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Measure-valued Optimization Problems
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u°P = argint F(u)
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Measure-valued Optimization Problems
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= argint F(u)
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Manifold of probability measures supported on R with finite second moments
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Probability Distribution

T

z(t)=|y| e x=R* xS’
Y

p(x,t) : X x [0,00) = R

measure

Density function

/d,u:/pdazzl for all £ € |0, 00)
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Geometry on the Space of Prob. Measures

2-Wasserstein distance metric

Ground cost, e.g.,

1
~ Il = yII
1/2
W (o, 1) = (inf / C(w,y)dm(w,y))
m Jxxy

subject to / dm = puo( de), / dm = p1( dy)
Y X
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Geometry on the Space of Prob. Measures

2-Wasserstein distance metric

Ground cost, e.g.,

1

2
— x_
2” )’”2

Walko, 1) = (if%,f /XX;VC(HB,y)dm(a:,y))1/2

subject to / dm = puo( de), / dm = p1( dy)
Y X

Sinkhorn divergence:
1/2
We(po, 1) = (inf {c(z,y) + elogm}dm(w,y)) , €>0
m Jxxy

subject to / dm = po( de), / dm = u;( dy)
Yy X
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Connection with Wasserstein Gradient Flows

ou OF
= V"2 F(u):=V - (pV (%)
ot k g7
Wasserstein gradient
Minimizer of  arginf F'(u) €N Stationary solution of (*)
LEPo (Rd)
Transient solution of (*) “W>  Discrete time-stepping realizing

erad. descent of arginf F'(u)
HEPo (Rd)

Wasserstein proximal recursion a la Jordan-Kinderlehrer-Otto (JKO) scheme
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Gradient Flows

Gradient Flow in X

Gradient Flow in P2(X)

da oL
= -Vf(z), =(0)=xo — ==V F(u), p(=,0) = po
dit ot
Recursion: Recursion:
L = Lp_1 — th(a:k) Mk = :u“(°7 L = kh)
, 1
= arg min{ . |z — @p_1||; + hf(a:)} = arg mm{ EWZ(% pr-1) + hF(N)}
rex 2 UEPs(X)
=: prox, ;*(zx_1) =: prox; p(ir_1)
Convergence: Convergence:

rr, — x(t = kh) as

hlo0
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Motivating Applications

Stochastic Control

Stochastic learning

10.5

0.1 [Domingo-Enrich et al., 2020]
P [Krichene, et al., 2020]
[Caluya and Halder,., 2021] [Halder et al., 2020]

[Y. Chen et al., 2021]

Stochastic Modeling Generative Al
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Part I: Optimal Stochastic Control of Generalized Schrodinger Bridge
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Stochastic Control PP

| w(t)
) V& ‘ Process noise B
00 o1 p(x,t)
infycy By {f Hu z, ) Hz dt} - » Nonlinear system
subject to  de = f(t, @, w)dt + /28 'g(t, ®, u)dw

x(t=0) ~p(z), =(t=T)~ pr(e)

| Density controller

Control atfine + Control non-affine
de = f(x,t)dt + B(t)u(z, t)dt + v2eB(t)dw  de = f(t,z,u)dt + \/2,3_19(15, x, u)dw
: { Model-based
Case study: Nonuniform Noisy Kuramoto Oscillators +  Case study: Controlled Self-assembly

l Model-free
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Stochastic Control/ Control-affine

Conditions for Optimality

2

u(x,7) = B()' Vy(x, 1)

pP(x,0) = pyx), pPx,T) = pr(x)

—p V- (p £+ BOTVY) ) = e (D(0), Hess (o) )

=+~ | BOTVy + (Vyf) = — (D), Hess ()

Controlled FPK PDE

HJB PDE

Optimal policy

Boundary conditions

,

16



Stochastic Control/ Control-affine

Hopf-Cole a.k.a. Fleming's logarithmic transform: pOPt

W) = (@.90)

Schrédinger factors

w(x, 1)
2€

O(x,1) = p°P(x, t)exp | —

1 R el ""‘ b _‘“ L "“'?“.” O B ol eany By Sur la théorie relativiste de I'électron
| it - L : 4“(,00. “ Ma«m & . - J“« 4’0.7 W ﬁ[ e );*,_w{&m‘ 9e . [ e
%1%, R 2% PR et linterprétation de la mécanique quantique

PAR

Uberz ezcht vom Verfasser

E. SCHRODINGER

UBER DIE UMKEHRUNG
DER NATURGESETZE

VON

I. — Introduction

) L J’ai I'intention d’exposer dans ces conférences diverses idées concer-
o 1 E. SCH‘RﬁDIN G.ER | . nant la mc:%canique quantique ?t 1’interp1"éta‘?i01.1 qu’on en donne g’én.é-
' e R AR ‘ ralement a '’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de I'électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble & peu prés
. R . siir que la mécanique quantique de 1’électron, sous sa forme idéale,
SOM)FR AUSG ABE AUS' DEN SITZUN GSBERICETEN : que nous ne possédons pas encore, doit former un jour la base de toute
- la physique. A cet intérét tout a fait général, s’ajoute, ici a4 Paris,
un intérét particulier : vous savez tous que les bases de la théorie
moderne de I’électron ont été posées a Paris par votre célébre compa-
triote Louis de BROGLIE.

17
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Stochastic Control/ Control-affine

2 coupled nonlinear PDEs — boundary-coupled linear PDESs!!

o

— = —(Va@.f) — e{D(1),Hess(@)) | Forward Fokker-Planck PDE Initial and Terminal conditions
@(x,0)p(x,0) = py(x)

0P A A
E ==V (qof) T €<D(t)’ H@SS((p)) Backward Fokker-Planck PDE

@, T)p(x,T) = pr(x)

Optimal controlled joint state PDF: pop t(x 1) =opkx,)px, 1)

Optimal control: u°P t(x 1) = 2¢B (I)T V lOg 0,

18



Stochastic Control/ Control-affine

Fixed Point Recursion Over Pair (qﬂ, @)

JForward Fokker-Planck PDEs

p————— 1

~ ~ VaN

Po O ¥y Pr O Pr

Y9Vpe————@7
J' Backward Fokker-Planck PDEs

19



Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

First order Case Study

'
- p)
inf = J —u~ dt|,
UE

df = (= VoV(0) + Su) df ++/2Sdw

.m’\/

hJ

5

5
o
o
<3
()

. \/ 0(t =T) ~ ji; (Synchronized)

0(t = 0) ~ uy (Desynchronized)

5‘?/\
/
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Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

Uncontrolled forward-backward Kolmogorov PDEs:

Initial and Terminal conditions

P00 = poSO(TT., )
P1&0,® = pso)(IT, o)

Ve <@Y V(SV) + A.p | Forward Fokker-Planck PDE

<V5(p, YV5‘~/> — Ay | Backward Fokker-Planck PDE

n
Optimal controlled joint state PDF: pPO,1) = (S~ '0, DS~ o V ( H Gl)
=1

Optimal control: ~ u°P(@,1) = S Vylog ¢ (S_IH, t)

21



Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators
Fixed Point Recursion Over Pair (qﬂ, @)

Proximal recursion

Forward Fokker-Planck PDEs

py—————————————— @y

~S

Po O @y Pr @ Pt

Ype—m—m—m 7
J Backward Fokker-Planck PDEs

Feynman-Kac algorithm

22



illators

isy Kuramoto Osc

Nonuniform No

t =0.0

Stochastic Control/ Control-affine

unc
P

0.00232

0.00230

0.00228

0.00226

0.00224

0.00222

0.00220

0.00218

T T T

3.0

2.5

2.0

1.5

1.0

0.5

t =0.0

opt
P

0.00240

0.00235

0.00230

0.00225

0.00220
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Stochastic Control / Control Non-affine

Controlled Self-assembly & i#. 17 i

. 00..’..1' ..oo

'o « v .
. ~
. ¢ {' - ‘.LO .D:... : - *
.

Dispersed particles Ordered structure

Precision (e.g., sub nm scale) manufacturing of materials with advanced electrical,
magnetic or optical properties

Applications:

Two controlled colloidal SA case studies: (1) model-based, (2) data-driven

24



Stochastic Control / Control Non-affine

Controlled Self-assembly Case Study 1: Model Based Typical state variable: (Cg) € (0,6)

Average number of hexagonally close

0 ep N, packed neighboring particles in 2D
KT BT L A assembly ~ measure of crystallinity order
oo "3-..:.*':..;.-""’ '; " .. e
3 f.? -:.. zé...
‘el '.‘:..; te : Lo Typical control variable: U
- o e ot : Electric field voltage
S S
Dispersed particles Ordered structure

Technical challenge:

Nonlinear+ noisy molecular dynamics AN <C6> is a controlled stochastic process

25



Stochastic Control / Control Non-affine

Controlled Self-assembly Case Study 2: Data Driven Typical state variable: ((C,),(C},)) € [0,1]°

Steinhart bond order parameters

'.‘. .'-'.-;. . . :: ::.: .« e . o
AT LR useful for distinguishing
L4 ,I,\'::;..'-:-o' ", LN between BCC and FCC structures
. ‘:.,.:':..... .. -:of" :‘, ;-E.:
e T Typical control variable: U

':.:'.'.." “ o :.':°-’ t .‘.'

EDRN
¥ T, (uy, u,) = (temperature, pressure)
Dispersed particles Ordered structure

Technical challenge:

Difficult to deduce first principle physics-based controlled dynamics over ((Cjy), (C}»))

26



Stochastic Control / Control Non-affine

Intuition for Case Study 1: (C) = 0 < Crystalline disorder

(Ce) =5 © Crystalline order

3

Steer the PDF of the stochastic state <C6) from disordered at: =17, =0 toordered at7 =7 = 200s

4.0 - \ — pPo TT°PT ) (
3.0 -

Typical prescribed finite horizon for controlled selt-assembly

3.0 1

2.0 1

Endpoint PDF constraints: (C )(r = 1,) ~ p, (given)

(Ce)(t =T) ~ pr (given)

Control policy to accomplish =7 <<C6>’ t)
the PDF steering:

PDF 4|

1.5 1

1.0 -

0.5 1 \\
0.04 ===-= .

(Cs) 2!

Underdetermined




Stochastic Control / Control Non-affine

Case 1: Minimum Effort Self-assembly

Proposed formulation:

inf
=x/A

I

—u? dt|,
2

-

drift diffusion free energy
landscape landscape landscape

D(x",u) := aDz(x JU) — gF(X ,U) P
B

\

either from model or learnt from MD simulation data

v,

subject to dx" = D(x", u) dt ++/2D,(x", u) dw,

(Cs)

x(t =0) ~dug = py dx*,

28

L standard Wiener process

x(t=T)~ duyr = ppdx”



Stochastic Control / Control Non-affine

Case 1: Minimum Effort Self-assembly

Equivalent formulation:

Guaranteed existence-uniqueness
for compactly supported p,, pr

T
1
inf J J —u?(x", 1) p*(x*, t) dx* dt -
(') Sy I 2
; o' 0 %
subject to = — D p") + D,p* |
J or = o (DY) * 5z (D)

2.9 1

p'(x",t=0)=p, p"&"t=T)=py

1.5 -

1.0 1

0.9 1

0.0 1

29
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Stochastic Control / Control Non-affine

Case 1: Conditions for Optimality

f

2
% zl(ﬂopt)z_%])l_ 0 l/sz HJB PDE
o 2 ox O
op* 0 0° C
— D.p") + Do ontrolled FPK PDE
ot oo (D) + == (Dop")

oy 0D, 0%y oD,
opt/,-u — - -
o (X, 1) = o o + TR Optimal policy

plxt,t=0)=py, p'&x“t=T)=ps Boundary conditions

value optimally optimal

function controlled PDF  policy

To be solved for the triple: ¥ (x”‘, t) , P (x”, t) , T°P" (x”, t)

30



Stochastic Control / Control Non-affine

Case 1: Train Physics Informed Neural Network (PINN) to Learn the Solution of the GSBP

Input layer Fully connected hidden layers Output layer Loss
v
<7
(R N Z
N\ U
N N> «.;4{.\\\\;@ p
(Ce) Nva@ (R N
Yo ‘,.\v'.:‘)gv, ........... w,‘j‘&.‘\ X . |
=0 . ¢ g L T NS
4/SVANVA v, > D
f HRRR FERR \\\ 2 OeR
AR TN N
"’I‘“\‘}“ "",‘“\‘3 - Adam optimizer
N 7N L o
Pr

3W=3W+gpu+gﬂopt+gpg+gp%

|[Lu Luetal, 2021] [Niaki et al, 2021]

31



Stochastic Control / Control Non-affine

Case 1: Residual for PINN Training

Benchmark controlled self-assembly system: [Y Xue, et al, IEEE Trans. Control Sys. Technology, 2014]

—— Controlled Fokker-Planck PDE
—— HJB PDE

—— Policy equation

— po boundary condition
—— pr boundary condition

PINN residuals
=

Bl ' BT
Epoch

32




Stochastic Control / Control Non-affine

Case 1: Optimal Policy

' ((Ce), 1)

6
5
1
(Cs) 3
)
1
0

Lkl
0 40 S0 120 160 200

0.5 1.0 1.5

33



Stochastic Control / Control Non-affine

Case 1: Optimally Controlled State PDFs

4.0 - \ —pPo TT°pr

3.9 1

3.0 1

2.9 1

PDF 5 .

1.5 1

1.0 A

0.5 1 |
0.01 == . -

.. the MSE losses are not appropriate for enforcing the endpoint PDF constraints

34



Stochastic Control / Control Non-affine

Case 2: Data-driven GSBP for Colloidal SA

Molecular dynamics Simulation

data

Data-driven learning

N Drift s N Diffusion

Neural Schrodinger bridge

>

S

uopt

Colloidal Self-assembly System |

35



Stochastic Control / Control Non-affine

Case 2: Architecture for Data-driven GSBP

\/ l
ORID
RN

IV Loss
Schrondinger Bridge
Ly
() >
N o
\{\:tg ;’5}‘ ‘ g%ﬁf“\ L oL

N2

7K/

N3

‘I\}:’Q:};h‘
DX

. \J
LN
“0};‘)\%
BOK R

e I . . n .
> Euopt i)_ argmln EN Schrondinger Bridge ({€7’ }Z:]- ) 0)

O © O

K ] L O
(U R c
"A\\ 'A\‘ Po
>
L
PT

N Diffusion

36



Stochastic Control / Control Non-affine

Case 2: Sinkhorn Losses for Boundary Conditions

W) i= _inf [ {Jle gl + clogn(e,y)}dr(e, )

b
For boundary conditions, use Sinkhorn losses: L 0; += VVE2 (pi, p?poc ndex (9))

Implementation friendly for PINN training:

A.U.t()diffg W€2 (,07,7 pspoch index (0)> Vi € {O, T}

37



Stochastic Control / Control Non-affine

Case 2: Synthesize BCC CrystallineStructure by PDF Steering in ((C()., (C|,)) Space

Body-centered cube (BCC) crystal

t =0 t =40 t =81 t =118 t =159 t =193 t =200
PPt '
0.00 0.5 0.50 0.75 1.00 1.25 1.50 1.75

Data-driven:
Uses PINN with Sinkhorn losses + the drift-diffusion are themselves NNs

38



Part II: Stochastic Modeling and Solving of Chiplet Population Dynamics

39



Stochastic Modeling

Model dynamics of “chiplet population”: large ensemble of micro/nano sized particles
immersed in dielectric fluid

High speed Image processing- ESIE
camera based position
estimation

Motivating applications

Xerographic micro-assembly for printer systems

Objective
Manufacturing of photovoltaic solar cells

Control
selection algorithm

Projector Trajectory

planning

Actuation and control
Image credit: PARC

Electric potential generated by very large array of small electrodes

3

Spatio-temporally non-uniform dielectrophoretic forces on the chiplets

40



Stochastic Modeling

Main Idea: derive controlled dynamics in the limit both

# electrodes and # chiplets — o

Derived model

2D position of an individual chiplet: x(t) € R*

/Electric voltage r. Typically [-400, 400] Volt

Causal deterministic control policy: U : R? x 0,00) — [Umin, Umax| C R

At low Reynold’s number in dielectric fluid (ignoring small mass of chiplet):

L = f + noise
~~ ~~
viscons drag force controlled interaction force

At time t, normalized chiplet population density function (PDF):  p(@,t) € P2 (R?)

The vector field: f*:R* x [0,00) x U x P2(R?) — R?

41



Stochastic Modeling

Derived model: nonlocal Ito SDE

W.l.o.g. viscous coefficient u = 1 (else re-scale vector field)

[td6 SDE for the 7 th chiplet:

= f“(x;,t,u, p")dt \/25_1 dw;(t) withi.i.d. xy ~ pg € Po (Rz) Vi € [n],

(.. \

"= — 0. '
P - ; ; Standard Wiener process
Non-local vector field: o .
Yz, t,u,p) = ¢ (z,y,1) )dy)——V(p*cb)

/) \ \

Controlled interaction potential Comma . not minus Generalized convolution



Stochastic Modeling

Derived model: controlled interaction potential qbu

Non-local vector field: f“(x,t,u,p) = -V (/ ¢ (x,y,t)p(y, t)dy)

/Rz

U

Controlled interaction potential = ¢.(€, Y, t) + ¢e.(T, Y, t)

Bec(@, Y, t) 1= Cec(l|lz — yll2) (a(y, t) — a(z, t))"/2
¢ge(m7y7 t) + = CCG( £ —Y 2)(u(y, t) o ﬂ(w7t))2/2

Capacitances (in practice, from COMSOL electrostatic simulation)

. fRz Cce(Hm — sz)U(y, t)p(y’ t)dy
| fR2 Cee(||lz — y|l2)p(y, t)dy

43




Stochastic Modeling

Consistency guarantee for the mean field limit

Theorem. The random empirical measure p" — p a.s.in the limit n T oo

where P solves the nonlinear McKean-Vlasov-Fokker-Planck-Kolmogorov IVP

0
a_i ==V -(pf") + B Ap

=V (pV(p*¢" + (1 +1logp)))
p(-,t =0) = py € P(R?) (given).

44



Stochastic Modeling

Chiplet mean field dynamics as Wass. grad flow

Theorem. Define “energy functional” (I)(p) P = ‘f:p [p % qbu + ﬂ_l lOg p]

Then

. dp
i 22— _gW
ot 2(p)

(ii) (I)() is a Lyapunov functional for the mean field dynamics.

45



Stochastic Modeling

Wasserstein proximal recursion

Theorem. Let (/E(Qv Qk—l) = £Q [Qk—l * qu T /B_l IOg Q] y 0y Ok—1 € Po (]Rz)\vllC c N

Then the proximal recursion Or = proxg (0r—_1)

. 1 3
c— a,I'g IIlf { EWQ(Qa Qk—l) —I_ TQ(Q? Qk‘l)}

0eP2(R) 15.0 -
e

12.5 -

approximates the transient solutions of the mean 00

field nonlinear PDE IVP ¢ 75-

5.0 1

2.9 -

0.0 -

0.0 0.5 1.0 1.5 2.0

* time [s]



Part III: Stochastic Learning

47



Stochastic Learning / Centralized Computing

Centralized Computing Can Become Intensive: Mean Field SGD Dynamics in NN Classification

Free energy functional F(p) := R( f (x,p))

For quadratic loss:

F(u) = Fy + / du(6) + / U(6,6)du(6)du(é)

NI

depend on activation functions of the NN

op oF\  _w
B =V - (MV 5“> =: —V"?F(u)

Wasserstein proximal recursion:  Uk+4+1 = pI‘OX,%( Nk)

Neuronal population measure dynamics:




Stochastic Learning / Centralized Computing

Centralized Computing Can Become Intensive: Mean Field SGD Dynamics in NN Classification

. . . . actual labels ---- estimate #1 —-—- estimate #2
Case study: Wisconsin Breast Cancer (Diagnostic) Data Set L .
---- estimate #1 estimate #2 | B i
3 x 1072 1 {1
2 x 1072 1 i i i
_______________________ - I ' I I I I I il I |
= 10-2 0 25 50 75 100 125 150 175
& 1A i
= 1R
£ 10° 10! 102 10% 10* 10° 106 il
= 1 .
= ) | | : |
2x 10721 b - W
; iy |
o= V1 | T I
O -
| 0 2% 50 75 100 125 150 175
1072 1 The test data index
Classification accuracy for the WBDC dataset
0 10t 102 100 {0t s e B Estimate #1 Estimate #2
[terations 0.03 91.17% 92.35%
. . . 0.05 92.94% 92.94%
CPU: 3.4 GHz 6 core intel i5 8GB RAM (= 33 hrs runtime) 007  78.23% 92.94%

GPU: Jetson TX2 NVIDIA Pascal GPU 256 CUDA cores, 64 bit NVIDIA Denver +
ARM Cortex A57 CPUs (= 2 hrs runtime) 49



Stochastic Learning/ Distributed Computing

Our Present Work: Distributed Algorithm

arg inf F7(u)
HE P> (Rd)

50




Stochastic Learning/ Distributed Computing

Our Present Work: Distributed Algorithm

Main idea: alrg inf Fl (H) - F2 ()U’) T ... T Fn('u’)

HE P> (Rd)
$ re-write

arg inf Fi(p1) + Fo(pe) + ...+ Fo ()
(1150 - on,C)EPYHH(RY)

subject to u; = (for all i € [n)

51



Stochastic Learning/ Distributed Computing

Our Present Work: Distributed Algorithm

Main idea: alrg inf Fl (H) - F2 (N) T ... T Fn(“)

LEPo (Rd)
$ re-write

arg inf Fi(p1) + Fo(pe) + ...+ Fo ()
(1150 - on,C)EPYHH(RY)

subject to u; = (for all i € [n)

Define Wasserstein augmented Lagrangian:

81

La(,u'la L 7:“'77,76:7 Uiy« - '7Vn) .= i{FZ(:U’Z) + EWZ(:U”Mg) + /Rd Vz(e)(dﬂ'z — dC)}

i=1 / \

regularization > 0 Lagrange multipliers
52



Stochastic Learning/ Distributed Computing

Proposed Consensus ADMM

k+1 : kE _k k
:U’z‘+ — argmf La(lu’la R 7:“%7( s V1. °7Vn)
1i €Po (Rd)
k+1 - k+1 k+1 k k
R = aurgmeOé(,ulJr ey ,C,l/l,...,l/n)
(ePs (Rd)
I/Z.’“H = vF 4 oz(,u,,iichl — CkH) where ¢ € [n|, k € Ny
Define Veun (0) := Z vi(0), keNy
1=1
and simplify the recursionsto |, -

_ k
T = pr0x ()

2 S ) k+1 2 Lk
¢! = arg f{(zw (] ,c)) a/Rd Sum(e)dc}

(eP2 (RY) i=1

k41 k k41 k+1
et =V, +a(ui+ —C“L)

[

53



Stochastic Learning/ Distributed Computing

Discrete Version of the Proposed ADMM

Euclidean distance matrix

k—l—l
z o prOX% Fz Hrz _|_<Vz ,Mz )

Outer
layer

cAN-1
ADMM Hi

1 Inner
¢k = arg mf{ ( k—l—l 5(0’, MZ>) vE C> E |1ayer
CeAN 1 1 MeH p ¢ ADMM

where N is the number of samples

1
= argmf{ min (C M) + — (F;(us) ‘|‘<V7,7Nz }
MEHN ”’zagk &/

54



Stochastic Learning/ Distributed Computing

Split free energy functionals: D, () := Fi(ps) + /R d vy dp;
.. Distributed Wasserstein prox = time updates of (ZZ L= -V (i)
Examples:
®,() = Fi(-) + [vEd(+) PDE Name
fRd (V 0) + Vzk(e)) dp;(6) aal;i = V- (,17z (VV + Vl/f)) Liouville equation
Ol - N
fRd ( zk ‘|‘ b~ ! log #z(e )) d,u,,;(H ) 8/:5 =V - (,quI/f) + ﬁ_lA,ui Fokker-Planck equation
ot - N
fRd vE(0)du; (0) + fde U(0,0)du;(0)du;(o) 8'[; =V (,uz (Vl/zk + V(U ® ,uz))) Propagation of chaos equation
- Ol - N
fRd (foc (60) B lT ) dp;(6), m > 1 8'[:5 =V - (Mz'VVf) B~LAn™ Porous medium equation




Stochastic Learning/ Distributed Computing

p. update - Outer Consensus (Sinkhorn) ADMM

Example: (I)(P') = (a, H'>7 a C RN\{O},H, ( € AN_l,P = exp(—C/25),s > 0

pmng;(g) — exp( :6 a) ® (I‘T (C % (I‘ exp( :6 a) ) ))
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Stochastic Learning/ Distributed Computing

§ update ~ Inner (Euclidean) ADMM

Theorem. Consider the convex problem

(u‘fpt,.,.,ugpt) — argmin Z<uf+1,log(1‘ exp(uz-/e))>

('U,]_,. . .,’u,n)GRnN Z:].

n
2
subject to Zuz Sy
i=1

sum °
(87

Then
¢F = exp (ugpt/s) ® (I‘ (pfﬂ % (I‘ exp (u?pt/e)))) c AN € [n]
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Stochastic Learning/ Distributed Computing

§ update ~ Inner (Euclidean) ADMM

Theorem. Let fi(u;) := <pf+1,log(1‘ exp(u;/€))), u; € RY, foralli € [n],

Then the following Euclidean ADMM solves

ult! = prox) 2 (z‘f — ﬁf)

7 ?fz [
1 « 1 « 2
(+1 (+1 (+1 ~{ ~{ k
zZ, T =lu,  — — u + |V, — — | v
[ 7 (4 (; (4 SuIn
( n i3 n i3 ne
~ 1 -~
o =+ (w -2

Theorem.

Guaranteed convergence for inner layer ADMM under some constraints on hyper-parameters
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Stochastic Learning/ Distributed Computing

I‘lk + Inner ADMM minimizer #3
...................... > S U
o k+1
Overall Schematic &t Central gkl

i Processor  [f====="- iy R k

=

(W

X
s

Inner ADMM minimizer #2

L-----------I

L--------

L L .
Distributed Processor #1 E : Distributed Processor #2 | E , Distributed Processor #3 E .
Outer layer : E Outer layer : E Outer layer : E
ADMM v ADMM v ADMM v
('": : (---: : (__: :
k] : gkl : :
\ 4 ﬂ1+ : \ 4 ”2+ , :
Inner layer | _.__. , Inner layer  |._... - Inner layer -
ADMM ADMM ADMM
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: : L . Centralized computation:
Stochastic Learning/ Distributed Computing Corilo, Crain, Wang and Wet, FOCMIZOZI

Experiment #1 Aggregation-drift-ditfusion nonlinear PDE

0, _
= =V (uV(U )+ V- (uVV) + B AY2
—_— | N—

1=1 1=2

1
U(z) = <l —In |||

hm Poy = Un1f (A)
p~110
Annulus with inner radius 1/2 and outer radius \/g /2

<Vk + B log p, p)

k =1000 k =2000 k =5000 k =10000

(=) S
o
P

k =500 k =1000 k =2000 k =5000 k =10000

Distributed computation: Fi(pu) = (Ugp,p) Fo(p
k =0 = k =100

9
QO??'\_/

H1

.00

.00

2

.00

0.0002 0.0004 0.0006 50 0.0008 0.0010 0.0012



Stochastic Learning/ Distributed Computing Centralized computation:

Carrillo, Craig, Wang and Wei, FOCM, 2021

Experiment #1 Aggregation-drift-ditfusion nonlinear PDE
(VU *p) + V- (uVV) + B Ap
—_— Y ~e——

1=1 =2

1
U(z) = <l —In |||

1
—ln ]

lim p_, = Unif (&)
A0 J
. . . 1 Annulus with inner radius 1/2 and outer radius \/g /2
Distributed computation: Fi(u) = (Ugp, p) Fr(p) = (Vi + 8 log p, )

T 4 x 1072 -
3
<&
=
= N\
\/\/\_/M
4% 1073 - M
O -
10° 10! koo 102 103 10*



Stochastic Learning/ Distributed Computing

: 2
Experiment #2  Wasserstein barycenter arg inf E wWo(p, &)
pEP2(X) i=1
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Stochastic Learning/ Distributed Computing

: 2
Experiment #2  Wasserstein barycenter arg inf E wWo(p, &)
pEP2(X) i=1
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Stochastic Learning/ Distributed Computing

Experiment #2  Wasserstein barycenter

X X X

Distributed Processor #1 Distributed Processor #2 Distributed Processor #3

v

v

v
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Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

First order Case Study

T T
: 1 ) - 1 2
inf = —u” dt], inf = —u” dr],
=/ 0 2 UEU 0 2
Change of variables i
40 = (= VyV(0) + Su) di + [BBkw > dE=(u- YV V) di+
O— E&E:=9 -1g
0(t = 0) ~ py (Desynchronized) E(t = 0) ~ jiy (Desynchronized)

! >

0

@ ' O0(t =T) ~ ji; (Synchronized) E(t = T) ~ ji; (Synchronized)
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Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

First order df = (= VoV(0) + Su) dt ++/2Sdw

dé @ Onxl
Second order — i i i dr +
dw —M~VoV(O) — M 'Tw + M "Su \/EM_Ide

Potential function ~ V (0) := ) k;(1 —cos(d,— 60, — ¢,)) — ) PP,

< BN

Coupling >0 Linear coeff. > 0
Phase difference € [0,7/2)

Positive diagonal matrices M, I',S
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Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

T
infj [ lu(x, D5 p(x, 1) dxds
(pu) Jg J o

First order, &’ = T" (\» SS'

st % =~ Vy- (p (Su=VgV)) + (D.Hess p) )

Second order, X = 1" X R”"

0
st — =V, (p (M~'VoV(0) + M T — M~ 'Su+M~'DM~'V logp) — (@, Vyp)

ot

Initial and Terminal conditions p(x,f = 0) = p,, px,t=T) = p;
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Stochastic Control/ Control-affine: Nonuniform Noisy Kuramoto Oscillators

The Second Order Case
Uncontrolled forward-backward Kolmogrov PDEs Initial and Terminal conditions
0 — . 1 (€ Y o
= =T <'1, V§@> +V, - (qb (Y VeU(E) + V,,F(n)>) +A,p  Po®P® = po ((Iz ®SM™) (,,)) L Lm?

0 o A ‘ 12
a_qj — <;1, V§¢> —+ <Y V§U(§) + V”F(”)a V”(P> — A”gﬂ ¢T(§)¢T(§) =PT<(12®SM 1) (g)) (gml2>

-
Optimal controlled joint state PDF: p°?(0,@,1) = ((12 ® MS™') (0 ) f) @ ((12 QMS™') <0 ) t) (Hﬂ)

), w :
=1 !

Optimal control: u°" ((12 ®MS™) <g>t> = (I, ® SM~") Vylog ¢ ((12®MS_1) (9>,t)
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Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

Proximal recursion
n n | R 2 n
b, = proxfy (¢, ) 1= arginf— (d(4, 441 ) )+ h¥(4)

R

Step size

Distance

Energy-like functional

First order: d = Wy \I’(QB) = /H | (V + log ¢)¢d€

Second order: d = Wh,T

U($) = [([T5,]0,2mm;/0;)) x R™(F + log ¢)ddédn



Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

Feynman-Kac Path Integral

o

— [ 1,
ot Backward

M) known

(2



Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

Feynman-Kac Path Integral o(t=1,x")

Xt=T|t=1.x(0)=x) }

05 G
L > 2
1 #of sample paths

Elpr( == 2 o) “[p7(. )]

i=1 /3




Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

t =0.0

opt
P

unc

0.0249 0.0250 0.0251 0.0252 0.0253 0.0254 0.0255
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Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

First order

PDF of order parameter r:=—

75

1

n

Second order

|

\

cosf. | + sin O
Z ¢ Z l

[ I

1

1

4

3
PDF of r



Stochastic Control/ Control-affine/ Nonuniform Noisy Kuramoto Oscillators

Optimally Controlled Sample Paths

/6



Stochastic Control/ Control Non-affine

Casel: Solve via PINN

P = I | al// opt)2
Loss term for HJB PDE v=— 257 )
i=1 X,
Loss term for FPK PDE
- o ox4
: : 1 % oy 0D,
Loss term for policy equation L oo = — OPt
n = xt ox" ou
L 2
Loss term for initial condition L i = p¥ N pé‘(x))

Loss term for terminal condition £, =




Stochastic Control/ Control Non-affine

Case 1: Value Function

w(<c6>7 t)

6
5
1
(Co) 3
:
1
0

|
0 40 30 120 160 200

0.3 0.9




Stochastic Control/ Control Non-affine

Case 1: Optimal State and Optimal Control Sample Paths

4.0-
5_
3.5 -
4- 3.0-
3 2.5
<C6> uopt
2.0 -
2_
1.5 -
1_
1.0 -
0- 0.5
0 2% 50 75 100 195 150 175 200 0 25 50 75 100 125 150 175 200

t |s] t |s]
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Stochastic Control/ Control Non-affine

Case 2: Closed Loop State Sample Paths

0.45 -
0.40 -
0.40 -
0.35 -
0.35 -
(Ch2) (Cho)
0.30 -
0.30 -
0.25 -
0.25 -
020_ 020_
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
t [s] t [s]

Desired transport from mean (0.2, 0.2) to (0.40,0.37) for BCC structure
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Stochastic Modeling

Existing state-of-the-art

Several works on modeling the finite population:

[Lu et. al., Appl. Phys. Lett., 2014] [Edward and Bevan, Langmuir, 2014]| [Matei et. al., CDC, 2020]

|[Matei et. al.,, CDC, 2021]

[Lefevre et. al., IEEE/ ASME Trans. on Mechatronics, 2022]

How to steer the large finite population toward desired pattern:

Vectorize the positions of all chiplets, then apply MPC [Matei et. al., US Patent 17121411]

Computation does not scale ... need new ideas
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Stochastic Learning/ Distributed Computing

Discrete Version of the Proposed ADMM Euclidean distance matrix

. . 1 1 "
= argint min —(C, M)+ —(F;(p;) + (v, pi
S {M<> (@ M) 5 (Rl ()
ADMM n
1 9 Inner
¢* = arginf Z min —(C, M;) | — —<ufum, ) layer
ceav-1 | \ 5= Mielly (pf¢) 2 o ADMM
I/Z.kH = v + a(pfﬂ — ¢ k“) where NN is the number of samples

—arginf{ min <%C+€1OgMaM>‘|‘%(Fi(“i)+<'/g€’m>)}

Outer e AN-1 | MEeIly (pid")
f]%?dM i 1 2 Inner
Ck+1 — arg inf Z min <—C + € lOg Mi, Mz> — — <Vskum ; C> layer
ceav-1 | \ =7 Micliy (uf+1¢) \ 2 a ADMM

k+1 k k+1 k+1
V= v (b - )
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Stochastic Learning/ Distributed Computing

p. update - Outer Consensus (Sinkhorn) ADMM

Example: Gz(uz) _— Fz(p,z) -+ <I/Z-k, [Li>, Ck - AN_l, k € Ny

k41 W k AL C'
Hi o = PYORL (R o)+ (vh ) (¢7) = exp 073 © exp( 2¢ ) o
opt

where Ag)", A} € RV solve (AS?’“ ) ( ( C ) (A‘{?t ))
exp © | exp exp = (x
OE 2€ OE

AOI-)t CT
0 € 9 Gi (-AT') - e"p( - ) @ (exp< 2 ) exp(

83

opt
AOi

(873

)




Stochastic Learning/ Distributed Computing

§ update ~ Inner (Euclidean) ADMM

Theorem. Let fi(u;) := <pf+1,log(1‘ exp(u;/€))), u; € RV,

Then the following Euclidean ADMM solves

for all 7 € |n],

No analytical solution, use e.g.,

Newton's method (has structured Hess)
¢+1 I-1l2 ~ S
u’L o prOX 1 f VZ 150 \ -e-Gradient descent: 2000 iterations, CPU time 21.6566 s
¢ —=-Newton method: 5 iterations, CPU time 0.046344 s

n 140

1 1 2
2 = [l - = E w5 - =) oA vF
n <

~(+1 _ ~/ (+1 (41
U, —Vz-—l—(u. — Z; )
Theorem.

Guaranteed convergence for inner layer ADMM
under some constraints on hyper-parameters

Proximal objective (34a)

10Y
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CPU time [s]

102

p—
-
—
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—
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—
o
e
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Centralized computation:

Caluya and Halder, IEEE Trans. Automatic Control, 2019

Stochastic Learning/ Distributed Computing

———  Pocanalytical = % €xXp (—,3119(1)13 TQ)) @ Pproximal
< 1 — - t=0.0 t=20.5 t=1.0
Experiment #3 Linear Fokker-Planck-Kolmogorov PDE T
v o PR T
° . . 0% g S0 . -
5.0F %g{;}‘ﬁ;i% 4+ :g:% ® o 0008 ) 2r :f‘: @{4’
- o d tml e vy TLNES.
8:“’ ol “éz g” ’ 27 0T AR | | R ‘?
O . () + A T R 8
— M M " 3" | of S " 3
8t —2.5} RIS i :
o _2_ ¢ o % o
1 1 4 7 1 2 -9 2
t=20 t = 3.0 t=4.0

V(zy, xo) = — (1 :v‘ll) (m% — :1;%)

2

0.00025 0.00050 0.00075 0.00100 0.00125 0.00150 0.00175
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Stochastic Learning/ Distributed Computing Centralized av. runtime = 310.21 s

100 run statistics for each of the 4 ways of splitting: (B, — 1 ways in general)

Splitting case Functionals Wasserstein distance
_ Splitting caase #1
Fi(p)=(Ve+ B8y, | ="
#1 k )
Fy(p) = (Upp*, p) o
av. runtime = 294.06 s s
100 10! k 10° 10° 10*
Splitting caase #2
#) F (Il:) — <Uku’k + 18_1”" “’>’ 23 4 %1072
: 10_? .
av. runtime = 285.32 s R | | | 1
10" 10? k 102 10° 10*
_ —— Splitting caase #3
4 x 1072 1
Fy(p) = (67 1, 1)
R
av. runtime = 289.87 s X107
F]_ (u) — <Vk, IJ:) , 4.5 % 1072
#4 Fy(p) = §Ukﬂ'k>a 5
F3(p) = (6~ 1, 1) !
= 1.4 x 1072 1
av. runtime = 108.99 s 0

10V 10" k 10° 10° 10*

86



Stochastic Learning/ Distributed Computing Centralized is pink dotted (repeated in subplots)
100 run statistics for each of the 4 ways of splitting: (B, — 1 ways in general)

Case Functionals Wasserstein distances
w1 | Filp) = é‘fk +B87 ), | 50
Fz([,l,) — Ukﬂk,ﬂ> ~_cz.:o.:joo-
w | Fi(p) = (Usp®+ 87 0, p), | 5"
F2 (“’) — (Vka “’> ;; 0.30 -

43 Fi(p) = <Ukll'k + Vi, 1), ~
Fo(p) = (B~ 'p, ) 5 -
—
F1 (”’) — (Vk? ”‘) ) 0.350 4
#4 Fo(p) = éUku’“, B, 3 o
F3(p) = (8" ', 1) I

() 1()" 1()! ko102 10° 10?
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Publications

e Alexis Teter, Iman Nodozi, and Abhishek Halder. "Proximal Mean Field Learning in Shallow Neural Networks." Transactions on Machine Learning Research, 2023.

e Iman Nodozi, Charlie Yan, Mira Khare, Abhishek Halder, and Ali Mesbah. "Neural Schrédinger Bridge with Sinkhorn Losses: Application to Data-driven Minimum Effort Control of Colloidal Self-
assembly." IEEE Transactions on Control Systems Technology, 2023.

e Iman Nodozi, Abhishek Halder, and lon Matei. "A Controlled Mean Field Model for Chiplet Population Dynamics." IEEE Control Systems Letters, 2023. Also in 62nd IEEE Conference on Decision
and Control (CDC), Singapore, 2023.

e Charlie Yan, Iman Nodozi, and Abhishek Halder. "Optimal Mass Transport over the Euler Equation." Proceedings of the 62nd IEEE Conference on Decision and Control (CDC), Singapore, 2023.
Invited paper in Session ‘Optimal Transport’.

e Iman Nodozi, Jared O'Leary, Abhishek Halder, and Ali Mesbah. "A Physics-informed Deep Learning Approach for Minimum Effort Stochastic Control of Colloidal Self-Assembly." Proceedings of
American Control Conference (ACC), San Diego, California, USA, 2023. Invited paper in Session ‘Learning and Stochastic Optimal Control’.

e Iman Nodozi, and Abhishek Halder. "Schrodinger Meets Kuramoto via Feynman-Kac: Minimum Effort Distribution Steering for Noisy Nonuniform Kuramoto Oscillators." Proceedings of the 61st
IEEE Conference on Decision and Control (CDC), Canctan, Mexico, 2022.

e Iman Nodozi, and Abhishek Halder. "A Distributed Algorithm for Measure-valued Optimization with Additive Objective." 25th International Symposium on Mathematical Theory of Networks
and Systems (MTNS), Bayreuth, Germany, 2022. Invited paper in Session ‘Optimal transport: Theory and applications in networks and systems’.

e Alexis Teter, Iman Nodozi, and Abhishek Halder. "Solution of the Probabilistic Lambert's Problem: Optimal Transport Approach."
e Alexis Teter, Iman Nodozi, and Abhishek Halder. "Solution of the Probabilistic Lambert Problem: Connections with Optimal Mass Transport, Schrodinger Bridge, and Reaction-Diffusion PDEs."

e Iman Nodozi, and Abhishek Halder. "Wasserstein Consensus ADMM."
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