�4, 4]⇥ [�10, 10]. The color (blue = high, red = low) denotes the value of uopt at each snapshot in time; see colorbar.

which is the HJB PDE (19a). The associated FPK PDE (19b) results
from substituting (63) into (15b). The boundary conditions (20)
follows from (15c). This completes the proof. ⌅

B. Proof of Theorem 2

In (4a), taking the gradient of ' w.r.t. x, we get

r' =
1
2✏

exp

✓
 

2✏

◆
r . (66)

Furthermore,

� ✏hD(t),Hess (')i = �✏
nX

i,j=1

(D(t))ij
@
2

@xi@xj
exp ( /2✏)

= �✏exp ( /2✏)
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⇢ nX

i,j=1

(D(t))ij
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@xi@xj
+
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@xj

◆�

=
1
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exp
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2✏

◆⇢
� ✏hD(t),Hess ( )i � 1

2
kB(t)>r k22

�
. (67)

From (4a), taking partial derivative of ' w.r.t. t gives
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exp
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◆
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@t

(19a)
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1
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exp
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kB(t)>r k22 � hr ,fi � ✏hD(t),Hess ( )i

�

(66),(67)
= �hr',fi � ✏hD(t),Hess (')i =: LBK',

i.e., '(x, t) satisfies the backward Kolmogorov equation (22a).

To demonstrate that '̂(x, t) satisfies the forward Kolmogorov
equation (22b), from (4b) we compute

r'̂ = exp

✓
�  

2✏

◆✓
�⇢

opt

2✏
r +r⇢opt

◆
. (68)

Consequently,
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which is the HJB PDE (19a). The associated FPK PDE (19b) results
from substituting (63) into (15b). The boundary conditions (20)
follows from (15c). This completes the proof. ⌅

B. Proof of Theorem 2

In (4a), taking the gradient of ' w.r.t. x, we get
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Numerical Results: 2D RSBP, gradient drift

V(x1, x2) = (x2
1 + x3

2)/5, X = [�4, 4]2

Optimal controlled state PDFs:

Uncontrolled state PDFs:

Nonlinear Density Steering with 

Deterministic Path Constraints 

                 This ACC: Session TuA22
— K.F. Caluya, and A.H., Reflected Schrödinger Bridge: Density Control with Path Constraints, ACC 2021.



Application: Multi-lane Automated DrivingDensity Control for Safe Automated Driving

t0 t1



Application: Multi-lane Automated Driving

Details

— S. Haddad, K.F. Caluya, A.H., and B. Singh, Prediction and Optimal Feedback Steering of Probability 
Density Functions for Safe Automated Driving, IEEE Control Systems Letters, 2020.

Density Control for Safe Automated Driving

t0 t1



Application: Multi-lane Automated Driving

Details

— S. Haddad, K.F. Caluya, A.H., and B. Singh, Prediction and Optimal Feedback Steering of Probability 
Density Functions for Safe Automated Driving, IEEE Control Systems Letters, 2020.

Exploit differential flatness: density steering in (Brunovsky) 
normal coordinates

Markov kernel available but ill-conditioned controllability 
Gramian  

Derived analytical formula for the elements of Gramian inverse

= ⌫! det

✓Z
fi(�)gj(�)d�

◆
,

which applied to (22), yields

det
⇣
M (k)

ts

⌘
=

1
⇡k!

Z t�s

0

. . .

Z t�s

0

 
det

 
�⇡k�i
j

(⇡k � i)!

!!2
d�1 . . . d�⇡k

=
1
⇡k!

Z t�s

0

. . .

Z t�s

0

0

@ 1Q⇡k
i=1(⇡k � i)!

Y

1i<j⇡k

(�j � �i)

1

A
2

d�1 . . . d�⇡k

=
1

⇡k!
�Q⇡k

i=1(⇡k � i)!
�2

| {z }
=:pk

Z t�s

0

. . .

Z t�s

0

Y

1i<j⇡k

(�j � �i)
2d�1 . . . d�⇡k

| {z }
=:Ik

.

(23)

In the above, the first step used that for (22), fi(·) = gi(·) =
(·)⇡k�i

/(⇡k � i)!. The second step utilized a Vandermonde-
type determinant. The third step moved the square inside the
product in integrand.

Using the change of variable &r := �r/(t � s) for r =

1, ...,⇡k, the integral Ik in (23) reduces to a special case of
the Selberg integral [23], [24]:

Ik = (t� s)
⇡k+⇡k(⇡k�1)

Z 1

0
. . .

Z 1

0

Y

1i<j⇡k

(&j � &i)
2
d&1 . . . d&⇡k

= (t� s)
⇡2
k

⇡k�1Y

i=0

(�(i+ 1))
2
�(i+ 2)

�(⇡k + i+ 1)
.

Expressing the pre-factor pk in (23) in terms of the Gamma
functions, we get

pk =
1

�(⇡k + 1)
Q⇡k

r=1(�(r))
2
.

Therefore, (23) gives

det

⇣
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ts

⌘
= pkIk = (t� s)

⇡2
k

⇡kY

r=1

�(r)

�(⇡k + r)
.

From (20), we also have det (Mts) =
Qm

k=1 det

⇣
M (k)

ts

⌘
.

Combining the last two statements, we obtain the result.
(ii) For k 2 {1, ...,m}, define ↵(k) 2 R⇡k with compo-

nents [↵(k)
]i := (t � s)

⇡k�i
/(⇡k � i)!. Notice from (21)

that

M (k)
ts = diag(↵(k)

)fM (k)
diag(↵(k)

), (24)

where
h
fM (k)

i

ij
:=

t�s
2⇡k�i�j+1 for all i, j = 1, ...,⇡k. Hence

⇣
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ij
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That fM (k) is nonsingular follows from (24) as M (k)
ts is

positive definite7, and ↵(k) is element-wise positive.
To determine the inverse of fM (k), write it as a scaled

Cauchy matrix:
h
fM (k)

i

ij
= (t� s)/(ai + bj), where ai :=

7This in turn follows from the positive definiteness of Mts and (20): a
block diagonal matrix is positive definite iff its diagonal blocks are positive
definite.

⇡k � i, and bj := ⇡k � j + 1. This enables computation of
the inverse [25, Sec. 1.2.3, Exercise 41], [26]:
⇣

fM (k)
⌘�1

�

ij

=
1

(t� s)(2⇡k � i� j + 1)
⇥
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,

which together with (25), completes the proof. ⌅
To illustrate Theorem 1, consider ⇡ = (3, 2)

>, s = 0,
t = 1. Using the Theorem, we then have

M�1
10 =

0

BBBB@

720 �360 60 0 0

�360 192 �36 0 0

60 �36 9 0 0

0 0 0 12 �6

0 0 0 �6 4

1

CCCCA
,

and det
�
M�1

10

�
= 103680.

To get a sense of the numerical benefit offered by Theorem
1, we compared the computational times for constructing
the LTI Markov kernel (13) in two different ways. The
first way was to use the Lyapunov matrix ODE via ode45
in MATLAB to compute the finite horizon Gramian Mts,
and then using that Mts for constructing (13). The second
way was to directly use the formulae of the inverse and
determinant of Mts from Theorem 1, in constructing (13).
For s = 0, t = 1, " = 0.5, the results are summarized
in Table I wherein the state dimension for the first row is
n = 4, and the same for the second row is n = 5. Both rows
correspond to m = 2 controls. In each case, the domain was
[�1, 1]

n with 5 uniform discretization per dimension, i.e., 5n
samples. All simulations were done via MATLAB R2019b
on iMac with 3.4 GHz Quad-Core Intel Core i5 processor
and 8 GB memory.

Vector relative degree ⇡
Computational time [s]

using Lyapunov ODE using Theorem 1

(2, 2)> 1.9556 0.2995

(3, 2)> 49.7869 6.9294

TABLE I: Computational times in evaluating (13).

B. Initial Joint PDFs in Section V
We suppose that the initial joint state PDFs for each of

the seven cars: ⇢
ego
0 , ⇢

A
0 , ⇢

Li
0 , ⇢

Rj

0 , i 2 {1, 2, 3}, j 2 {1, 2},
are jointly Gaussian with respective initial mean vectors:

µL1
0 = (2, 3.7, 0, 22)>,µL2

0 = (10, 3.7, 0, 20)>,µL3
0 = (18, 3.7, 0, 19)>,

µego
0 = (0, 0, 0, 22)> , µA

0 = (9, 0, 0, 18)> ,

µR1
0 = (5,�3.7, 0, 20)> , µR2

0 = (22,�3.7, 0, 18)> ,

and respective initial covariance matrices:

⌃L1
0 = diag

�
0.44, 4, 2.7⇥ 10

�6
, 0.16

�
,

⌃L2
0 = diag

�
0.25, 7.1, 2.7⇥ 10

�6
, 0.11

�
,



Outlook

- Distribution control undergoing rapid developments


- Lots of theory, algorithms and applications to be done

- Excellent intersections with related communities: learning, 
information theory, robotics, systems biology


- Growing community in systems-control
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Support:

Reach set computations in two and three dimensions

Anytime Parallel Computation of Forward Reachable Tubes for 
Provably Safe Unmanned Aerial Systems Traffic Management

Lia Gianfortone and Abhishek Halder
Applied Mathematics and Statistics, University of California, Santa Cruz

Snapshots of motion protocol

Schematic of the anytime, parallel computational architecture

UAS Traffic Management

Motion Protocol

200 ft AGL

500 ft AGL

Class G airspace extends up to 1200 ft AGL

Weight no more than 55 lbs 

Requires: • Automated V2V separation management 
• Yield manned traffic 
• Avoid obstacles (buildings, geofencing)

Algorithm for Fast Computation 
of Reachable Tubes

LTV closed-loop dynamics
• 12 states
• 4 controls
• 3 wind disturbances
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Ellipsoidal uncertainties:
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Compute	ℛH such that ℛH 	⊇ 	ℛ, the actual reach set
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Kurzhanski parameterization of shape matrix:
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Compute the Lowner-John MVOE of
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Asymptotic	exactness:	
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Inner optimization via S-procedure (SDP relaxation)
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Outer optimization is exact SDP

• Compute MVOE of ⋃ ℰmn
m`>

This research was partially supported by a 2018 Faculty Research Grant awarded by the
Committee on Research from the University of California, Santa Cruz, and
by a 2018 Seed Fund Award from CITRIS and the Banatao Institute at the University of
California.

Numerical Simulations

Project tube onto 3D space
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