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Diffusion Bridge: Transport via Diffusion

When source and target are points on the ground vector space



Schrödinger Bridge (SB): Transport via Diffusion

When source and target are measures or probability density functions (PDFs)

Comes with maximum likelihood guarantee on path space



Solution via Schrödinger System
Schrödinger’s (until recently) forgotten papers: Entropic couplings
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I. - Introduction 

J’ai l’intention d’exposer dans ces conférences diverses idées concer-
nant la mécanique quantique et l’interprétation qu’on en donne géné-
ralement à l’heure actuelle ; je parlerai principalement de la théorie
quantique relativiste du mouvement de l’électron. Autant que nous
pouvons nous en rendre compte aujourd’hui, il semble à peu près
sûr que la mécanique quantique de l’électron, sous sa forme idéale,
que nous ne possédons pas encore, doit former un jour la base de toute
la physique. A cet intérêt tout à fait général, s’ajoute, ici à Paris,
un intérêt particulier : vous savez tous que les bases de la théorie
moderne de l’électron ont été posées à Paris par votre célèbre compa-
triote Louis de BROGLIE.

Les recherches que je vais exposer ne forment nullement une théorie
nette et complètement achevée (1). Le lien commun, un peu lâche
d’ailleurs, qui les rattache les unes aux autres, la source commune
dont elles dérivent, est le mécontentement que l’on éprouve quand
on considère l’état présent de la théorie et surtout celui de l’in-

terprétation physique actuelle de la mécanique quantique. Je voudrais

(i) Les mémoires originaux, qui forment la base de ces conférences, ont été publiés dans les
.SitzuYzgsberick1? der preussischen Akademie der Wissenschaften, i93o, p. q.i8; I93I, pp. 63, 144,
238. Dans les pages qui vont suivre, quelques-uns des asp;cts des problèmes envisagés sont peut-
être un peu mieux précisés ; on y trouvera également des résultats nouveaux (v. Notes I-III).

Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

Brief History of SB
formulates the problem as an attempt 
to give stochastic interpretation of 
quantum mechanics
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Schrödinger’s contribution: change of variable

Optimal controlled joint state PDF: 

Optimal control: 

establish the existence-uniqueness 
of the solution for classical SB

E. Schrödinger (1931-32)

R. Fortet (1940) A. Beurling (1960) B. Jamison (1975)

reformulate classical SB as 
minimum effort stochastic 
optimal control problem

T. Mikami (1990) P. Dai Pra (1991) M. Pavon (1991)

H. Föllmer (1985-87)

rigorous large deviations over path 
space interpretation for classical SB

A. Blaquière (1991)A. Wakolbinger (1991)



SB in the 21st Century
Generative AI



SB in the 21st Century
Generative AI

Stochastic Control

Linear Quadratic distribution control a.k.a. LQSB ~2015

generalized SB with nonlinear drift ~2020

reflected SB for deterministic path constraints ~2021

control non-affine SB: application to colloidal self-assembly ~2023

Y. Chen T. Georgiou M. Pavon

K. Caluya A. Halder I. Nodozi

C. Yan J. O’Leary M. Khare A. Mesbah



Outline of This Talk

Background

Stochastic control formulation + solution structure + dynamic Sinkhorn algorithm

Brief recap of my pre-advancement results

Contraction coefficient for LQSB
Lambertian SB

Post-advancement results

Control-affine SB (CASB) and Hopf-Cole transform
Markov kernel for classical SB: Hermite + Weyl Calculus
Markov kernel for LQSB
Back to quantum: CASB and classical SB

Outro

Summary + publications + acknowledgement



Background



Generalized SB: Stochastic Control Formulation

state cost

weighted Laplacian

control cost

PDF dynamics for the 
controlled Itô SDE

prior diffusionprior drift diffusion tensor



Generalized SB: Stochastic Control Formulation

state cost

weighted Laplacian

PDF dynamics for the 
controlled Itô SDE

prior diffusionprior drift diffusion tensor

control cost



Classical SB: q = 0, r =
1
2

∥ ⋅ ∥2
2, f = u, σ = 2ε I

Controlled Itô SDE

First order conditions for optimality

Optimal control

Primal PDE in

Dual PDE in 
value function

Boundary conditions



Apply Hopf-Cole transform

Classical SB: Solution Structure

Schrödinger factors

Coupled boundary conditions

Decoupled linear PDEs

Schrödinger system Markov kernel for the uncontrolled process

forward and backward heat PDEs



Algorithm: Dynamic Sinkhorn Recursion

Fixed point recursion over function pair

Recover original decision variables

contractive w.r.t. Hilbert’s 
projective metric



Classical SB Example: Input
ε = 0.3



Classical SB Example: Output



Brief recap of my 
pre-advancement results



worst-case contraction coefficient

For LQSB

contraction coefficient 
κ

LQSB:  q = 0, r =
1
2

∥ ⋅ ∥2
2, f = Atx + Btu, σ = 2εBt



LQSB:  q = 0, r =
1
2

∥ ⋅ ∥2
2, f = Atx + Btu, σ = 2εBt

Process noise

Range of optimal state transfer cost

and
 

Range of separation of

This result 

yields control-theoretic + geometric interpretations:

suggests preconditioning



Position coordinate 

Find velocity control policy s.t.

encodes statistical estimation errors
encodes statistical performance specification

gravitational potential

Our result #1: probabilistic Lambert problem = optimal mass transport with state cost 

Our result #2: diffusive regularization = Lambertian SB

Probabilistic Lambert Problem

gravitational potential: from dynamics to state cost to reaction rate



This connection helps
guarantee existence + uniqueness of solution

numerical solution via dynamic Sinkhorn recursions

Lambertian SB: q = − V, r =
1
2

∥ ⋅ ∥2
2, f = u, σ = 2ε I



Post-advancement result #1

Control-affine SB 
and Hopf-Cole transform



Control-Affine SB:  r =
1
2

∥ ⋅ ∥2
2, f = A(t, x) + B(t, x)u

gives coupled nonlinear reaction-advection-diffusion PDEs!!

where

and

,

First order conditions for optimality + generalized Hopf-Cole transform



Special Case of CASB with 

Decoupled linear reaction-advection-diffusion PDEs

Interpretation of

Noise 

Noise 

Cost of optimal control

Cost of optimal control

Conclusion: Hopf-Cole leads to decoupled linear PDEs iff



Post-advancement result #2

Markov kernel for classical SB with 
quadratic state cost: derived 3 ways



Classical SB: q =
1
2

x⊤ Q x, r =
1
2

∥ ⋅ ∥2
2, f = u, σ = 2 I

After Hopf-Cole transform with 

Quadratic state cost with Q ⪰ 0

biases sample paths toward 
desired level at all times

a soft way to promote 
regulation/safety

forward-backward reaction-diffusion PDEs with quadratic reaction rate



First Way: Hermite Polynomial Gymnastics

Change of variable gives

where

Apply separation of variables

Eigen-decomposition 

areand notice soln of

of degree n = −
c

2 λ
−

1
2

∈ ℕ0

physicists’ Hermite polynomial



For Q ≻ 0

First Way: Hermite Polynomial Gymnastics



For Q ⪰ 0

scaled Himmelblau function

First Way: Hermite Polynomial Gymnastics



Second Way: Weyl Calculus

Step 1: 



Second Way: Weyl Calculus
Step 2 (non-trivial): 



Second Way: Weyl Calculus
Step 3: 

Same kernel obtained 
via first way



Second Way: Weyl Calculus
Permits generalization for affine term:



Post-advancement result #3

Markov kernel for LQSB
(subsumes previous kernel)



LQSB:  q =
1
2

x⊤Qtx, r =
1
2

∥ ⋅ ∥2
2, f = Atx + Btu, σ = 2Bt

To solve this LQSB with generic non-Gaussian endpoints, determine 
closed-form of Markov (not transition probability) kernel k

k is Green’s function for the linear reaction-advection-diffusion PDE

Assume
controllable  and  are continuous and bounded

 for some sub-interval (measure zero is okay) of time

(At, Bt) Qt ⪰ 0

Qt ≻ 0

Previous kernel was for the special case At = 0, Bt = I ∀t ∈ [t0, t1]



Markov Kernels and Distances

Distance function induced by

and constrained by controlled ODE from Itô diffusion + BCs

We observe that known Markov kernels (including our earlier) look like

We derive the kernel in terms of an associated Riccati matrix ODE solution



Computational Pipeline

deterministic OCP



Computational Pipeline

deterministic OCP

where

Relate to cost of min energy
state transfer via solution map
                  for Riccati matrix 
ODE IVP 

are the state transition matrix 
and the controllability Gramian 

for the closed-loop system 



Computational Pipeline

deterministic OCP

Markov kernel k

where

where

Substitute k into  

with and solve

reaction-advection-diffusion PDE.



Post-advancement result #4

Back to quantum: can we recast CASB 
as wave steering?



From CASB to Quantum
Recap CASB problem:

Apply Madelung transform

where

Born’s relation



Nonlinear Schrödinger PDE BVP in ψ
complex-valued potential



complex-valued potential

The Wave BVP Specialized for Classical SB

where



Interpretation of the Derived Complex Potentials

Real part = elastic scattering (transmission of wave function)

Imaginary part = inelastic scattering (absorption of wave function)

SB as a diffusion process induces a “medium”

Similar to optical potential in nuclear physics



Example: Complex Potential for Classical SB



Generalization of Bohm Potential

Bohm’s 1952 paper:

Our result for Classical SB:

D. Bohm (1951-54)

If 
is a near match for Bohm

, SB 



Summary
SB variant Contributions made by this dissertation

LQSB
Derived worst-case contraction coefficient

Derived Markov kernel for dynamic Sinkhorn

Lambertian SB
(linear
non-quadratic)

Proved probabilistic Lambert problem is 
generalized optimal mass transport

Proved existence-uniqueness of solution for 
both with and without noise

Dynamic Sinkhorn for numerical solution

CASB Showed Hopf-Cole does not remove nonlinearity
in general: possibility to generalize dynamic Sinkhorn 

Derived equiv. wave BVP: possibility for new algorithm

LQSB ⊂SB ⊂ CASB
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Hilbert’s Projective Metric  dHilbert

A cone is called pointed if

For any pointed convex cone in a real vector space,

Example.  For 

Example.  For



Hilbert’s Projective Metric  dHilbert

Symmetry.

Nonnegativity.

Indiscernability.

Triangle inequality.

Scale invariance.


