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Structure of shallow neural network
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Large dimensional, non convex optimization problem
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Mean field limit
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Wasserstein metric
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Gradient Flows
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proximal update
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Gradient Flows

(Gradient Flow \
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Risk functional
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Supervised learning in mean field limit
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Supervised learning problem
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With convex regularizer Mei et al. (2018)
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Regularized risk functional
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Proximal recursions
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Proximal recursion
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Approximate bilinear term as...
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(Benamou et al., 2016, Sec. 4)



Proximal recursions
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Proximal recursions
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Proximal recursion (semi-implicit variant)
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As h — (0, proximal updates converge to solution to PDE IVP.
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ProxLearn Algorithm
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Euler-Maruyama
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Euler-Maruyama
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Algorithm 2 Euler-Maruyama Algorithm

1: procedure EULERMARUYAMA (h, 3,0r_1,X,¥,0k_1)
Pp_ 1+ ®(0_1,X) > Lines 2-4 construct the argument of the gradient in (35)
Uk_1 < 1/ngataPr—1P;_,
Up—1 < Ukg—10k-1
Vi—1 & —2/NgataPr—1y
D + BACKWARD (Ug_1 + Vk_1) > Approximate the gradient of (35) using PyTorch library
BACKWARD (Paszke et al., 2017)
7: G <+ /2h/B x randny «,
8: O, +—Or1+hxD+G > Complete the location update via (33)
9: end procedure




Derivation of ProxLearn

Proximal recursion (semi-implicit variant)
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Derivation of ProxLearn
4 )

Discrete version of proximal recursion
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Derivation of ProxLearn
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Regularized discrete version of proximal recursion
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Derivation of ProxLearn

(4] MEH(Qk—lag)

Regularized discrete version of proximal recursion
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Use Lagrange dual problem

with Lagrange multipliers )\
and A1

v

Get: \

z := exp(A1h/e)
g = exp(Aoh/e)
I't, := exp(—C}%/2¢)
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Proximal algorithm

Algorithm 1 Proximal Algorithm

1: procedure PROXLEARN(Qx_1,0r_1,8,h,e, N, X,¥y,6, L)

2: Vip—1, Uk—1, Or < EULERMARUYAMA(h, 3,0r_1,X,¥y,0k—1) > Update the location of the samples
2

3: Ck(z,g) — 0kz — 0‘,7;_1 i

4: Iy < exp(—C}/2¢)

5. | &r—1 + exp(—Pvr_1 — fUk_10k—1 — 1)
6: 0 Alld N x 1

7. z4 [20,0nx(L-1)]

8: q < [0k—1 @ Tk20),0nx(L—1)]

9:

10: A -
11: 2(5,0+1) < (€k—1 @ (T} q(:,£)) TFBTm
12: q(:ae + 1) — 0k-1 0 (sz(:ae + 1))

13; T =g AR T 1) — 2(;,£)|| < & then
14:

15:

16:

17:

18:

19:




Case Study: Binary Classification on WDBC Data
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n, = 30 |
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Source: UCI machine learning repository, 2017, Available: http://archive.ics.uci.edu/ml/index.php
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Case Study: Binary Classification on WDBC Data
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Case Study: Binary Classification

CComparison to Mokrov et al (2021) & Bonet et al (2022))

Banana: A G)iabetes: \ Twonorm: A
¥ of features: ¥ of features: ¥ of features:
# of data points: # of data points: # of data points:
\n:5300 5 Kn=768 y Kn:740())
Dataset JKO-ICNN SWGEF + RealNVP | ProxLearn, Weighted | ProxLearn, Unweighted
Banana 0.550 + 102 0.559 + 102 0.551 4+ 102 0.535+£5-10"2
Diabetes | 0.777 +7-1073 0.778+2-1073 0.736 £2-10~2 0.731 £102
Twonorm | 0.981 +2-10~4 0.981+6-10"4 0.972+2-1073 0.972+2-10"3




Case Study: Multi-Class Classification

(" Semeion Handwritten Digit Data Set )

# of features:

n, = 16 X 16 = 256

# of data points:
n = 1593

Dua and Graff (2017) http:/ /archive.ics.uci.edu/ml
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Case Study: Multi-Class Classification
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Learning a sinusoid

N | Final Fjs
500 | 0.01241931
700 | 0.01075817
1000 | 0.00806645
2000 | 0.00762518
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Learning a sinusoid
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Additional Avenues of Research

Multiple hidden layer setting

(*) Infinite width limit on one hidden layer; width of other hidden layers held
constant

(*) Widths of all hidden layers go to infinity
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