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Notations

® R denotes the set of real numbers

C denotes the set of complex numbers

Re denotes the real part of a complex number, Im denotes its imaginary part

® F(s)=L[f(t)] reads “F(s) is the Laplace transform of f(¢)"
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Definition of Laplace Transform

Laplace transform L[-] is a machine that takes a real function of time ¢ € [0, c0)

and returns a complex function of the complex variable s € C

F(s) = LIf#)] = [y e f(t)dt

® Inverse Laplace transform £7![-] undoes this operation, i.e., f(t) = L7 [F(s)]

Domain of the function F'(-) depends on the choice of the function f(-)
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Powers

o L[k] = k for constant k € R, check by direct integration, domain: $s > 0
s

|
o L[t"] = " for whole n = 0,1,2,..., check by induction, domain: s > 0
Sn+1
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Exponential, Sine, Cosine

e L [eZt] = for constant z € C, check by direct integration, domain: s > Rz

s—z
® Specialize the above for pure imaginary z, i.e., z = jw with constant w € R

® .. to get two results in one shot:

L [cos (wt)] = ﬁ, L [sin (wt)] = sziicu?’ domain: Rs > 0
Examples
1 3 —10s% 4 255 — 90
Le™®] =——, L[2cos(3t) —4sin(5t)] =2 - i S ¥ o8

s+5 (s24+9)(s? + 25)
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How to compute £7! [

® Pattern recognition

Examples

7 1 1.
=" [s - J =7et, L1 Lz +36} = 68111(625)

e If F(s) is rational, then first do partial fraction expansion, then pattern recognition

Example

£71

45 +5 _,[69/8 23/4 5/2 1/24 —26/3 3
— 1 [ == e
33(5—1—2)(8—1)2] { P s3 +S+2+ s—=1 (s—1)2

69 23 5, 1

= —+ t+ -t e
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g Tttt togf — 3¢ e
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Properties of Laplace Transform: Arithmetic

® linearity

Llaf(t)+ bg(t)] = aF(s) + bG(s) for a,b € C

® Time scaling

£[f(at)] = —

la

A ( ) fora € R\ {0}
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Properties of Laplace Transform: ¢ Domain Calculus

® t domain derivative
L[f(t)] = s"F(s) — s"1f(0) — s"2£(0) — ... — f*=D(0) forn = 0,1,2,. ..

Examples

c|f] =sF@e) = 1), £[f] =5*F(s) - 55(0) - f(0)

® { domain integral and convolution
L[f *g] —E[fo t—r)dr} = F(s)G(s)

Examples

For g(t) = 1 we get £ [ [, f(r)ar] = E i”. Notice that £ [f(t)g(t)] # F(s)G(s)

9/14



Properties of Laplace Transform: s Domain Calculus

® s domain derivative
L f(#)] = (=1)"FM(s) forn =0,1,2,...
Examples

LEf®)=~F'(s), LI[f®)] =F"(s)
® s domain integral
L [fit)} = [7° F(o)do. The special case s = 0 gives /OOO f(tt)dt :/OOOF(a)da

Example

int 1 sint < d —
£ |22 = arctan -, / i, / e 7 larctan o)) _° = T g
t S 0 0 g + 1 g 2 2
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Properties of Laplace Transform: Shift

® ¢ domain shift

L[f(t—71)]=e""F(s)fort>r

® s domain shift

Le®f(t)] =F(s—a)foracC

Examples

2 1 1
—il _ 342 =il S R
L [(5—3)3} =e't?, L [(5—1—5)24—4] 5 € sin(2t)
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Initial Value Theorem (IVT)

When applicable, IVT says: 12&1 f(t) = lim sF(s)

stToo

Applicable when ltiﬁ)l f(t) exists and f(t) = O(e) for some c € R

e For rational F(s), applicable if F(s) is strictly proper

® Rational F(s) is strictly proper if degree(denominator poly)<degree(numerator poly)
Examples
IVT d s ety 18 ) = St (b eppalies 18 ) = e
= — 1 -
oes not apply to F(s) = ~—— but app )= Fre13
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Final Value Theorem (FVT)

e When applicable, FVT says: gm ft) = lir% sF(s)
o0 S—

® Applicable when F'(s) has no poles in closed right half plane (RHP) except at most
one (i.e., non-repeated) pole at origin

Examples
FVT does not apply to F(s) = Z5ES with poles 0,0, —3 (repeated poles at origin)

pply =213 poles 0,0, P p g
FVT does not apply to F(s) = = i - with poles j, —j (both poles in closed RHP)

1
FVT does not apply to F(s) = - with poles 0, 2 (even though 0 is non-repeated,
2 is in closed RHP)
1
FVT applies to F(s) = G1D with poles 0, —2 (0 is non-repeated, —2 is NOT in
: _1; I 1 : _ 11 J_1 —2t

closed RHP), solim f(f) = lim —— = 5. Check via f(t) = £ [S(SH)} = l(1—e2)
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Exercise

t .
e Compute £ [7t7 — 4cos(3t) + 9e~*], L[(t —2)7] for t > 2, L [/ Sn;edﬁ}
0

e Compute £7'[1], £~ [(5241-1)2} £ [log (z - ;8)]

S

® For F(s) =
(5) (s+5)(s2+s+1)
Compute the same without FVT

, use FVT if possible, to compute gm f(t).
oo
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