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Controlled Self-assembly

Applications:

Precision (e.g., sub nm scale) manutfacturing
of materials with advanced electrical,
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Dispersed particles Ordered structure



Controlled Self-assembly

Typical state variable: (Cy) € (0,6)

Average number of hexagonally close
packed neighboring particles in 2D
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Nonlinear + noisy molecular dynamics
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(Cg) is a controlled stochastic process



Controlled Self-assembly as PDF Steering

Intuition:
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(Ce) = 0 < Crystalline disorder

(Ce) 5 < Crystalline order

Steer the PDF of the stochastic state <C6> from disordered at7 =17, =0 toorderedat7 =7 = 200s
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Typical prescribed finite horizon for controlled selt-assembly

Endpoint PDF constraints: (C,)(r = 1,) ~ p, (given)

(Ce)(t =T) ~ pr (given)

Control policy to accomplish I = 7T (<C6>’ t)

the PDF steering:
5 Underdetermined
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Minimum Effort Self-assembly

Proposed formulation:
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drift diffusion free energy
landscape landscape landscape

D (x",u) := gDz(x JU) — 0_xF(x ,U) P
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either from model or learnt from MD simulation data

W,

subject to dx" = D(x", u) dt ++/2D,(x", u) dw,

x"(t =0) ~ duy = py dx*,

(Ce)

L standard Wiener process

x(t=T)~ duyr=ppdx”



Minimum Effort Self-assembly

Equivalent formulation:

T
1
inf J J —u?(x", 1) p*(x*, t) dx* dt
| dp" 0 0°
subject to = — D, p") + D, p*
| o = " g (D) + 55 (Do)

pu(xu,t =0) = 2o pu(xu,t =T) = P PPF

Guaranteed existence-uniqueness
for compactly supported p, pr
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Generalized Schrodinger Bridge

Schrodinger bridge problem: D, = u and D, = Identity
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I. — Introduction

) o | J’ai I'intention d’exposer dans ces conférences diverses idées concer-
o l E. S‘CH‘R.,..O'DING'ER' . nant la m\écanique quantique <::-t l’interp¥éta1.;ior.1 qu’on en donne g,énf’z-

L el e . : ‘ ralement a ’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de I'électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble & peu prés
siir que la mécanique quantique de 1’électron, sous sa forme idéale,

i _ SOINDFRAUSGABE AUS DEN SITZUNGSBERICHTEN . lque ﬁou.s ne ?KSSEdO?S ;,baAS encore’\d?t. for{ne,r t;n ]?U:r la ba.s? (?.e tou.t €
. D PREUSSISC HEN AKADEMIE DER 'WISSENSCH / : a physique. A cet interét tout a fait gemeral, s'ajoute, ict a Paris,

un intérét particulier : vous savez tous que les bases de la théorie
moderne de I’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.
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In our setting:| both D, and D, are nonlinear in state + non-atfine in control
\_

_




Conditions for Optimality

r
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_W N (ﬂopt>2__l//D1 - l//Dz HJB PDE
ot 2 o0x Ox U2
op" 0 N, 0 ’ Controlled FPK PDE
o = o (D) + 5 (Do)
ow 0D, o>y oD
7P (x", 1) = Lt + it Optimal policy
ox* ou ox4“2 ou
p”(x“,t — ()) = 0o p“(x”, f — T) = pr Boundary conditions
value optimally optimal

function controlled PDF  policy

to be solved for the triple: y (x”, t) , P (x”, t) , O (x”, t)

8



Solve via PINN

Loss term for HJB PDE

Loss term for FPK PDE

Loss term for policy equation

Loss term for initial condition

Loss term for terminal condition

1 n
31//:;

=1

1 n

=1

1 n
gﬂoptz_
n

=1

1 n
guz_

Po

n

=1
e 1
Pr n

] oy 0°y
— —(7°")?| —+—D;| -+
> ) oxu ! Ox12
XY, X!
0 0°
ox4 (Dlp ) Ox12 (sz )
X xH
2
oy 0D, 021// oD,
ox" ou 0x“2 Ju
X x¥
2
- pé‘(X))
,
- pff(X))




PINN Architecture

Input layer Fully connected hidden layers Output layer Loss
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[Lu Luetal, 2021] [Niaki.etal, 2021]

10



Training of the PINN

Benchmark controlled self-assembly system: [Y Xue, et al, IEEE Trans. Control Sys. Technology, 2014]
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—— Controlled Fokker-Planck PDE
» — HJB PDE
1077 5 —— Policy equation

— po boundary condition
—— pr boundary condition

PINN residuals
=

Epoch
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Optimal Policy
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Vallg_e Function D((Ce) . 1)
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Optimally Controlled State PDFs
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Optimal State and Optimal Control Sample Paths
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Ongoing Efforts: Learning from Data

Molecular dynamics Simulation data
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Data-driven learning

N Drift 9 N Diffusion

Neural Schrédinger bridge
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Colloidal Self-assembly System [¢
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Ongoing Efforts: Learning from Data

IV Loss
6 Schrondinger Bridge
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Ongoing Efforts: Learning from Data

Controlled Fokker-Planck PDE  ——HJB PDE — wuq equation —— w9 equation —— pg boundary condition —— pr boundary condition
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PINN residuals
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Ongoing Efforts: Learning from Data

Body-centered cube (BCC) crystal
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