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Problem 1

A =(0,0)

B = (z1,y1)

<

|4

Figure 1: Brachistochrone problem.

In this exercise, we will solve the Brachistochrone problem shown above using OCP techniques.

(a) OCP reformulation.
Let the control variable be the angle 6 that the velocity vector V' (tangent to the curve) makes
with the horizontal axis, as shown in Fig. 1. Reformulate the Brachistochrone problem of

going from point A = (0,0) to point B = (x1,%;) as a minimum time optimal control prob-

lem with terminal time 7" free, and terminal state (z(7),y(7")) fixed. In other words, write the

corresponding problem in standard OCP template.

Solution for part (a):

The optimal control problem is to
T
minimize / 1dt
0(-) 0

subject to & = V cosf,y = Vsinf, where V = y/2gy. The initial condition (x(0),y(0)) = (0, 0),

and the terminal condition (z(T"),y(T')) = (x1,41) are given. There is no terminal cost (¢ = 0);
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the (vectorial) terminal constraint is

(b) Inverse of the optimal state feedback.

Prove that the optimal position tuple (z(t),y()) at any time ¢ € [0, 7], is given by

2(t) = 21 + #19@){2 (O(T) — 6(t)) + sin (20(T)) — sin (26(t)) } y(t) = 91—5;82 99((%‘

The above two identities allow (numerically) solving for (0(t),0(T")) as function of (z(t),y(t)).
This helps define optimal state feedback: (t) as function of (x(t),y(t)).

Solution for part (b):
The Hamiltonian H = 1 + /29y (A cos @ + Agsin ) gives the necessary conditions:

: OH

= —— = 1
: 0H .
/\Qz—a—y:—%()\lcOSG—i—)\gst), 2)
0= %—]g = —\Vsinf + AV cos 6. (3)

From (1), A\; = constant. Since dx(T) = 0 and d7T" # 0, the transversality condition gives
H(T) = 0. But this being a time-invariant OCP, H(t) = constant, which implies H(t) = 0
Vt € [0, T]. Therefore,

H =14+ X \VcosO+ XV sint = 0. (4)

Eliminating As from (3) and (4), we obtain

cos 6
Likewise, eliminating A; from (3) and (4), we get
sin
Ay = — v (6)

Combining (5) with A\; = 0, we get

. O\ . OMN . sinf. gsinfcosf g . g
0=\ = 0 = 0 = 0=60+ =cost) = 0 =—=cos¥. 7
1= 20 + ay y v + 2 + [ cos 1 o8 (7)
Now, evaluating (5) at ¢ =t and ¢ = T, and using the fact that \; is constant, we obtain

cosO(t)  cosO(T) ~ cos?O(t)
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Next, we use @ = V cos 0, together with (7), to get

. dx . do g de B 211 9
Vcos@-x—ﬁﬁ— d¢9x< Vcos@>:> i 2y = cosQG(T)COS g, (9)
wherein the last equality follows from (8). Integrating (9), we have
r=x1 2y1 0=0(T) )
doe = ———F—— 6 dé
=
_ - B . e

=uz(t) =z + 3 cos? 0(T) {2(0(T) — 0(t)) +sin(26(T")) — sin(26(t)) }. (10)

We are done because (8) and (10) are the desired identities.

(c) Properties of optimal solution.

(c.1) Prove that the optimal control 0(t) satisfies § = constant.

(c.2) Prove that 6(0) = g Give brief physical interpretation of this result.

(c.3) Letting 3 := m — 26, use your answer in part (b) to show the optimal curve is a cycloid.

Solution for part (c):

(c.1) Combining (5) and (7), we get § = g\; = constant, assuming g is constant as in the original
Brachistochrone formulation.

(c.2) Evaluating (8) at ¢t = 0 yields #(0) = m/2. Vertical initial heading is natural since the

terminal point B is below the initial point A. In other words, to minimize the time to go, it is
optimal to increase the vertical coordinate as fast as possible.

(c.3) In equations (8) and (10), we substitute 6 as function of ¢, and define a constant

a4 = Y _ n
" 2cos2B(T)  1—cosB(T)’

Then (8) gives
y=al[l+cos(m—f)] =a(l —cosp).
Likewsie, (10) gives
r—x+al[f(T) —sin(T)] = a(f — sin j).
The last two equations above give the parametric form of a cycloid passing through (z1, ).

Here, 0(T") (and thus 8(T')) is such that the cycloid passes though point A with coordinate (0, 0).



