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Problem 1. Launching Rocket on A New Planet

Suppose we have a time invariant OCP in Mayer form with free final time 7', given by
mi%i(%lize o(z(T))

subject to

i = f(x)+g(x)u, € R® u € R, 2(0) given, terminal constraint: ¥(x(T)) = 0, Umin < U < Upay.

The corresponding Hamiltonian H = (A, f(x) + g(z)u) is linear in the control w.

(a) Mathematical foundation.

(i) Write down the costate ODE, the PMP, the transversality conditions, and the singular arc or

switching curve involving costate for the optimal control, if any.

(ii) A singular surface is a 2D surface in our 3D state space such that the optimal control is

singular exactly when the state vector is on that surface. Derive the equation of the singular

surface only in terms of the components of the vector fields f,g and h := [f, g] (Lie bracket).

Solution for part (a):
(i) The Hamiltonian is H = (A, f(x) 4+ g(z)u). This gives the costate ODE

. oH  (ofY AN

(

The PMP gives

Umin if <)\,g> > 0,

opt

U™ = 9§ Upax if (X, g) <0,

singular if (X, g) =0.



For the transversality conditions, notice that since dz(7") # 0, dT" # 0, ¥ (z(T")) = 0, we get

\NT) = %, H(T) = 0.

The singular arc/switching curve is (A, g) = 0.

(ii) Following Lec. 16 end and Lec. 17 beginning, at the singular surface, we have the two

conditions

Mgy =0, (N[fg) =0
~~
=:h
On the other hand, this being a time-invariant OCP, we must have H(f) = constant for all
t € [0,7T]. However, transversality condition tells us that H(7") = 0, which implies H(t) = 0 for

all t € [0,7]. Thus, at the singular surface, we get a third condition
H(t) =\ fy=0.
singular surface

We observe that the three conditions we derived are three linear homogeneous equations in
(A1, A2, Ag) of the form:

fi 2 fs A1 0
g1 92 93 Al =0
hy hy  hs A3 0
To have nontrivial solution for (A1, A2, A3), the determinant of the corresponding coefficient matrix

must vanish, i.e.,

fi fo f3
det [ g g g3 | =0,
hi hy hs

which is the equation of singular surface.

(b) Application.
Suppose that a space robotics mission has successfully landed a rover on a planet whose atmo-
spheric properties are not precisely known. To take direct atmospheric measurements, the rover

launches a small rocket with initial mass mg that vertically ascends up to some height within that

atmosphere and collects data during its flight. For this robotic experiment to be scientifically

meaningful, it is desired to maximize the final altitude of the rocket. The idea is that during its

ascent, the rocket will record and transmit data to the rover, and then simply drop off on the

surface.



Define the state vector of the rocket as x := (v, h,m)" where v is its vertical velocity, h is its
altitude, and m is its mass. Because the rocket needs to burn propellant, its mass is time-varying.

At the free final time T when the maximum altitude is reached, the rocket has final mass my

(given).
A known drag force D(v, h), that depends on v and h, acts during the rocket’s ascent. The

only control variable is the magnitude of the thrust F'. The OCP becomes

maximize h(T)

F()
subject to
0 L(F=D)—g v(0) 0
;L = v ) h(O) = 0 given, m(T) =mr given, 0 S F < Fmaxa
m -iF m(0) mo

where g > 0 is the planet’s acceleration due to gravity (known constant), and ¢ > 0 is the specific
impluse of the rocket engine (known constant).

(i) Use your answer in part (a) to clearly write down the costate ODEs, the PMP, the transver-

sality conditions, the singular arc or switching curve, and the equation of singular surface for

this particular problem.

(ii) Clearly derive the optimal singular feedback control, that is, the optimal state feedback F’

when the state is on the singular surface.

(iii) What type of policy is the optimal state feedback? Is it bang-bang or bang-off-bang or

something else? Explain.

Solution for part (b):
(i) In this case, (x1,29,23) = (v,h,m), D = D(xy,25), ¢(x(T)) = —2o(T), u = F, tupin = 0,

Umax = Fmax. Specializing the answer of part (a) for this case, we get

1 0D
19D,
A1 x3 0T
10D
)‘\3 _2 )\1
T3



The PMP yields

( AMA
0 if 2L 225,
XT3 Cc
Ftextopt — Fmax lf ﬁ o é < O,
XT3 Cc
singular if ﬁ — é = 0.
\ XT3 C
The transversality condition gives
M (T) 0
N | =1-1], HT)=0
A3(T) 0
The singular arc/switching curve is
A
o(t) =2 — ﬁ =0
T3 C
The Lie bracket
1 D 1 0D 10D D 1
R ot T v ey e B
Jdg of 3 x3 r3Oory  X30%3 I3 3
h=lfgl=5T-359=10o0 o0 no |7 1 oo
00 O 0 0 0 0 .
1 (oD D
23 \dx1 ¢
- o
0
Thus, the singular surface is
D 0
- = x
fi 2 fs $31 g ' 1 D 9D D
g L1
det = det — 0O —|l==+——-—=—+—]=0.
oo s ¢ L3 c ca i crs  cx} <8x1 * c)
1 /oD D 1
hl hg hg — _— 4 — [ O’
x5 \ 014 c T3

Since m := x3 # 0, multiplying both sides of the above equation by cz3, we obtain D + z3g —

oD D . : -
1 Fr + — ) = 0, or equivalently, in original state symbols:
X1 C

D+mg—v<a—D+2) =0.
ov c



(ii) To derive the optimal state feedback when the state is on the singular surface derived in
part (b)(i), we take the second derivative of the singular arc and set it equal to zero, i.e., & = 0.

Recall that ¢ = 0 is equivalent to

1 (0D D
(A k) =N~ (8x1+ >

d
To enforce 6 = 0, we take I to both sides of the last expression above to get

8x1

. (0D D doD 1dD :
A1 M —=m—4+—— | — Ax3— Ai3=0
- (axl * > A (dt Oxy * c dt ) 208 7 Al

D D
—)\2— 0 < X\ (a—+ )—)\2553—0
I3 Oy

1 0D oD D 92D 82D 1D 16D oD
:>(——>\1 Ag)( + >+)\1(—9’31+—2+——1+—— )——/\1 Aoz = 0

T3 8.751 83:1 8;1:% 3:15183:2 cd €11 co Hi) 0 1)

1 0D oD D 0?’D 10D 02D 10D
N — - - Fopt _ D) — Z

- (:vg 8951)\1 )\2) (81‘1 * c) M ((890% * c@xl) (xg( ) g) i (69&18332 * ¢ Oxy

oD 1

——A )\ FoPt =,
5’x2 1+ 2 (*)

wherein the last but one line used chain rule and costate ODEs. The last line used the state

1 /0D D
ODEs. From ¢ = 0, we know that on the singular surface, \y = < 5 ) A1, which upon
xq

substitution in () above, allows us to write
oD D 0*D 10D 9*D 10D oD
S - = F°Pt _ DY) — Z -
[ T3 C (axl - ) * (0m% N c@:pl) (..'L‘g( ) g) * <8x18x2 i c@xg) 1 Oy

1 D D
+— (8 + ) FOPt} A= 0.
cxs \ 01

For \; to be nontrivial, the term inside the square bracket must vanish, wherein further simplifi-

oD D 1
cation results in after substituting e +— = —(D+xz39) (from the singular surface equation).
T C T

Upon solving for F°P* we obtain the optimal feedback control on singular surface:

(D + ) D+ 62D+18D . oD 0°D +1(9D
I\ 0x?  cOn T3 0x T 0x101s ¢ Oxy

0°D 10D 1
( ) + - (D + z39)

dz?  cOxy

Fopt —

(iii) The optimal state feedback policy is bang-singular-bang. In other words, the singular control

derived in part (b)(ii) is active only for the singular surface derived in part (b)(i). If the state is

NOT on the singualr surface, the optimal control remains bang-bang.



(c) Numerically compute and plot the singular surface.
Let the drag force
1
D(v,h) = §pOS’C’DvQ exp(—ph),
where ppSCp = 620, 5 = 500. Set g = 1, ¢ = 0.5. For this case, write a simple MATLAB/Python

code to make a plot of the singular surface.

Solution for part (c):
Substituting the specific form of D(v, h) in the expression of the singular surface derived in part

(b), we get
1 9 1 3 v
épOSCDU exp(—pSh) + 2—pOSCDv exp(—fh) =mg < (1 + E) D = myg.

C

The following Fig. 1 plots the above singular surface.
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Figure 1: Singular surface.



