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Problem 1

Probability density function (PDF) of an n-dimensional continuous random vector X is a deter-

ministic function u(x), where x ∈ Ω ⊆ Rn, such that u(x) ≥ 0 and
∫
Ω
u(x)dx = 1. The expected

value of any nonlinear function ϕ(x), denoted here as E [ϕ(x)], is the integral

E [ϕ(x)] :=

∫
Ω

ϕ(x)u(x)dx.

An example of the expectation integral of above type is the Shannon entropy

E [− log u(x)] = −
∫
Ω

u(x) log u(x)dx,

i.e., ϕ(·) ≡ − log u(·). In this exercise, we will assume that Ω is a compact set, and denote its

(Lebesgue) volume as vol(Ω) :=
∫
Ω
dx.

(a) Maximizing entropy versus minimizing expectation.

Given a function f : Ω 7→ R≥0 and a scalar β ≥ 0, we want to determine the PDF u(x) that

minimizes

I(u) = E [log u+ β f ] =

∫
Ω

{
u(x) log u(x) + β f(x)u(x)

}
dx.

By changing the value of β, we can trade-off the relative importance of maximizing entropy

and minimizing the expected value of f . In optimization literature, β is called a regularizing

parameter.

(a.1) Using Euler-Lagrange equation, determine the PDF uopt that minimizes I(u).

(a.2) By specializing your answer in (a.1) for β = 0, determine uopt
0 . Explain in one sentence

why this result matches your intuition.
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Solution for part (a):

(a.1) Let λ be the Lagrange multiplier associated with the normalization constraint
∫
Ω
u = 1,

which is an integral equality constraint. Then the augmented Lagrangian

L(x, u,∇u) + λM(x, u,∇u) = u log u+ βf(x)u+ λ u

results in the EL equation:

∂

∂u
(L+ λM)−∇ · ∂

∂∇u
(L+ λM) = 1 + log u+ βf(x) + λ = 0,

which gives optimizer uopt = exp (− (1 + λ)− βf(x)). To determine λ, we employ the feasibility

condition
∫
Ω
u = 1, to get

exp (− (1 + λ)) =
1∫

Ω
exp (−βf(x)) dx

.

Substituting the above back in the RHS of uopt, we obtain

uopt =
exp (−βf(x))∫

Ω
exp (−βf(x)) dx

,

which is the Gibbs PDF. Notice that we did not need to explicitly enforce the pointwise inequality

constraint u(x) ≥ 0 for all x ∈ Ω, since the exponential function returns nonnegative values.

(a.2) By substituting β = 0 in the expression for uopt obtained in part (a.1), we get that

uopt
0 (x) =

1

vol (Ω)
,

which is a uniform PDF supported over Ω. The interpretation is that the uniform PDF max-

imizes entropy over a compact support, which intuitively makes sense since in the absence of

additional information, maximum entropy occurs when all values in Ω are equally likely.

(b) Expectation constrained entropy maximization.

Suppose now we would like to minimize I(u) = E [log u] subject to the constraints E [gi(x)] = ai,

i = 1, ...,m, where the vectors g(x) = (g1(x), ..., gm(x))
⊤ and a = (a1, ..., am)

⊤ are given.

(b.1) Prove that the minimizing PDF uopt must be of exponential family, i.e.,

uopt(x) =
exp (−⟨λ, g(x)⟩)∫

Ω
exp (−⟨λ, g(x)⟩) dx

for some m× 1 vector λ that is independent of x.

(b.2) Specializing your answer in part (b.1) for an 1D interval Ω = [a, b], show that the maximum

entropy PDF that has a given mean E [x] = x ∈ (a, b), must be of the form

uopt(x) =
e−λx

Z
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where the constants Z and λ are to be found in terms of a, b, x.

Solution for part (b):

(b.1) For i = 1, ...,m, let λi be the Lagrange multiplier associated with the i-th integral equality

constraint E [gi(x)] = ai. Furthermore, let µ be the Lagrange multiplier associated with the nor-

malization constraint
∫
Ω
u = 1. Letting λ := (λ1, ..., λm)

⊤, ν := (µ, λ)⊤ ∈ Rm+1, the augmented

Lagrangian is

L+ ⟨ν,M⟩ = u log u+ µu+ ⟨λ, g(x)u⟩.

Therefore, the EL equation

∂

∂u
(L+ νM)−∇ · ∂

∂∇u
(L+ νM) = 1 + log u+ µ+ ⟨λ, g(x)⟩ = 0

yields optimizer uopt = exp (−1− µ− ⟨λ, g(x)⟩). Imposing the feasibility constraint
∫
Ω
u = 1 as

in (a.1), we get that

exp(−1− µ) =
1∫

Ω
exp (−⟨λ, g(x)⟩) dx

,

which upon substituting back to uopt, gives the desired result. As in (a.1), here again, we did

not need to explicitly enforce u ≥ 0 since the exponential function returns nonnegative values.

(b.2) Specializing the answer in part (b.1) for Ω = [a, b], m = 1, g1(x) = x, a1 = x, we get

uopt(x) =
e−λx

Z
where the constants λ, Z solve

Z =

∫ b

a

e−λxdx =
e−λa − e−λb

λ
, Z x =

∫ b

a

xe−λxdx =
e−λa (λa+ 1)− e−λb (λb+ 1)

λ2
.

Equivalently, λ, Z solve the system of coupled nonlinear equations:

λZ = e−λa − e−λb, λZ x+ Z = ae−λa − be−λb.

From here, these two equations can be solved (numerically) to compute the unknowns λ, Z in

terms of a, b, x.
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