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Convex optimization over the space of probability measures

Convex functional

-

= argint F(u)
HEPH(RY)

opt

M

Manifold of probability measures supported on R with finite second moments



Motivating Applications

Langevin sampling from given unnormalized prior Density control

[Stramer and Tweedie, 1999]

[Jarner and Hansen, 2000] Caluya and Halder,., 2021]
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'Vempala and Wibisono, 2019]



Motivating Applications
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Measure valued proximal operator

2
1Pt = prox{® (v) ;= arginf = (dlSt (,u, )) + hF(u)
ﬂ6@2< ) /
Step size
Distance

Convex functional



Outline of this talk

1. Measure-valued Proximal Recursions for Mean Field Neural Network Learning

2. Measure-valued Proximal Recursions for Optimal Steering of Distributions via Feedback Control

3. Distributed Algorithms

4. Future Plans



Measure-valued Proximal Recursions for
Mean Field Neural Network Learning



Empirical Risk Minimization for Supervised Learning
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Empirical Risk Minimization for Supervised Learning

1
l(yaxae) = l(yaf(xa 0)) — EHy _f(xa 0)”%
— ——

Quadratic loss

In R
Jun (f)
A unknown ] <& Finite dimensional
R(f) = EAll(y,x,0)] R(f) = ; Z / (yj’ ) 0) nonconvex problem
j=1

\—\/-_J

Empirical risk

State-of-the-art: search optimal @ using variants of SGD
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Learning Algorithm Dynamics: the Mean Field Limit

Absolutely continuous

(

f= [, @, 0)du®) = [, @(x,0)p(0)d0 = E,[0(x,0)]

r‘d

Hidden neuronal population mass

min F(p)
P

1
F(p) = R(fe.p) =Ey | 5 || —[ ®(x, )p(0)d0
Rp

2
Infinite dimensional

=F, + J V(0)p(60)dO + J U0, 0)p(0)p(0)d0do optimization
Rp

R AN

- [~ 2y®(x. 0)] = [©(x, 0)D(x, 0)]
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Regularized Ensemble Risk Minimization

strictly convex regularizer

r—
Fy(p) := F(p) +'B_1L plogpdd, (>0

Entropy regularized risk functional

Sample path dynamics: noisy SGD
do = — V6,<V(6') + [ UG, é)p(é)dé) dr ++/257" dw

Ensemble dynamics: mean field PDE IVP

% =V, - (p (V(H) + |, U@, 9)p(9)d9>) + 7' Agp  p(0,0) = py(0))
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Regularized Ensemble Risk Minimization:

Static variational problem: min F ﬁ(ﬂ)

P
@ Wasserstein gradient flow

op of
— =—V"F () ==V .| pV
Y ﬁ(ﬂ) (P op )

Mean field PDE:

Gradient descent

Gradient descent time-stepping;:

2
. o1
Qr = PI‘OX%Fﬁ (Qk—l) = arginf - (d (Qa Qk—l)) + hFy(0)
QE@Z(RP)

Convergence guarantee:
hlo0

0 (h,0) — p(t = kh,0) in LY (R?), ke N
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Proximal Algorithm

V.| = V(Hk_l) = [, l—ZyCID (x,Hk_l)]

U,_, = U(Hk_l,ék_l) =[E, lCD (x,Hk_l) O (x, 9k_1)]
2

Ci(i.)) == || 0, —6/_

2
PROXRECUR (¢;_, Vi1, U1, Cp. B, h, €, N, 6, L)
Fk «— CXPpP <—Ck/28)

Ek—1 < €Xp (_ﬁVk—1 — pU_10-1 — 1)

While converge: / -0 =2"0 (F,I y Opt)
Y0 (Iz) = 0 w

pe
40, (I’,Iy) = §k_1 oy4a Convergence guarantee: [Caluyaand Halder, 2019]
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Schematic of the Proximal Algorithm
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Case study: Classification for Breast Cancer Wisconsin (Diagnostic) Data Set

Number of features: n, = 30
Dimension of the neuronal population ensemble support: p = n_+ 2 = 32

Number of data points: n = 569

/_. 357 instances

The label 0 denotes '""benign"’

The label 1 denotes “malignant'.

~—
3

Source: UCI machine learning repository, 2017, Available: http:/ /archive.ics.uci.edu/ml/index.php ;‘

212 instances
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Case study: Classification for Breast Cancer Wisconsin (Diagnostic) Data Set

Classification accuracy

p Estimate#1 | Estimate#2
0.03 91.17% | 92.35%
0.05 92.94% | 92.94 %
0.07 78.23 % 92.94 %

For each fixed /5, computational time ~ 33 hours
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actual labels
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Measure-valued Proximal Recursions for
Optimal Steering of Distributions via Feedback Control
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State Feedback Density Steering A ' w(?)
0\

Process noise

Lo P1 P(w, t)

Density controller

I
inf [E,, —lu(x, 1)||? dt
inf E, L lux, )1

subject to  dx = f(x, ndr + B(Hu(x, 1)dt + \/2eB(t)dw(r)

x(t=0) ~ pplx), x(t=1T)~ prx)
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Optimal Control Problem over PDFs

: T
inf( . ,) % fo jRn lu(x, 1)]|2p"(x, £)dxdt [
subject to —+ V- (p“(f+Buw)) = ¢ <D(t), Hess (Pu)>

p“(x,0) = pyx) (given),  p“(x, T) = py(x) (given).
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Necessary Conditions for Optimality

Controlled Fokker-Planck or Kolmogorov’s forward PDE

%p(’pt v ( opt (f+ B()" V‘//)) =¢ <D(t), Hess (POpt)>

O..
L
L
L
L

...
....
'.

Hamilton-Jacobi-Bellman PDE:

ant
wet®
at®
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.
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| 2

— + | B()' Vy
Boundary conditions: pP(x,0) = py(x), p°Px,T) = pr(x)

Optimal control: u(x,t) = B(H)' Vui(x, 1)
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Feedback Synthesis via the Schrodinger System
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Feedback Synthesis via the Schrodinger System

2 coupled nonlinear PDEs — boundary-coupled linear PDEs!!

Uncontrolled forward-backward Kolmogrov PDEs

— = —(Va.f) — e(D(1), Hess(p))

— = — V- (¢f) + e(D(1), Hess(®))

Optimal controlled joint state PDF: p°P t(x 1) =opkx,)px, 1)

Optimal control: u“P t(x 1) = 2eB (t)T VlOg 0,
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Fixed Point Recursion over Pair ((pl, @O)

J

@oﬂx) -1 (x)
Po(X) @ @p(x) P1(x) @ @(x)
Po(X ) 601v(x)

J

This recursion is contractive in the Hilbert metric
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Case study: Optimal Steering of Distributions for the Nonuniform Noisy
Kuramoto Oscillators

Potential V (0) = Zkij(l —cos(0;, — 0, — @) — Z PO,
i<j \ \ i \

Coupling > 0 Phase difference € [0,7/2) Linear coeff. > 0

Positive diag matrices M,I', S
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Case study: Optimal Steering of Distributions for the Nonuniform Noisy
Kuramoto Oscillators

T
int J J lu(x, D)||5p"(x, dxdt
7

First order, ' = T" () Jo
op" ) u
- Boundary conditions
----------------- >SS!
Second order, 2 = 1" X R" .t = 0) = p,
op" ) o
gt = Vg (P?"(M‘WHV(H) + M 'Tw — M~'Su plx,t=T)=p;

+1‘4_1D:]W_1 leogp”) _ <w, Vepu>
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From Anisotropic to Isotropic Degenerate Diffusion

The First Order Case
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Isotropic Degenerate Diffusion For The First Order Case

The Second Order Case (0) . (f) — (12® (MS—I)) (0)

0, 1 0,
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Feedback Synthesis via the Schrodinger System: First Order Case

Uncontrolled forward-backward Kolmogrov PDEs Boundary conditions
@ A w A A n
—r= Ve (YY) + A 00 ©0s® = (59T, 1)
0 _ : 01 &0:® = pr(s&) (T, 0:)
—= = (Ve YV.V) - A !

n
Optimal controlled joint state PDF: pP0,1) = @(S -0, t)¢(5—10, "/ ( H Gl)
=1

Optimal control: u°P(@,1) = S Vylog ¢ (S -19, t)
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Feedback Synthesis via the Schrodinger System: Second Order Case

Uncontrolled forward-backward Kolmogrov PDEs Boundary
conditions
oa —~
a(f S <n, V§¢> FV, - (@ (YveU®+ V”F(n)>) F A .
Po&)po(&) = py ((12 X SM_I) (”) >
op —
o <"’ V“”> " <Y VeV, V”¢> S Pr&pr & = py ((12 ® SM~") (5)) (

n 2
Optimal controlled joint state PDF:  p°P'(0,w, 1) = ¢ ((12 ®MS‘1) (2’)) t) » ((12 ®MS‘1) (0 > t) (Hﬂ)

Optimal control: ~ yont ((12®MS‘1) <0>,t) = (I, ® SM~") Vlog ¢ ((12®MS‘1) <9>,z)

),
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Fixed Point Recursion Over Pair ((pl, @O)

Proximal recursion

A\ A\

(eo P
Po O @ Pr @ Qr
v
?o Pr

Feynman-Kac algorithm
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0
Feynman-Kac Path Integral Formulation a—f = Lackward®

ot = 1,X)

§0T(X) known
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Numerical Example: First Order Case

unc

opt
p

t =0.0

0.00218

L T e

|

]

t =0.0

0.5 1.0 1.5 2.0 2.5 3.0

0.00220 0.00225 0.00230 0.00235 0.00240
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Numerical Example: Second Order Case

t =0.0

0.0245 0.0250 0.0255 0.0260 0.0265 0.0270
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Numerical Example: Controlled Order Parameter PDFs

First order Second order
\\\\\\\ y \\ \\\\\ | y
\&\\Ms R | e \5\\\\ R |
£ \\\h“t EN \\\\\“‘=

n

2
1 n
PDF of order parameter r:=— \< Z cos 9,) + (



Distributed Algorithms



Minimizing Convex Additive Measure-valued Objective

argint F(pu) + FHr(u) + ... + F, (1)

H

(Di(')=Fi(°)+fVik d(-) PDE Name
L@z (V(0) + v{(0)) duy6) aaﬂ? —_v. ( i (VV+ V’/ik)) Liouville PDE
JW (vl.k(ﬂ) + p~log ﬂi(ﬂ)) du,(0) aa/? _v. (ﬁiv Dik) + AR | okker
JW v(0)du0) + JRM U0, 6)du(6)du o) ﬁaﬁt} _v. (/7} ( V4 V(U ) )) Propagation




Measure-valued Consensus ADMM

argint F'\(u) + F5(u) + ... + F, (1)

vy Primal updates

: , 1 |
\ [ﬂ,-kﬂ = arginf —W* (//tia Ck) T — {Fi (ﬂi) + J U,'k(a)d/’ti} = PrOXL(py 4 [k d(-)) (Ck>
Rd

ue g;z(Rd) 2 a

leH = arginf i {le (ﬂ,-kH,C) —lj I/ik(ﬂ)d(:} = arginf {(Z W2 k+1 , G ) J Sum(ﬂ)dé}
CEPH(RY) =1 2 * JRa (eP,(RY) Rd

1 1

o 1
’,

|
$

"A Dual ascent 40



Measure-valued Consensus ADMM Structure for the case thatn = 2
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Inner Layer ADMM

~C+1 Nf_l_ (uf+1 L”+1)

vV, =V, T4
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The i Update

o 1 X
pi=p rOX%(Fi(ﬂi) +(v,-’%ﬂz>) (¢7) = arginf, car- { min (€M) <Fi (1) + (v ’>>}

M EHN(ﬂi9 ¢ k) 2 a

Theorem

Given a € RM\{0)

Let ®u) :={(a,p) for pe AV  and T :=exp(—C/2e¢)

Then forany ¢e AN, a> 0

prox (&) = exp (—a) © (FT (z@ (reXp <_éa>)>)
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The ¢ Update
M+l _ oo L ' 1 _ 2 /K
(5L, i (e eheton) ) 2 )|

Theorem Givena,e > 0

Let I := exp(—C/2¢)

= exp <ul.°pt/e> O, (I’ (yi"“ %, (I’ exp (ui"pt/e‘)> )) e AN forallie€ [n]

Then

Where .
(ulopt, s u,‘l’pt) = argmin Z <ﬂik+1, log <F exp (u;/¢) >>
1

(ul,...,un)elR”N —

n
2

. _ Lok
Subject to Z U; = (x Vsum

=1
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The { Update: Inner Layer ADMM

» Newton's method

-
--------
m =
--_-
-
-
-
-
L g

lf+1_’if+<uf+l_zf+l), i € [n],

70+ = (ul_fﬂ _1
¥
— T 2 k T 2 k R”N
pl’O]gg(V) =\ ' o Voums -++»Vyp =V A na Vaum | ©
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150¢%

- Gradient descent: 2000 iterations, CPU time 21.6566 s
| —-=-Newton method: 5 iterations, CPU time 0.046344 s
140 -
_ 102 -
130 - |
O 10* - _:
2 | | |
o 120+ . |
D =
= = 100 ;
o = |
< 110+ - -
= | 1o 2
oo _ O
Q _
uf : \ |
Q-‘ ].OO B 10—2
- ¥ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Problem instances
10V 107 10°

Iterations
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Near term Publications Plan

I. N., and A. Halder. Schrodinger Meets Kuramoto via Feynman-Kac: Minimum Effort Distribution
Steering for Noisy Nonuniform Kuramoto Oscillators.

I. N., and A. Halder, Wasserstein Consensus ADMM.
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Future Timeline

Numerical case studies for the distributed algorithms (Winter - Spring 2022)

Optimal distribution steering algorithms for molecular self-assembly (Summer - Fall 2022)

Adaptive distributional learning and control (Fall 2022 - Spring 2023)

Application to policy optimization for reinforcement learning (Spring - Summer 2023)

Write dissertation and graduate (Fall 2023 - Winter 2024)
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