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Diffusion Bridge: Transport via Diffusion

When source and target are points on the ground vector space

Brownian Motion paths overlaid with Brownian Bridge paths Endpoint Distribution

Value

Time




Schrodinger Bridge (SB): Transport via Diffusion

When source and target are measures or probability density functions (PDFs)
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Brief History of SB

Atig‘y VTR S AU A chottomid B atlerin ey B

A1t st o atasi oty e el Sur la théorie relativiste de I'électron
fOI‘ mulateS the prOblem dasS an attempt e Uberreicht vom Verfusser et Pinterprétation de la mécanique quantique
to give stochastic interpretation of ovER DIE uKEIRUNG N L

E. SCHRODINGER

DER NATURGESETZE

quantum mechanics

E. SCHRODINGER

B
E. Schrodinger (1931-32)

R b s I
L
. o

1

. ¢

establish the existence-uniqueness
of the solution for classical SB

Persi Diaconis K. David Elworthy
Hans Follmer Edward Nelson
George Papanicolaou

S.R.S. Varadhan

A\ &

R. Fortet (1940)  A. Beurling (1960)  B.Jamison (1975)

Ecole d’Eté de Probabilités de
Saint-Flour XV-XVII - 1985-87

Lecture Notes in Mathematics

rigorous large deviations over path

space interpretation for classical SB

Editor: P.-L. Hennequin

@ Springer

7 reformulate classical SB as
T. Mikami (1990)  P. Dai Pra (1991) M. Pavon (1991)  minimum effort stochastic
\ optimal control problem

C—

AN

A. Wakolbinger (1991) A. Blaquiere (1991)



SB in the 21st Century (o

. -/, Brownian bridge.
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SB in the 21st Century s tosi il
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Stochastic Control

m & 741

T. Georgi.ou M. Pavon

Linear Quadratic distribution control a.k.a. LQSB ~2015

generalized SB with nonlinear drift ~2020

I. Nodozi

reflected SB for deterministic path constraints ~2021
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C. Yan J.O'Leary M. Khare A.Mesbah

control non-affine SB: application to colloidal self-assembly ~2023



Outline of This Talk

Background

Stochastic control formulation + solution structure + dynamic Sinkhorn algorithm

Brief recap of my pre-advancement results
Contraction coefficient for LQSB
Lambertian SB

Post-advancement results
Control-affine SB (CASB) and Hopf-Cole transform
Markov kernel for classical SB: Hermite + Weyl Calculus

Markov kernel for LQSB
Back to quantum: CASB and classical SB
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Background



Generalized SB: Stochastic Control Formulation

state cost Control cost

(p,u) EP01 xU J ty Welghted Laplac1an ”Z]L 5, 3:1:] ((X2)i5p)
. 8t F Ve (pf(t 2, u) = Ast,z,u)p

p(to,®) = po(x), p(t1,2) = p1().

PDF dynamics for the prlor drift prior dlfleSlOIl d1ff1|1510n tensor

controlled Itd SDE de = f(t, x, uw)dt + o(t, az yu)dw, X :=o00'



Generalized SB: Stochastic Control Formulation

state cost Control cost

orgint / / (w)) p(t, x) dz dt
EP()lXZ/{ to n & 0?2

weighted Laplac1an Z

((2)i5p)

i,j=1 xa%
* 8t FVe - (pf(t 2, w) = Asgawp
p(to,®) = po(), p(t1,2) = pi().
prior drift prior diffusion diffusion tensor

PDF dynamics for the | | |

controlled It6 SDE de = f(t, 2, w)dt + o(t, 2, u)dw, X := oo’

Po1 := {PDF valued curves p(t,-) continuous in t € |tq, t1]
such that p(to,-) = po(-), p(t1,:) = p1(+)}

U := {Finite energy Markovian policies u(t, )}



|
Classical SB: g =0, r = 5” N5 f=u,6 =+/2¢e1

Controlled It6 SDE dx = u dt + \/ 2_5 dw

First order conditions for optimality

05 1 5 Dual PDE in

ot 9 vaSH2 +elz5=0 value function S
0po

gtpt Vg - (PoptiS) — 5Aa3popt Primal PDE in Popt

Boundary conditions

Popt (Lo, &) = po(®),  Popt (t1,2) = p1(x)

Optimal control

uopt(t7 213) — VwS



Classical SB: Solution Structure

5Y S
Apply Hopt-Cole transform ¢ :— €xp <—) , D, = Popt €XD ( _)

t 2€ J 2€
Schrédinger factors

j Op 0p "
Decoupled linear PDEs 3; = — A0, 8; — AP,

forward and backward heat PDEs

Coupled boundary conditions

@(to,w)%(to,w) = P0, @(thw)%(thw) = P1

Schrodinger system Markov kernel for the uncontrolled process

|
po(iB) — 9/55,0(:13)/ k(t()) watlay)saé“,l(y)dy

n

n

pl(m) — 905,1(213)/ k(t07y’ t1, w)ﬁs,o(y)dy



Algorithm: Dynamic Sinkhorn Recursion

Fixed point recursion over function pair (905,1a 9/55,0)
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po(@)/pe0(x)

10 3L

pe0(x) < pe,1()

1 2 3 1
f [teration index &

Recover original decision variables

Popt(t, ) = P.(t, @) (t,®) Uspt(t, ) = 26V log . (¢, )



Classical SB Example: Input

e=0.3




Classical SB Example: Output
t = 0.0

[
o

\ )

@ S ANAR




Brief recap of my
pre-advancement results




1
LOSB:g=0,r = EH : H%,f: Ax+Bu,c =+/2¢eB,

Pe O(w) > 908,1(33)
A
po(2) /peo(x) contraction coeftficient pi(x)/ .1 ()
K
 /
pe,0(T) < pe,1()
worst-case contr|action coefficient
& 3
For LQSB &k < L = tanhz( L&,_:BL) ay, = max lzo — 1|3
2o M,y &, ;. Xp,e €My, P X
By, := min o — @13

~1/2

—1/2
2o M, > @4 1 Ko, 21 €My X



1
LOSB:g=0,r = EH : H%,fz Ax+Bu,c =+/2¢eB,

This result
- yields control-theoretic + geometric interpretations:

Range of optimal state transter cost &g, — BL T = Y7

1/2

Range of separation of le)l/ *®,; X and M,,"" X T = "

Process noise € | = YL

Yo Mg
1
L. suggests preconditioning

...................
\




Probabilistic Lambert Problem

Position coordinate & = (&, ¥y, 2) € RS

Find velocity control policy & := u(t, @) s.t.

& =-V,V(x)
z(t =ty) ~ po
z(t =t1) ~ p1

Our result #1: probabilistic Lambert problem = optimal mass transport with state cost

Our result #2: diffusive regularization = Lambertian SB



1
Lambertian SB:g=—-V,r=—| - ||2

29 — u9 O — 28 I
2
This connection helps o
L guarantee existence + uniqueness of solution

9600
0.0

|_> . . . . . . 100 0.75
numerical solution via dynamic Sinkhorn recursions
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Post-advancement result #1

Control-affine SB
and Hopf-Cole transform



1
Control-Affine SB: r = EH : H%,f= A(t,x) + B(t,x)u

First order conditions for optimality + generalized Hopf-Cole transform

S\ S
PA=CXP| 7 | P 1= Popt €XP| —

gives coupled nonlinear reaction-advection-diffusion PDEs!!

8{0\)‘ | H) A q | A —
5 T Ve (P(A+A))— As P+ (A uqc,o)m—ﬂ
890)\ |

ot | <V:1390)\7A =+ A90> =+ <2,H€SSwQO)\ ( )

@a(to, z)pa(to, ) = po(x), Pi(t1, ®)pa(tr, ) = p1(x)

where

1
A, = ()\BBT — 22) V.log v, and gy = E(Vm log gpA)T()\BBT — 223)V;,3 log )



Special Case of CASB with BB' « X

Decoupled linear reaction-advection-ditfusion PDEs

0P qe \

8t Vv (90)\ ) > P A\ 0

0

(‘;? F(Vzp, A) + (32, Hessz ) qi)‘ =0

Pr(to, ) or(to, ®) = po(x), Py(t1, ®)PA(t1, ) = p1(x)

Conclusion: Hopf-Cole leads to decoupled linear PDE:s ift BB' x X

Interpretation of BB' «x X

— Noise) = Cost of optimal control T

- NoiseT = Cost of optimal control |



Post-advancement result #2

Markov kernel for classical SB with
quadratic state cost: derived 3 ways

OlN0]




| 1
Classical SB: g = ExTQx, r = 5” N5 f=u,6=+/21

Quadratic state cost with Q > 0

L biases sample paths toward 2-
desired level at all times .

L a soft way to promote
regulation /safety -

After Hopf-Cole transform with € =1

0.00 0.25 0.50 0.75 1.00

¢ 1
(A, - = 5
Bt & Q)¢
Op 1

L - il
g~ \TRe T T Q)

forward-backward reaction-diffusion PDEs with quadratic reaction rate



First Way: Hermite Polynomial Gymnastics
1
Eigen—decomposi’ltion EQ =V 'AV
Change of variable y := V@ gives

on " [ O°
= Ay — (yTAy)ﬁI. ( > Aiyzz)ﬁ

ot
where 7(0,y) = $(0,z =V y)

Apply separation of variables 7] H Yi(yi)

physmlsts Hermite polynomial

d’Y 2
and notice soln of 7 ()\y2 +c)Y =0are Y =aexp ( \/—> ()\1/4 )

O (2) = (—1)e L (e)

«| of degree n = —

|
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|
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First Way: Hermite Polynomial Gymnastics

For Q > 0

Thm.  Eig. decomposition: Q = VDV '
Then, @(x,t) =n(y=Vx,t) where 1(y,t) / (0, y;t, z)mo(z)dz
Rn

and Oyt 2) — \/(% (det((zzi:/;\/_ exp( %y z)M (z))

DY4 0 DY4 o -cosh (2t\/ﬁ) —1I, ] -csch (2t\/5) 0
M = " My M, T M = , M, =
-1, cosh (2t\/5> 0 csch (2t\/ﬁ)

Q = I recovers the multivariate Mehler kernel in quantum harmonic oscillator




First Way: Hermite Polynomial Gymnastics

ForQ > 0

Thm. I‘L(O, Yy, t, Z) — R4 (Oa y[ilzin_p]; t? z[’iliin—p]) Ko (O’ y[in—pﬂ:in]; t’ z[":n—p+1:in])
—  ——_—_—_—_—_—_—_—_—_—_—_—m— e, —_—_—_—_———,——

derived pos def kernel in n—p variables heat kernel in p variables

Action of kernel in x coordinates

scaled Himmelblal} function

_ f(z1, z2)
Po(®) o exp (— 3’5




Second Way: Weyl Calculus

(" N

PDE —> Weyl operator H (X, D) —> Weyl symbol & (x, §) —> Kernel «

_ y
Step 1: PDE —> Weyl operator H (X, D)
1 0
Let X, :=xr, Dp:= - VEk € [n]
1 8wk
X:=(X: ... X,)', D:=(D; ... D)’

Write the semigroup exp(—(¢t — t9)L) intermsof X, D
Weyl operator is a composition:
Qa(X, D) = [DP + Y \X;

k=1
HA(X, D) = exp (=(t — 10)Qa(X, D))



Second Way: Weyl Calculus

Step 2 (non-trivial): Weyl operator H (X, D) > Weyl symbol A (x, §)

Derive a PDE IVP for the Weyl symbol

0 2 1
ahA Z ?{qAahA}J ,€) hA‘t —t, = — 1
J=

where qa(x, &) = |& |2 + )\kazi and the jth order Poisson bracket
k=1

1\ (& &2 i j
{f,g}i(z, &) = (21) (Z(f)yk&fk — 3a:k31/k)) f(a:,ﬁ)g(y,r,)‘y:wm:€ Vi=0,1,2,...
k=1

Solution of this PDE IVP:

(T L exp| — ~ M+ & an -
hA(w’g)_(zH Cosh(m(tto))) p( 2 Novill h(\/)\_k(t tO)))

k=1



Second Way: Weyl Calculus

Step 3: Weyl symbol A (x, €) » Kernel

In general,

k(to, e, t,y) = (2711_)n/nh(m2 : ) i(z—y,£) g d¢
|

non-unitary inverse Fourier transform of € — h ((x +y)/2,€)

Applying this to our Weyl symbol £, gives

’%A(th z,t, y) Same kernel obtained

n )\i/ 4 via first way

[ ——=
k=1 \/271' sinh (2v/Ag(t — to))
X exp <— z": v (7 + 1) e LA U )) )

L2 Ik sinh (2v/Ax(t — to))
i 1
X exp (; VAT ( sinh (24/Ax(t — to)) )>




Second Way: Weyl Calculus

1
Permits generalization for atfine term: Q(Z) = EZ TQZ + I‘TZ + S, Q > ()

K(Ar,s) (th z,t, y)
n A,lg/4 exp (—ci(t — to))

k=1 \/271' sinh (2v/Ax(t — to))

" VAk, 5 o cosh(2¢/Ag(t — 1)) VALTEYE (%"“T”k(wk + ) + o ("’T"’k)2)tanh(\/)\_k(t —19))
% exP ; ~Tg @Y OVt —t0)) | simh (2vu(t—t0) oW




Post-advancement result #3

Markov kernel for LOSB
(subsumes previous kernel)




1 1
LQSB: g = ExTth, = 5” % f=Ax+Bu,c =+/2B,

Assume
> controllable (A,, B,) and Q, > 0 are continuous and bounded

> (). > 0 for some sub-interval (measure zero is okay) of time

To solve this LQSB with , determine
closed-form of Markov (not transition probability) kernel k

k is Green’s function for the linear reaction-advection-diffusion PDE

Ok 1
e —(Va, kAwz) + (BB/ ,Vik) — EwTth k



Markov Kernels and Distances
We observe that known Markov kernels (including our earlier) look like
1 ..
k = c(t,ty) exp _EdISttto(w7 Y)

Distance function distfto : R" X R" —= R>( induced by

paint, (2,9) = min [ (5 1u(IB + ala() ) ar

T

and constrained by controlled ODE from It0 ditfusion + BCs



Computational Pipeline

[deterministic OCP)




Computational Pipeline

1 , tr1 1
(deterministc OCF L gist?, (2, ) = min / (5||u(f>||% ' §(z<r>m<f)z<¢>)dr

\
"y
]
>
—~~
3
~—
\
—~~
.y
_I_
5
o
2
g
—~~
\]
~

- Relate to cost of min energy
. state transfer via solution map .
! :II(7, K1,t) for Riccati matrix -

- ODE IVP E
[distfto(-, )J ettt e °

1. 1(x\ x
EdISttto(w7y):§ ” My, y

AT a—1 A AT A—1T7
‘I’ttortto (I)tto + H(tm O, t) _(I)ttorttg

where My, :=

_Ptto (I)tto Ptto




Computational Pipeline

... ldiSti%to (w7 y) — l(w)—r]\d-tto (w) )
(determmls’uc OCP) 2 2\y Jj

AT A—1 4 AT A —17
‘I’tto Ptto (I)tto T H(th 0, t) _‘I’tto Ptto
Where Mtto =
A—1 A A —1
_Ftto (I)tto Ftto
. , , ok
v . Substitute k into Fri (L —q)k

; s,
. 2 .
[dlSttt0(°’ )j : with kg = 6(x —y) and solve

. reaction-advection-diffusion PDE.

k(to, ®,t,y) =aexp (— /t: 0(s)ds> X exp (% (;)TMtto (2))

v where 0(7) :=tr(A(7) + B(r)B(7) ' My (7, t)),

[MakaV kernel kj a :=(27) "™ lim det (Mlll/z(t,to) X exp / (A(7) + B(r)B(r)" Muy(r, to))dT)

tlto




Post-advancement result #4

Back to quantum: can we recast CASB
as wave steering?




From CASB to Quantum

Recap CASB problem:

t1
arg inf / / ( (¢, x) —|luH2) p(t, x)de dt
pu E’meu to n

m - Ve - (p(A(t, z) + B(t, 2)u)) = Astau)p

p(t=to,®) =po, p(t=t,z)=p

Apply Madelung transform (popt, S) — (7,0, ¢T)

' 1
Y = exp (R + —S) where R := —log popt

1
A 2
= R — iS
(0 exp( 3 )
Born’s relation

Popt (t, ) = (1, fBWT(ta x) Vi€ [t t]



Nonlinear Schrodinger PDE BVP in y

o N

1)\5 — 7A2¢ + V:che control-affine SB ¢

¢(t07 m)¢T(t07 ZB) — PO, ¢(t17 m)¢T(t17 ZB) — P1

A2 A2
9£{(V]:he control-affine SB) :7 <HeSSa:7 2> + 7 <27 HeSSwR> =+ <V:13 S, A>

A2 1
T 7||VmRH22 o EHV:BS”%J T )‘2<Vzc - Zava>

1 1
+§<vw5, BB'V,.S)+ 5<2, Hess,S)— g

1
j(vjche control-affine SB) :)‘{ §<27 HeSSwS> + (V:I:R)Tz(vws) + <V:B ) 27 V:BS>

1
—(V4R,A+ BB'V,S) — > Ve (A+ BB'V,S)

1 1 1




The Wave BVP Specialized for Classical SB

oY 1
l— = __Azc e classica
1= > ¥ 4 Vinhe classical SBY

where

1 1 1
9:{(V;:he classical SB) — EACBR + EHV:BRH% + EAiBS

1
j(mhe classical SB) — EACBR + HVZBRH%

v

OR 1
= = —(V2R,V3S5) — EA;BS + T(Vihe classical SB)

S 1 o1
5 —§||Vm5\|2 — EA‘”S



Interpretation of the Derived Complex Potentials

Real part = elastic scattering (transmission of wave function)
Imaginary part = inelastic scattering (absorption of wave function)

SB as a diffusion process induces a “medium”

“— Transmission “— Absorption

Similar to optical potential in nuclear physics



Example: Complex Potential for Classical SB

R ( Whe classical SB ) J ( V:che classical SB )

t=20.0




Generalization of Bohm Potential

PHYSICAL REVIEW VOLUME 96, NUMBER 1 OCTOBER 1, 1954

Model of the Causal Interpretation of Quantum Theory in Terms of a Fluid
with Irregular Fluctuations

y PHYSICAL REVIEW VOLUME 85, NUMBER 2 JANUARY 15, 1952

D. Bohm (1951'_‘54) A Suggested Interpretation of the Quantum Theory in Terms of ‘“Hidden” Variables. I

Bohm'’s 1952 paper:
OR 1
_— T ’ €T T _Aw
= —(VaR,VaS) — 5 A,S
oS 1 1 1

If j(Vjcho classical SB) =0 P SB
is a near match for Bohm

Our result for Classical SB:

OR 1

- = _<Va3R7 VwS> — —A;BS + j(v;;he classical SB)
ot 2

0S 1 5 1

E — _EHV:BSH2 o EA‘BS



Summary SB C LQSB C CASB

Derived worst-case contraction coefficient

LQSB . .
Derived Markov kernel for dynamic Sinkhorn
Proved probabilistic Lambert problem is
generalized optimal mass transport
Lambertian SB
(linear Proved existence-uniqueness of solution for

non-quadratic) | both with and without noise

Dynamic Sinkhorn for numerical solution

Showed Hopf-Cole does not remove nonlinearity

CASB in general: possibility to generalize dynamic Sinkhorn

Derived equiv. wave BVP: possibility for new algorithm




Publications by Dissertation Chapters

/ 22 Under review in TAC
Chapter 1 % [ CSS

Chapter 2 i ¢ TAC
Chapter 3 =2 Allerton
Chapter 4 ®— Under review in TAC
g SIADS
Chapter 5 =
—apes MTINS
Chapter 6 @—
EE
— &% Under review in LCSS
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Hilbert’s Projective Metric diy;jp.r

A cone IC is called pointed if XN —IC = {0}

For any pointed convex cone /C in a real vector space,

dyibert (U, v) := log ( ) Yu, v € interior(/C)

Example. For IC = RS,

maxi;—i...n ui/vi )

min;—1....n Uz'/vz'

dHilbert (U, ’U) = log (

Example. For |C = Si,

dHilbert (ua ’U) — 1Og maX{)\ma,x (u_lv) ) )‘max (v_lu)}



Hilbert’s Projective Metric diy;jp.r

Nonnegativity.  dg;ipert(u, v) > 0 V(u,v) € interior(K)
Indiscernability. dypert(u,v) =0 iff w = v for some S > 0
Symmetry.  dpilbert (U, V) = dHilbert (V, ©)

Triangle inequality. dyjipert (u, w) < dHilbert (u, ’U) + dibert (’U, w)

Scale invariance. dgipert (au, Bv) — dHilbert (u, 'U) Va, ﬂ >0



