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Reach set: Definition

Compact set
Controlled dynamics

z=f(z,v), z(t=0e€R*, veVCR"

Forward reach set at time ¢

Z; = U {2(t) € R*%

measurable v(-)€VY

2 = f(z,v), z(t=0)ecR%,

v(1) € Vforall0 < 7 < t}.



Reach set: Applications

Z ({20}, t1) Z ({20}, 12)

Predicting the states of an uncertain system

21

Safety critical applications such as

motion planning & collision
warning systems




Reach set: Applications

Z ({20}, t1) Z ({20}, t2)

221

Predicting the states of an uncertain system

21

Needle steering w. input uncertainties

/
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Credit: Duindam et al., 2009 Credit: Patil and Alterovitz, 2010 Credit: Duindam et al., 2009



Existing algorithms for reach set computation

Semiparametric

Nonparametric

Parametric
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Sample-based statistical learning
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CORA toolbox

[Althoff et al., 2015]

[Devonport and Arcak, 2020]

Level set toolbox
[Mitchell et al., 2008]



Existing algorithms for reach set computation

No specific algebraic or topological results about the ground truth

Difficult to quantitatively compare performance between two given algorithms

One-size-fits-all algorithms ignore the specific geometry induced by different
class of systems



Our approach

Generic — specific algorithm exploiting geometry of the true set

Overall contribution

Algorithms for learning the reach sets of full state (static and dynamic) feedback
linearizable systems




Background: Static state feedback linearizable systems

2= f(z,v), zcR%* wvcVCR"

State diffeomorphism: 7:zcR* — zcR? d=d,

Input homeomorphism: T : (2,v) € R xV—sucl (t) C R™

¢(t) = Az(t) + Bu(t), z(t)c RY, u(t) € U(t) C R™, Integrator dynamics a.k.a

Brunovsky normal form
A:=blkdiag(Ai,...,A), B:=blkdiag(by,...,b),

o =

ri+ro+...7, =d

0
_ NG
SRR | N

o 00 0) \1/

r — (Tl,Tg,...,Tm)T EZT,




Example 1: Static state feedback linearizable system
Single link manipulator dynamics with flexible joints and negligible damping;:

<1 = <9, Zg = Z4,

Zg = —sin(z1) — (21 —23), ‘Z4= (21 —23)+v, zeRtandveVCR.

Diffeomorphism 7 and homeomorphism 7

21 X1
z=7(2)=| _ sin(zy) — (21 — 23) |’ z=7 (@) xrs3 +sin(x) +x1 |’
|—z9co8(21) — (22 — 24) | | T4 + T3 cos(z1) + T2) |

u=T,(z,v) = —(cos(z1) + 2)(—sin(z1) + 23 — 21) + (25 — 1) sin(z;) + v.

Normal form:

i 0 1 0 0] [z] [o
i 00 1 of [e] |0
il o 0 0 1| |zs| T |0l
_Ci34_ _O O O 0_ _334_ _1_
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Example 2: Static state feedback linearizable system

System with 5 states and 2 inputs:

: 9
21 = 22 + 25 + V1,
Zo = 23 — 2124 + 2425, Z4 = 25,

. 2 .
23 = 2924 + 2125 — 25 + cos(z1 — 25)V1 + V2, Zs :zg—l—vg, zeRand v €V C R2

Diffeomorphism 7 and homeomorphism 7

£1 — %5 r1 + x5
) )
_ _ _ 1 _
r=7(2)= |23 — 2124+ 2425|, z=7 (@) = |23+ (1l + x5)24 — x475 | ,
24 L4
Z5 i L5 |

U — ’Tu(Z, ’U) _ COS(Zl — 2’5)’01 —+ V92

z§+vg

Normal form: N 0 1 0 0 0] [=z] Jo o
o 001 0 0] | 0 0
isl =10 0 0 0 0 x3+10[“1]
i 0 0 0 0 1| |z 0 of 1“2
is| [0 0 0 0 0f |a5] |0 1
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Background: Dynamic state feedback linearizable systems
2= f(z,v), zcR%* wvcVCR"

Compensator state w
Augmented

state vector

State diffeomorphism: 7:p €€ R4 — 2 cRY d=d,+dy, p:=(z,w)

Input homeomorphism: T, : (v, 2z, w,w,w,---)—u €U(t) CR™

u(t) =C (z(t),w(t),w,w, - )v(t) +d(z(t),w(t),w,w, ),

w(t) =¢ (z,w,v,0,v,---), Vt>0

12



Main idea

Compute the reach set and its Map them back to original coordinate
functionals in normal coordinate x z via known diffeomorphism

No prior results on the exact geometry

We use a geometric approach

13
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Overview

Part 1: Analytical and Semi-analytical Computation of Reach Sets:

L-CSS 2024; TAC 2023; SVAA 2023; L-CSS 2022; ACC 2022, 2020

S

¥ Integrators with time invariant input set §

* Support function

* Parametric formula
* Implicit formula

* Taxonomy

*Size

* Benchmarking
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Integrator Reach Set

X (Xt = U (=) eR? |&(t) = Az(t) + Bu(t),
measurable u €
closure(conv(i)) w(t = O) e Xp,u t) S Z/{}
These reach sets are in general, compact and convex
Input Set Qi —umelalu], B, ‘_mé)i’fuf’ 17=1,---,m,
Box-valued input U :=|aq, B1] X |ag, Ba]| X [am, Bm] C R™
Then X (X, t) = &1 (KXo, t) + X (Ao, t) + ... + Xy (Ximo, T)

/ Minkowski sum

16

Single input integrator reach
set corresponding to i,



Support function

RN

d—1 x .
haxie, (y) = sup{ (@, y) |y € 5} e Supporting
TEX hyperplane
Y
» T
X
Theorem.
m t
hoe(x0,0) ( :Z{ sup {y;,exp (£4) $j0>+Vj<yj>Cj(t)>+Mj/()\(yjafj(S)HdS}
j=1 Tj0CT; 0
where
8 —a B + a sTi t
pj == 9 T, ovp= 9 . ‘gj,k(s) — (’I"—k)" Gj(to,t) := t §i(s)ds € R™
J 0

17



Parametric formula for reach set boundary

Theorem. Assume X, = {x,}. Then

bdy
(o)=Y lp Tjo,e +
Ik EZI N (f—k)' / (’I“]—k‘—|-].)'

J

r;—1
HJ L ’I‘j—]. ’I“j—k—l—]. R L q—I—]_ Tj_k+1
e oS
kth Component of the J g=1

boundary of jth input

Parameters:

Wi ={od e R"0<01 <0y <--- <0, 1<}, j=1....m

Y

Each single input integrator reach set has two bounding surfaces:

X; ({0}, 1) = {w € R | PP () < 0, pl?" () < 0)

18



Implicit formula for reach set boundary

Generating function of the parametric form:

ZAk _ (1—017)(1 —o37) """ )

= (1 —097)(1 — oy47) - - -

Taking the logarithmic derivative forg = 1,---,d — 1

F'(1)

= —01 E 01T %-02 E OQT —-03 E 037
T

k>0 k>0 k>0

Integrating with respect to t:
F(r)=exp | — ”Zw ETk (2)
k
Equating (1) and (2), the following Hankel determinant gives implicit formula

det[Aq —25—|—’i+j]f,j:0 =0

19



Taxonomy

Theorem. The set X; with Ay = {x(} is semialgebraic

2.5

upper
p

lower

2 1 0 1 2 3
I

The single input double integrator reach set The single input triple integrator reach set

20



Taxonomy

Zonotope of dimension d / Generators

Zn::{zfijj"yj c [—1,1],’Uj c Rd,j = 1,...,%}
=1

th(y):ZKyaijv yERd
j=1

Zonoid: Limiting set of the Minkowski sum of line
segments

201

Theorem. The set X; with Xy = {x(} is zonoid

10+

)

—107

—20¢

—20 '
21 T



Taxonomy

Integrator Reach Set Is Not Spectrahedron

Polynomial degree of d dimensional d—1 d—1
: +1)(d—
integrator reach set surface: Q J ) ( { J)

0.6
0.4
0.2
xro 0

-0.2

-0.4

-0.6

-04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4

z1 zy 09 -0.5
Z1
Degree of QX is 2 Degree of OX; is 4
Number of intersections by generic line is 4 Number of intersections by generic line is 6
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Taxonomy

ERCi Compact Semialgebraic

and convex

Spextrahedral shadow

(lifted NMI representable)

cctrahedra

representable)

23




Volume

Theorem.

vol (X))

vol (X

pi ot

(1o}, 1))

15

10

L3 (0

10

-15
30

ri—1

k!

1=1 k=1

0

T2 20 .40 )

The integrator reach setatt = 4, r = (2,1)'

24

0

d ﬁ{ JtTJ(TJ+1)/2 H 2k+1)

60
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Diameter

Theorem.

(arctan(3/t), arccos(6/v/t4 + 9t2 + 36))
¢ (7 +arctan(3/t), arccos(—6/v/t* + 912 + 36))

25



Scaling Laws

Xo =A{xp}

10—35
10-%+
10—°1

I~

nﬂ
-
—

((3°10%}) x) 10a

10—11
10—19_

Volume of integrator reach set vs time
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Scaling Laws

Xo ={xp}

diam (X ({ZL‘()}, t))

— d =2

— =

— d =14

— g =29

— d =0

.......... d = 0o
) 3 ] 5 6

t

Diameter of integrator reach set vs time
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Benchmarking over-approximations

From the CORA
toolbox

S

s

>

VOI(Xt, approx )

0.1F" 0.3F 0.6F
0.2+ 0.4+
0.05 ¢+
0.1+ 0.2+
Ty Of x9 Of Ty O
-0.1 -0.2+
-0.05
-0.2 -0.4+
-0.1¢ 1 , , -0.3 ¢ . -0.6 ¢ :
-5 0 5) -0.05 0 0.05 -0.2 0 0.2
* r,  x1073 / T / T
10° ¢ 7 .
: | —-—-—-—-—-—-_-_-_-_j
/ —’—"—- ------------------------------
T e
',' ““““““
1071 - /'/ .
’
/ K
’ K
/
1072 ]
—d =2
—-d =3
1073 . ! ! ! .
0.1 0.3 0.6 1
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Benchmarking over-approximation

From the Ellipsoidal toolbox

0

0.2 0.5
0.15
0.1-
0.05 -
) 0
-0.05 -
0.1
-0.15
-0.2 w : -0.5
20.03  -0.02  -0.01 20.08 -0.06 -0.04 -0.02
10°
10-°
S
S5 o-10
5[% 0 *
o
>
i —d = 2, S procedure
10_15 —h . .
B —d = 2, MVIE scaling
N --—-d = 3, S procedure
’u" -—d = 3, MVIE scaling
i --d =4, S procedure
I --d =4, MVIE scaling
10—20 | | 1 |

0.2 0.4

0.6 0.8 1

vol(A})

vol(&:, approx )

29

0.3 0.2

] —d = 2, S procedure
' —d =2, MVIE scaling

0.2 --d = 3, S procedure
----d = 3, MVIE scaling
0.1- --d =4, S procedure
--d =4, MVIE scaling
0 I | I I
0 0.2 0.4 0.6 0.8

1

0.3
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Overview

Part 1: Analytical and Semi-analytical Computation of Reach Sets:

L-CSS 2024; TAC 2023; SVAA 2023; L-CSS 2022; ACC 2022, 2020

Integrators w1th time invariant 1nput set

. Generalizing the support function formula
* Generalizing the parametric formula

* Taxonomy

*Size

e Intersection detection
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Support function

hx(xgt) =

{/m exp(tA]) y) + / () (5, €(5)) + 115(5) | (,&5(5)) ] } ds

uMs

Parametric formula for reach set boundary

w?dy(a-j) = x(t, xj0) + /0 vi(s)€;(t — s)ds £ /001 pi(s)&;(t — s)ds

7 [ nis)e - s)ds £k (1" [ py(o)éte— s)as

1 —

Two bounding hypersurfaces \
Depends only on the time
Zonoid varying extremum
trajectories

Not in general semialgebraic

32



Volume

Integrator
do dA

ox Ox
vol( X, :/ da::/ / det( )
( t) Xt Wt [0,1]m 80' 8)\

= m(o, ) = Ax"PP (o) + (1 — Nz (o)

(0', )\) c W X [O, 1] k/\

Antipodal property

Static feedback linearizable systems

0z Ox Ox
1(Z;) = — —
vol(Z;) /Zt dz /Wt/[o,l]mdet(ﬁm)det((‘?a' 8)\)

\

do dA

> Diffeomorphsim

33



Volume

do dA

vol(Zt):/ dz:/ /
Zy Wy J[0,1]™

0z ox Ox
det (a_m) det ( 5o O )

\

> Diffeomorphsim
3 . . 3
—_— ) ZUPDEr — gxupper
o |=—9 Zlower _ 5|=—0 Xlower
1 1L
g 0 8 0
-1 -1
-9 -2
-3 . | ' -3 '
-100 -50 0 50 100 ) 0 5
21 X1

vol (Z,) = 206.7362 vol (X;) = 15.4292

34



Certifying set intersection (or the lack of it)
for static feedback linearizable system

35



Existing Algorithms

[Cohen et. al, 1995] [Elmer et. al, 1988]
Main result: detecting intersection between integrators

Intersection in integrator coordinate x ” P Intersection in original coordinates z

Reach set of a static feedback linearizable system: Z; C R?

Reach set of the corresponding integrator system: X, C R

36



Intersection Detection

General formula for the collision detection

: : 2
dist(A,B) :=  min H:BA — azBH2
wAEXtA,wBEXtB

Lack of analytical handle on the boundary!!!

Intersection Detection Oracle

min {hs(y) +hap(-9)} > ()0 = XENXP# (=) 0

Reminder: /\
d-1 o Supporting
hx(x,.¢) (y) :== Sug{ (®,y) |y ES } hax hyperplane
TC
Y

Z1

37



Intersection Detection

Intersection Detection Oracle

min, {hap(y) +hap(-y)} = (<) 0 = X NX7 (=)@

Theorem: The support function of A

hx,(y) = Em:@j, exp(tA)xzjo) + /O {(s)||(exp(sA)B) 'y|| ds, 1/p+1/qg=1

j=1

Discretize [0, 7] into K intervals:

t
/0 |(exp(sA)B) Ty ds ~

% > (H (eXP(Sk—lA)B)Tqu +| (eXp(s’“A)B(S’“))Tqu)
b1

38



Lossless Convexification

Nonconvex Optimization Problem

A

*—min (K(t
p o min (0.
s. 1Myl — (erip™,m) <0,
Lossless
— Nn<o0, |[Ng|.&1 Convexification

_/

Nonconvex Constraint

Hp" <0

p " =0=>0<p*< XAnxP+o

(i) p* < 0= p" =p" <0 XA n AP =

39

Second-Order Cone Program

A

r~* B - ~
p ;€$£%+1<R(t)a 77>
s. | M|, — (et n) <0,

-~ Nn <0, [Nyl

%)



Example

co-norm ball

(01 00 0
00 1|0 0
=10 0 0[0 0
0 0 0]0 1
\0 0 0|0 0/

OOll—‘O

»—lOlOO

u', 1€{A,B}, r=(3,2)'

o

U(s) := |ai(s), Bi(s)] X [aa(s),B2(s)] forall0 < s <t

Input Uncertainties

By (s)

40

Decoupled dynamics for each

block

i i i i
Xy = Ay X Xy = X, + Ay,

,.LX' — ,‘L)C'lt —I_ h,.g(gt 7’ < {A7B}



Example

OXf;l 011? oAf'zJ;l.Xz?

(p1,P2) = (0,—0.54)  Computation time ~ 1.24 s

XiNXE#A@ and XiNXy, =0 o XAnxP=0

41
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Reach set of controllable LTI systems

Controllable LTT: 2 =Az+bv, AcR¥™ pecR?,

. 1\ " last row of the inverse of
Invertible ma M :— ( T TR T 19 1)
p qa qA .. the controllability matrix

Controllable canonical form @& = Acon® + beonv

( 0 1 0 0 \
0 0 1 0
Acon = MAM ' = S ’
Coefficient of the
0 0 0o ... 1 characteristic polynomial
\—Co —C1 —C2 _Cd—1)

43



Semi-analytical algorithm

Define a new input: u:=—(c,x) +v €Ut) Integrator input set
~_

Brunovsky normal form: & = Ax + bnu

Main idea: Z,({z0}) = M1 X,({Mz,})

We need to find:

04(8) — —<C, €SACOHMZO> + infv(o)EC([O,s]) I(’U), subject t0  Vmin < 'U() < Umax

IB(S) = —<C, BSACOHMZO> + Supy(-)éC’([O,s]) I(’U), SU-bjeCt to VUmin < 'U() < Umax

44



Semi-analytical algorithm

5\ (01 02
Example (zz) N (—0.3 0.1) (1) + (

B <
(w ]

45



Hausdorff Distance

Reach set of LTI systems

X = | {wi(t) e R?Y| &'(t) = A()z'(t) + BO)u'(t), i€ {1,2},

measurable u’(-)clf’

z'(t = 0) € compact convex Xy, u'(7) €U’ forall0 <7<t}

Quantifying the conservatism for £, norm bounded input set

(X', x7) = sup |hi(y) — ha(y)],

yESd_l

— sup / (@B o], ~ |(@EBE) Y|, )dr

lyll2=1

Upper bound

/\’\

6(Xt1,X2) S E_H — 1 / Hq:, t 7. I|p1—>2 dr Induced norm

46
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Learning Z,

Reach set of a static feedback linearizable system: Z; C R?

Reach set of the corresponding integrator system: X, C R

State diffeomorphism: T:z€ Z, CR?Y — xc X, C R
Input homeomorphism: 7T, : (’U, z) —uw U (t) C R™

Step 1 Step 2 Step 3

Z V25 UR) — {alr), BT}y — 80X T - 02,

This fixed point equation is not in general contractions

Idea: Learn {&(7), B(7)}'_, from data with guarantees (Next slide)

48



Learning {a(r), (7))},

Constrained GP sampling

2, V — U(t) — {a(7), B(m) }1=0

Generate N samples trajectories from V c R™

Using statistical learning theory: N — [ c (log % + 2m)-‘

ea(e — 1)
2

Sample complexity

Performance guarantee: P(Vol([a(T), B(7)]) — vol([&(r), B(1)]) < 8@) > 1 -0,

2 2

Accuracy € (0,1) Confidence € (0,1)

49



Learning Z,
Step 1 Step 2 Step 3
Z, YV — {a(r), B(r)}_, — 08X, — 0Z,

Inclusion guarantee (deterministic): 215 C Z;

The probabilistic inclusion during the transformation

50



Learning strategy: example #1

fsSFLd =4, m =1

0.57
<2

-0.5¢ .

t=1s

2 I L ]
1 0 .'.o.:g.:’.
23 '.-: ::.‘
0 | ...: o8
L)
11 .', e
21

-0.2 -0.1 0 0.1

1 .;;“ 7
) o
-1 2 -~

0.2 0.2

Z4O 3 .':.:.. ::-.::.:.!
. "

0.5

0.5 1
<2

5 L
Z4 ooy AL e ..; ':.o:::.
O_ '.’r.s .'0.'...
R
e®” w0 ° =
-5t . ‘
-0.2 -0.1 0 0.1
<1
5 L
i
’24 LA o; .'?.V :
0 . .0......0..'

Serial computation time =1.13 s and N = 1410.
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Learning strategy: example #1

fsSFLd =5, m=2

t=2s
S 10}
| 51 e
z2 a P <3 S FT
O .&:I\'A& O I .’g‘. o
~* 51 Do
51 | -10 ¢ |
-4 -2 0 4 -4 -2 0 2
Z1 <1
20,
10t
| g 10|
23 ot 24 o e -
0 o 0| o, St
©
o -10 ¢
210!
. 290 L .
-5 0 -5 0
29 2

20 ¢
10+
Z4 .s."‘;& s s,
O I .:0.07.0;‘0".'. ."..
-10 ¢
-20 .
-4 -2 0
<1
20,
10t
Z o .g -
! 01 ;:cor;'ﬁﬁ o
-10 ¢
-20 . . . .
-10 -5 0 5)
<3

Serial computation time =1.20 s and N = 1410.
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0.5

Qo o
S
— o) (e} L0 — !
S - O_ _
N
.......-..fnr
ooo;Qo <
o’oo'o’\
1O o 5_|_.
S - n_u
N
oooroouuo.n-oo
N L .O.uhe. .... ) o
— VO,
| |
&N A e e
+ S < 5 9
U -
o,
oooo“oo.ooo .o\o 3
m { DTS =
m -o-o. ooﬁo..-oo oo& 3 i
v g
oo = @2 ° 1w o
> Ty T
N
on ~
Q e\
ﬁ __ ......o...
B s R o
) . B, VR,
W i 2t
ma | |
Yoo o Yol
o | d = ~ 0_
n - N
[
= W
0 @
(D)

0.5

<2

<2

Serial computation time = 0.94 s and N = 15640.
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Learning strategy: example #2

fsSFL with relative degree vector r = 3.2)"

t =2s
9 5 2 ) 5
1 o‘. 1
3 ’. .. ... {o
Z9 g Z3 3V Z4 3t 251 .8 Z3 b °
0 & 0 @ % P o ¥
o:g ‘ O - &g .?..
'1 .t.. L3 = O ..t:
- > <t
_2 _5 -1 —1 _5 l
2 0 2 4 2 0 2 4 2 0 2 4 2 0 2 4 -2 0
21 21 21 Z1 29
2 , 2
2| 2 2
1 » ol 1 » ~ o
o ®® L4 1 - B 1 = ]. ®
24 - 25 == 24 3"; 25 ‘- 25 &
w Y T oempiet . o Y
' o & ® :.".psz P, T3 ..0 - .
o &= o 3 -
-1 10 -1 1 1
-2 0 2 -2 0 2 -5 0 5 -5 0 5 -1 0 1
) ) z3 3 24

Serial computation time = 1.13 s and N = 15640.
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Omitted results on dynamic feedback
linearizable systems
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Overview

Part 1: Analytical and Semi-analytical Computation of Reach Sets:

L-CSS 2024; TAC 2023; SVAA 2023; L-CSS 2022; ACC 2022, 2020

Integrators with time invariant input set
Integrators with time varying input set
Controllable LTI systems

Differentially flat nonlinear systems

=

§ Part 2: Data-Driven Learning of Compact Sets: :

£ ACC2023; TCST 2022; CPS 10T 2021; L-CSS 2020

b\’

Region of attraction
Maximal control invariant set

Reach sets of neural networks, nonlinear control systems €

o g - - - e iy A s i psama- e - - o o o e  pusha
o Loy 2 g we B e e > . . e 5 e B _pusBa a
= e~ = o =7 - = i L0
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Our approach: support function representation learning

£\

Support function: . Supporting
: By hyperplane
hX(Xo,t) (y) == sup{(m,y) ‘ Y < Sd _1} -/ L7
reX X

® Support function is positive homogeneous of degree 1:

o m— m— — m— —

hx(ay) = ahx(y), a€Rsy, VyeS?!

positive
homogeneous

subadditive

sublinear
- convex

-------------------------------------------------------------------

e Convex and positive homogeneous < Sublinear
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Our approach: support function representation learning

G

Support function: Supporting
By hyperplane

ha(xyt)(Y) == SUP{@»ZD ‘ y eS¢ _1} Y
xcX 5

Isomorphism
e Sublinear functions <=  Finite dimensional compact convex sets

Set operations < Support function operations

® The Legendre-Fenchel conjugate of indicator function

Uniquely determines a compact set, up to closure of convexification

hX(y) — hconv(zl’) (y) \V/y S Sd_l

o8



Set operations <= Support function operations

Set operands Support function operands
® Membership Inequality

® Intersection Infimal convolution

® Affine transformation Composition

® Convergence in Hausdorff topology Pointwise convergence

® p-sum p-norm

® Minkowski sum Sum

® Union Pointwise maximum
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Set operations <= Support function operations

Geometric functionals

® Hausdorff distance metric ou(P, Q) = sup |hp(y) — ho(y)]
yest!

e Width of X ¢ R%in the direction of ¥ € S*'  widthy(y) := hx(y) + hx(—vy)

® Diameter of X C R diam,y := max (hx(y) + hr(-y))
yc
® The Polar dual X°of X C R¢ X°={yeR| hx(y) <1}

| min {hp(y) + ho(~y)} > (<)0
® Intersection oracle yeS™ 1

< PNQA# (=)
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Regression algorithm

Deterministic  Vector of i.i.d samples with zero mean

Available data / /

{:’B\J}?i {z; + VJ}] 5 ;e X,

Training data

Support function data /
TLX(yz') = ?UI; <yz’7 53\>, Y; € Sd_la Vi € [ny] — {(yia/ﬁX(yi))}?Q
Te 53\3' ;Lil

Ny : given number samples from X

Ty : arbitrary number of samples from unit sphere

We seek a sublinear function that “well fits” the training data
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Quadratic Programming (QP)

Infinite dimensional least square a Minimizer

Ny

~ 2
arg int > (hX(yi) — hn, (yi))
{hny R >R|hy, (-) is sublinear } =1

Finite dimensional convex QP
’I’Ly R 9
Subgradients arg min Z (h x(Y;) — hz’)
— g1, gy €R?, RER™ =1

subject to h; > h; + (i, y; — ¥i), V(i,7) € [n,] x [n,]

Piecewise linear (PWL) estimate

hPWL(°) — ma {/f\tx(yz) T <gfi)pt’° - yz>}

i=1,-n,
Theorem . The minimizer of (1) converge to the true support function as n,, n; — oc.

hn (-) — hx(:), as ny,n,; — o
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Input Sublinear Neural Network (ISNN) ACC 2023

Input convex neural network (ICNN) [Amos, 2017]

The Output z; is convex if W% > 0,and o/(. ) is convex and non-decreasing.

Random

unit vector

N

—

Estimated

support function

pp— 2 ) Z] = O'(Wl(y)y T bl))

[ Zpt+1 = U(W,ff_)lzk + W,fi)ly T bk+1),
Wﬁi Zy) = Wg(z)Zg_l + Wé(y)y + b[

Theorem. The output of the network is sublinear with respect to the input vector if

o(.) sublinear and non-decreasing
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Example: Dubin’s car

ISNN — QP as # epochs increases

ISNN, 5 epochs

ISNN, 20 epochs

I

pll -~

!
I1r-
|
I

L1 — VCOS T3,

1 0

1

2 3 4

Contour plots of the estimated support function att=2s

Lo = ’USiIlwg,

T3 = U,
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Xy = {0}



Example: quadrotor

Ellipsoidal Over-approximation

Peak value 16 Peak value 18 Peak value 24

Contour plots of the estimated support function att=2s.

€T = Acl(t)a: —+ Bcl'rl + Gw g ~ N(Olgxl, 2I12)
Ag:= A+ BKm w(t) ~ N ((cost,sint,cost)’,0.011;)

B, :=BR'B' From Riccati

n(t) € e<v<t>,v8>/ ODE

Ellipsoidal over-approximation [Kurzhanskiy, 2006]

Xiry (20, ) C Byp(Xo, 1) 1= N &@(t), X:(0)
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Example: quadrotor

Collision detection between the quadrotors A and B

opt(¢) = min
yeS"

40 -

20 -

opt(t)

—20 1

------- Ellipsoidal Over-approximation

{hProj (%) (Y) + hproj(x7) (—¥) }

——— ISNN
-—-=-- QP o
_ f‘\ A SAREN ‘%
0.0 0.5 1.0 1.5 2.0
t[s)
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Example: Reach Set of NN

=== [SNN, 20 epochs === SDP
n; = 10 = [SNN, 30 epochs ~ ===== QP
754 "0
h 5.0
2.51 S et a e p—

—I7r —7% /2 0 T / 2 7r
0
The estimated support function: ISNN, QP, SDP (fazlyab, 2019)

Input set: p-level confidence region &,(|1,1], [1,2]), p=0.95
Layers: {2,n;,2}, n; = 10,30, 50
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Example: Region of Attraction

61 Lyapunov L, e,
2N . .
....... ISNN // .\‘ e -~
—— QP / \ R4 N
] p) kY o N
) EY X4 A
/ kY -/ v
I ‘ :I \ "
ii e\ o s
j A i
41 i A a1 .
i ) 7 g
i A 7 -
i 1 7 -
h i ! ; .
i ?‘ 7 \-
3 i 1 7 .
i'l 1 ’l \-
3 ] 1 \
". ,i' 1 [I
" ; A
2 v J \ /!
v 7 A !
% i b !
- A\
% H N l'
-3 -2 —1 0 1 2 3

ROA Lyapunov vs sublinear regression

i1:3‘;27
. 3
L9 = —T1 — T2 + Ty

V(es,a) = 4 (a? +23) — Lot
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Example: Maximum control invariant set

max

2D Integrator:
State Constraint: £([-1, —1], [2,2])

Input Constraint: U(—1, 1)

—T —7/2 0 7rl/2 i

The estimated support function of MCI

69



Comparison between QP and ISNN

Instance ISNN, 30 epochs QP

® QP offers a more robust result 1 6.76 60.78
ISNN — QP, as the num of epochs increases 2 6.66 60.52
3 6.88 63.54

4 6.68 67.02

5 6.63 66.55

® [ISNN computational time is considerably lower 6 7.09 66.92
Approximately 10 times lower, for the same cardinality / 6.63 73.82
The number of constraint of QP is quadratic in n,, 8 6.66 74.56
9 6.66 7191

10 6.98 69.60

Computational times [s] for Dubin’s car example
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